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1 Various algebraic structures combined with a
lattice

theory Lattice-Algebras
imports Complex-Main
begin

class semilattice-inf-ab-group-add = ordered-ab-group-add + semilattice-inf
begin

lemma add-inf-distrib-left:
a+infbc=inf (a +0)(a+c)
apply (rule antisym)
apply (simp-all add: le-infT)
apply (rule add-le-imp-le-left [of uminus a])
apply (simp only: add-assoc [symmetric], simp)
apply rule
apply (rule add-le-imp-le-left[of a], simp only: add-assoc[symmetric], simp)+
done

lemma add-inf-distrib-right:
infab+ c=inf (a4 ¢) (b+ ¢)

proof —
have ¢ + inf a b = inf (c+a) (c+b) by (simp add: add-inf-distrib-left)
thus ?thesis by (simp add: add-commute)

qed

end

class semilattice-sup-ab-group-add = ordered-ab-group-add + semilattice-sup
begin

lemma add-sup-distrib-left:
a+ supbec=sup (a+b)(a+ ¢
apply (rule antisym)
apply (rule add-le-imp-le-left [of uminus a])
apply (simp only: add-assoc[symmetric], simp)



apply rule

apply (rule add-le-imp-le-left [of a], simp only: add-assoc[symmetric], simp)+
apply (rule le-supl)

apply (simp-all)

done

lemma add-sup-distrib-right:
sup a b + ¢ = sup (a+c) (b+c)

proof —
have ¢ + sup a b = sup (c+a) (c+b) by (simp add: add-sup-distrib-left)
thus ?thesis by (simp add: add-commute)

qed

end

class lattice-ab-group-add = ordered-ab-group-add + lattice
begin

subclass semilattice-inf-ab-group-add ..
subclass semilattice-sup-ab-group-add ..

lemmas add-sup-inf-distribs = add-inf-distrib-right add-inf-distrib-left add-sup-distrib-right
add-sup-distrib-left

lemma inf-eq-neg-sup: inf a b = — sup (—a) (—=b)
proof (rule inf-unique)
fixab:'a
show — sup (—a) (=b) < a
by (rule add-le-imp-le-right [of - sup (uminus a) (uminus b)])
(simp, simp add: add-sup-distrib-left)
next
fixab:'a
show — sup (—a) (=b) < b
by (rule add-le-imp-le-right [of - sup (uminus a) (uminus b)])
(simp, simp add: add-sup-distrib-left)
next
fixabc:'a
assume a < ba < ¢
then show a < — sup (—b) (—c) by (subst neg-le-iff-le [symmetric])
(simp add: le-supl)
qed

lemma sup-eg-neg-inf: sup a b = — inf (—a) (—b)
proof (rule sup-unique)
fixab:'a
show a < — inf (—a) (—b)
by (rule add-le-imp-le-right [of - inf (uminus a) (uminus b)])
(simp, simp add: add-inf-distrib-left)
next



fixab:'a
show b < — inf (—a) (=)
by (rule add-le-imp-le-right [of - inf (uminus a) (uminus b)])
(simp, simp add: add-inf-distrib-left)
next
fixabc:'a
assume a < c b < ¢
then show — inf (—a) (—b) < ¢ by (subst neg-le-iff-le [symmetric])
(simp add: le-infT)
qed

lemma neg-inf-eq-sup: — inf a b = sup (—a) (—b)
by (simp add: inf-eq-neg-sup)

lemma neg-sup-eg-inf: — sup a b = inf (—a) (=b)
by (simp add: sup-eq-neg-inf)

lemma add-eq-inf-sup: a + b = sup a b + inf a b
proof —
have 0 = — inf 0 (a—b) + inf (a—b) 0 by (simp add: inf-commute)
hence 0 = sup 0 (b—a) + inf (a—0b) 0 by (simp add: inf-eq-neg-sup)
hence 0 = (—a + sup a b) + (infa b + (=b))
by (simp add: add-sup-distrib-left add-inf-distrib-right)
(simp add: algebra-simps)
thus ?thesis by (simp add: algebra-simps)
qed

1.1 Positive Part, Negative Part, Absolute Value

definition
nprt :: 'a = 'a where
nprt x = infx 0

definition
pprt :: 'a = 'a where
pprt x = sup x 0

lemma ppri-neg: pprt (— z) = — nprt x
proof —
have sup (— z) 0 = sup (— z) (— 0) unfolding minus-zero ..
also have ... = — inf x 0 unfolding neg-inf-eq-sup ..
finally have sup (— z) 0 = —infz 0 .
then show ?thesis unfolding ppri-def nprt-def .
qed
lemma nprt-neg: nprt (— x) = — pprt x
proof —
from pprt-neg have pprt (— (— z)) = — nprt (— z) .
then have pprt ¢ = — nprt (— z) by simp



then show ?thesis by simp
qed

lemma prits: a = pprt a + nprt a
by (simp add: pprt-def nprt-def add-eg-inf-sup|[symmetric])

lemma zero-le-pprt[simp]: 0 < pprt a
by (simp add: pprt-def)

lemma nprt-le-zero[simp]: nprt a < 0
by (simp add: nprt-def)

lemma le-eq-neg: a < — b «—— a+ b < 0 (is 2l = ?r)
proof —
have a: 2l — 9r
apply (auto)
apply (rule add-le-imp-le-right[of - uminus b -])
apply (simp add: add-assoc)
done
have b: r — 9]
apply (auto)
apply (rule add-le-imp-le-right[of - b -])
apply (simp)
done
from a b show ?thesis by blast
qged

lemma pprt-0[simp]: pprt 0 = 0 by (simp add: pprt-def)
lemma nprt-0[simp]: nprt 0 = 0 by (simp add: nprt-def)

lemma pprt-eg-id [simp, no-atp]: 0 <z = pprtx = x
by (simp add: ppri-def sup-aci sup-absorbl)

lemma nprt-eg-id [simp, no-atp]: x < 0 = nprt z = z
by (simp add: nprt-def inf-aci inf-absorb1)

lemma pprt-eq-0 [simp, no-atpl: © < 0 = pprt x = 0
by (simp add: pprt-def sup-aci sup-absorb2)

lemma nprit-eq-0 [simp, no-atp]: 0 < z = nprt z = 0
by (simp add: nprt-def inf-aci inf-absorb2)

lemma sup-0-imp-0: sup a (— a) = 0 = a =0
proof —
{
fix a::'a
assume hyp: sup a (—a) = 0
hence sup a (—a) + a = a by (simp)
hence sup (a+a) 0 = a by (simp add: add-sup-distrib-right)



hence sup (a+a) 0 <= a by (simp)
hence 0 <= a by (blast intro: order-trans inf-sup-ord)
}
note p = this
assume hyp:sup a (—a) = 0
hence hyp2:sup (—a) (—(—a)) = 0 by (simp add: sup-commute)
from p[OF hyp] p[OF hyp2] show a = 0 by simp
qed

lemma inf-0-imp-0: inf a (—a) = 0 = a =0
apply (simp add: inf-eq-neg-sup)

apply (simp add: sup-commute)

apply (erule sup-0-imp-0)

done

lemma inf-0-eq-0 [simp, no-atp]: infa (—a) =0 — a =0
by (rule, erule inf-0-imp-0) simp

lemma sup-0-eq-0 [simp, no-atp]: sup a (— a) = 0 «—— a = 0
by (rule, erule sup-0-imp-0) simp

lemma zero-le-double-add-iff-zero-le-single-add [simp]:
0<a+a+—0<a
proof
assume (0 <= a + a
hence a:inf (a+a) 0 = 0 by (simp add: inf-commute inf-absorb1)
have (inf a 0)+(inf a 0) = inf (inf (a+a) 0) a (is ?l=-)
by (simp add: add-sup-inf-distribs inf-aci)
hence 7l = 0 + inf a 0 by (simp add: a, simp add: inf-commute)
hence inf a 0 = 0 by (simp only: add-right-cancel)
then show 0 <= a unfolding le-iff-inf by (simp add: inf-commute)
next
assume a: 0 <= a
show 0 <= a + a by (simp add: add-mono[OF a a, simplified])
qed

lemma double-zero [simp]:
a+a=0+—a=10

proof
assume assm: a + a = 0
then have a + ¢ + — a = — a by simp
then have a + (a + — a) = — a by (simp only: add-assoc)

then have a: — a = a by simp
show a = 0 apply (rule antisym)
apply (unfold neg-le-iff-le [symmetric, of a))
unfolding a apply simp
unfolding zero-le-double-add-iff-zero-le-single-add [symmetric, of a]
unfolding assm unfolding le-less apply simp-all done
next



assume a = 0 then show a + a = 0 by simp
qed

lemma zero-less-double-add-iff-zero-less-single-add [simp]:
0<a+a+—0<a
proof (cases a = 0)
case True then show ?thesis by auto
next
case Fulse then show ?%thesis
unfolding less-le apply simp apply rule
apply clarify
apply rule
apply assumption
apply (rule notl)
unfolding double-zero [symmetric, of a] apply simp
done
qed

lemma double-add-le-zero-iff-single-add-le-zero [simp):
a+a<0+—a<0
proof —
have a + a < 0 «— 0 < — (a + a) by (subst le-minus-iff, simp)
moreover have ... —— a < 0 by (simp add: zero-le-double-add-iff-zero-le-single-add)
ultimately show ?thesis by blast
qed

lemma double-add-less-zero-iff-single-less-zero [simp):
a+a<0——a<l
proof —
have a + a < 0 «— 0 < — (a + a) by (subst less-minus-iff , simp)
moreover have ... —— a < 0 by (simp add: zero-less-double-add-iff-zero-less-single-add)
ultimately show ?thesis by blast
qed

declare neg-inf-eq-sup [simp] neg-sup-eq-inf [simp]

lemma le-minus-self-iff: a < — a «—— a < 0
proof —
from add-le-cancel-left [of uminus a plus a a zero]
have (a <= —a) = (a+a <= 0)
by (simp add: add-assoc[symmetric])
thus “thesis by simp
qed

lemma minus-le-self-iff: — a < a +— 0 < a
proof —
from add-le-cancel-left [of uminus a zero plus a a
have (—a <= a) = (0 <= a+a)
by (simp add: add-assoc[symmetric])



thus ?thesis by simp
qed

lemma zero-le-iff-zero-nprt: 0 < a «—— nprt a = 0
unfolding le-iff-inf by (simp add: nprt-def inf-commute)

lemma le-zero-iff-zero-pprt: a < 0 «—— pprt a = 0
unfolding le-iff-sup by (simp add: pprt-def sup-commute)

lemma le-zero-iff-pprt-id: 0 < a «—— pprt a = a
unfolding le-iff-sup by (simp add: pprt-def sup-commute)

lemma zero-le-iff-nprt-id: a < 0 «—— nprt a = a
unfolding le-iff-inf by (simp add: nprt-def inf-commute)

lemma pprt-mono [simp, no-atp]: a < b = pprt a < pprt b
unfolding le-iff-sup by (simp add: ppri-def sup-aci sup-assoc [symmetric, of a))

lemma nprit-mono [simp, no-atp]: a« < b = nprt a < nprt b
unfolding le-iff-inf by (simp add: nprt-def inf-aci inf-assoc [symmetric, of a])

end

lemmas add-sup-inf-distribs = add-inf-distrib-right add-inf-distrib-left add-sup-distrib-right
add-sup-distrib-left

class lattice-ab-group-add-abs = lattice-ab-group-add + abs +
assumes abs-lattice: |a| = sup a (— a)
begin

lemma abs-prts: |a| = pprt a — nprt a
proof —
have 0 < |q|
proof —
have a: ¢ < |a] and b: — a < |a| by (auto simp add: abs-lattice)
show ?thesis by (rule add-mono [OF a b, simplified])
qed
then have 0 < sup a (— a) unfolding abs-lattice .
then have sup (sup a (— a)) 0 = sup a (— a) by (rule sup-absorbl)
then show ?thesis
by (simp add: add-sup-inf-distribs sup-aci
pprt-def nprt-def diff-minus abs-lattice)

qed
subclass ordered-ab-group-add-abs
proof
have abs-ge-zero [simp]: Aa. 0 < |a|
proof —



fix a b
have a: a < |a| and b: — a < |a| by (auto simp add: abs-lattice)
show 0 < |a| by (rule add-mono [OF a b, simplified])
qed
have abs-le]: Nab. a <b = —a < b= |a| <D
by (simp add: abs-lattice le-supl)
fix a b
show 0 < |a| by simp
show a < |a]
by (auto simp add: abs-lattice)
show |—a| = |a]
by (simp add: abs-lattice sup-commute)
show ¢ < b = — a < b = |a| < b by (fact abs-lel)
show |a + b| < |a| + |b]
proof —
have g:abs a + abs b = sup (a+bd) (sup (—a—0b) (sup (—a+b) (a + (=0))))
(is -=sup ?m ?n)
by (simp add: abs-lattice add-sup-inf-distribs sup-aci diff-minus)
have a:a+b <= sup ?m ?n by (simp)
have b:—a—b <= ?n by (simp)
have c:?n <= sup ?m ?n by (simp)
from b ¢ have d: —a—b <= sup ?m ?n by(rule order-trans)
have e:—a—b = —(a+b) by (simp add: diff-minus)
from a d e have abs(a+b) <= sup ?m ?n
by (drule-tac abs-lel, auto)
with g[symmetric] show ?thesis by simp
qed
qed

end

lemma sup-eq-if :

fixes a :: 'a::{lattice-ab-group-add, linorder}

shows sup a (— a) = (if a < 0 then — a else a)
proof —

note add-le-cancel-right [of a a — a, symmetric, simplified]

moreover note add-le-cancel-right [of —a a a, symmetric, simplified]

then show ?thesis by (auto simp: sup-maz min-max.sup-absorbl min-maz.sup-absorb2)
qed

lemma abs-if-lattice:
fixes a :: 'a::{lattice-ab-group-add-abs, linorder}
shows |a| = (if a < 0 then — a else a)

by auto

lemma estimate-by-abs:

a + b <= (c:'az:lattice-ab-group-add-abs) = a <= ¢ + abs b
proof —

assume a+b <= ¢



hence 2: a <= c+(—b) by (simp add: algebra-simps)

have 3: (—b) <= abs b by (rule abs-ge-minus-self)

show ?thesis by (rule le-add-right-mono[OF 2 3])
qed

class lattice-ring = ordered-ring + lattice-ab-group-add-abs
begin

subclass semilattice-inf-ab-group-add ..
subclass semilattice-sup-ab-group-add ..

end

lemma abs-le-mult: abs (a * b) < (abs a) * (abs (b::'a::lattice-ring))
proof —
let 2z = pprt a = pprt b — pprt a * nprt b — nprt a * pprt b + nprt a * nprt b
let %y = pprt a x pprt b + pprt a * nprt b + nprt a x pprt b + nprt a * nprt b
have a: (abs a) * (abs b) = %z
by (simp only: abs-prts[of a] abs-prts[of b] algebra-simps)
{
fixuv:'a
have bh: [u = a; v = ] =
ux v = pprt a * pprt b + pprt a x nprt b +
nprt a x pprt b + nprt a * nprt b
apply (subst prts[of u], subst prts[of v])
apply (simp add: algebra-simps)
done

}

note b = this|OF refllof a] refllof b]]

have zy: — %0 <= %y
apply (simp)
apply (rule order-trans [OF add-nonpos-nonpos add-nonneg-nonneg))
apply (simp-all add: mult-nonneg-nonneg mult-nonpos-nonpos)
done

have yz: 2y <= %z
apply (simp add:diff-def)
apply (rule order-trans [OF add-nonpos-nonpos add-nonneg-nonneg))
apply (simp-all add: mult-nonneg-nonpos mult-nonpos-nonneg)
done

have i1: axb <= abs a * abs b by (simp only: a b yz)

have i2: — (abs a * abs b) <= axb by (simp only: a b zy)

show ?thesis
apply (rule abs-lel)
apply (simp add: i1)
apply (simp add: i2[simplified minus-le-iff])
done

qed

instance lattice-ring C ordered-ring-abs



proof
fix a b :: 'a:: lattice-ring
assume (0 < aVa<0)AN(0<bVb<O)
show abs (axb) = abs a * abs b
proof —
have s: (0 <= axb) | (axb <= 0)
apply (auto)
apply (rule-tac split-mult-pos-le)
apply (rule-tac contrapos-nplof axb <= 0])
apply (simp)
apply (rule-tac split-mult-neg-le)
apply (insert prems)
apply (blast)
done
have mulprts: a x b = (pprt a + nprt a) * (pprt b + nprt b)
by (simp add: prts[symmetric])
show ?thesis
proof cases
assume () <= a * b
then show ?Zthesis
apply (simp-all add: mulprts abs-prts)
apply (insert prems)
apply (auto simp add:
algebra-simps
iff D1[OF zero-le-iff-zero-nprt] iff D1[OF le-zero-iff-zero-pprt]
iff D1 [OF le-zero-iff-pprt-id] iff D1[OF zero-le-iff-nprt-id))
apply (drule (1) mult-nonneg-nonpos|of a b], simp)
apply(drule (1) mult-nonneg-nonpos2|of b al, simp)
done
next
assume ~(0 <= axb)
with s have axb <= 0 by simp
then show ?thesis
apply (simp-all add: mulprts abs-prts)
apply (insert prems)
apply (auto simp add: algebra-simps)
apply (drule (1) mult-nonneg-nonneg|of a b],simp)
apply (drule (1) mult-nonpos-nonpos|of a b],simp)
done
qed
qed
qged

lemma mult-le-prts:
assumes
al <= (a:'a:lattice-ring)
a <= a2
b1 <=5
b <= 102
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shows
a x b <= pprt a2 = pprt b2 + pprt al * nprt b2 + nprt a2 x pprt b1 + nprt al
* nprt bl

proof —
have a x b = (pprt a + nprt a) * (pprt b + nprt b)

apply (subst prts[symmetric])+
apply simp
done
then have a * b = pprt a * pprt b + pprt a * nprt b + nprt a * pprt b + nprt

a * nprt b
by (simp add: algebra-simps)
moreover have pprt a x pprt b <= pprt a2 * pprt b2
by (simp-all add: prems mult-mono)
moreover have pprt a x nprt b <= pprt al * nprt b2
proof —
have pprt a x nprt b <= pprt a * nprt b2
by (simp add: mult-left-mono prems)
moreover have pprt a x nprt b2 <= pprt al * nprt b2
by (simp add: mult-right-mono-neg prems)
ultimately show ?thesis
by simp
qed
moreover have nprt a x pprt b <= nprt a2 * pprt bl
proof —
have nprt a * pprt b <= nprt a2 * pprt b
by (simp add: mult-right-mono prems)
moreover have nprt a2 x pprt b <= nprt a2 * pprt bl
by (simp add: mult-left-mono-neg prems)
ultimately show ?thesis
by simp
qed
moreover have nprt a * nprt b <= nprt al * nprt bl
proof —
have nprt a x nprt b <= nprt a * nprt bl
by (simp add: mult-left-mono-neg prems)
moreover have nprt a * nprt b1 <= nprt al * nprt bl
by (simp add: mult-right-mono-neg prems)
ultimately show ?thesis
by simp
qed
ultimately show ?thesis
by — (rule add-mono | simp)+
qed

lemma mult-ge-prts:
assumes
al <= (a:'a:lattice-ring)
a <= a?
bl <=1
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b <= b2

shows

a *x b >= nprt al * pprt b2 + nprt a2 * nprt b2 + pprt al = pprt b1 + pprt a2
* nprt b1
proof —

from prems have al:— a2 <= —a by auto

from prems have a2: —a <= —al by auto

from mult-le-pris[of —a2 —a —al b1 b b2, OF al a2 prems(3) prems(4), sim-
plified nprt-neg ppri-neg|

have le: — (a * b) <= — nprt al * pprt b2 + — nprt a2 = nprt b2 + — pprt al
x pprt b1 + — pprt a2 * nprt b1 by simp

then have —(— nprt al * pprt b2 + — nprt a2 * nprt b2 + — pprt al * pprt
bl + — pprt a2 * nprt bl) <= a x b

by (simp only: minus-le-iff )

then show ?thesis by simp

qed

instance int :: lattice-ring
proof
fix k :: int
show abs k = sup k (— k)
by (auto simp add: sup-int-def)
qed

instance real :: lattice-ring
proof
fix a :: real
show abs a = sup a (— a)
by (auto simp add: sup-real-def)
qed

end

theory Matrix
imports Main Lattice-Algebras
begin

types ‘a infmatriz = nat = nat = 'a

definition nonzero-positions :: (nat = nat = 'a:zero) = nat X nat = bool
where
nonzero-positions A = {pos. A (fst pos) (snd pos) ~= 0}

typedef 'a matriz = {(f::(nat = nat = 'a::zero)). finite (nonzero-positions f)}
proof —
have (\j i. 0) € {(f::(nat = nat = ’a::zero)). finite (nonzero-positions f)}
by (simp add: nonzero-positions-def)
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then show ?thesis by auto
qed

declare Rep-matrixz-inverse[simp)

lemma finite-nonzero-positions : finite (nonzero-positions (Rep-matriz A))
apply (rule Abs-matriz-induct)
by (simp add: Abs-matriz-inverse matriz-def)

definition nrows :: ('a::zero) matriz = nat where
nrows A == if nonzero-positions(Rep-matriz A) = {} then 0 else Suc(Max
((image fst) (nonzero-positions (Rep-matriz A))))

definition ncols :: (‘a::zero) matriz = nat where
neols A == if nonzero-positions(Rep-matriz A) = {} then 0 else Suc(Maz ((image
snd) (nonzero-positions (Rep-matriz A))))

lemma nrows:
assumes hyp: nrows A < m
shows (Rep-matriz A m n) = 0
proof cases
assume nonzero-positions(Rep-matriz A) = {}
then show (Rep-matriz A m n) = 0 by (simp add: nonzero-positions-def)
next
assume a: nonzero-positions(Rep-matriz A) # {}
let 25 = fst‘(nonzero-positions(Rep-matriz A))
have c: finite (95) by (simp add: finite-nonzero-positions)
from hyp have d: Max (95) < m by (simp add: a nrows-def)
have m ¢ 725
proof —
have m € 25 = m <= Maz(?5) by (simp add: Max-ge [OF c])
moreover from d have ~(m <= Maz ?5) by (simp)
ultimately show m ¢ ¢S by (auto)
qed
thus Rep-matrix A m n = 0 by (simp add: nonzero-positions-def image-Collect)
qed

definition transpose-infmatriz :: 'a infmatriz = 'a infmatriz where
transpose-infmatric A ji == A ij

definition transpose-matriz :: ('a::zero) matriz = ’a matric where
transpose-matric == Abs-matriz o transpose-infmatriz o Rep-matriz

declare transpose-infmatriz-def [simp)
lemma transpose-infmatriz-twice[simp|: transpose-infmatriz (transpose-infmatriz

A) =4
by ((rule ext)+, simp)
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lemma transpose-infmatriz: transpose-infmatriz (% ji. Pji) = (% ji. Pij)
apply (rule ext)+
by (simp add: transpose-infmatriz-def)

lemma transpose-infmatriz-closed[simp): Rep-matriz (Abs-matriz (transpose-infmatriz
(Rep-matriz z))) = transpose-infmatriz (Rep-matriz x)
apply (rule Abs-matriz-inverse)
apply (simp add: matriz-def nonzero-positions-def image-def )
proof —
let ?A = {pos. Rep-matriz z (snd pos) (fst pos) # 0}
let Zswap = % pos. (snd pos, fst pos)
let ?B = {pos. Rep-matriz x (fst pos) (snd pos) # 0}
have swap-image: ?swap‘?A = ?B
apply (simp add: image-def)
apply (rule set-ext)
apply (simp)
proof
fix y
assume hyp: Ja b. Rep-matriz z b a # 0 ANy = (b, a)
thus Rep-matriz x (fst y) (snd y) # 0
proof —
from hyp obtain a b where (Rep-matriz x b a # 0 & y = (b,a)) by blast
then show Rep-matriz © (fst y) (snd y) # 0 by (simp)
qed
next
fix y
assume hyp: Rep-matriz x (fst y) (snd y) # 0
show 3 a b. (Rep-matrizx b a # 0 & y = (b,a))
by (rule exl[of - snd y|, rule exI|of - fst y]) (simp add: hyp)
qed
then have finite (Zswap‘?A)
proof —
have finite (nonzero-positions (Rep-matriz x)) by (simp add: finite-nonzero-positions)
then have finite YB by (simp add: nonzero-positions-def)
with swap-image show finite (?swap‘?A4) by (simp)
qed
moreover
have inj-on ?swap ?A by (simp add: inj-on-def)
ultimately show finite ?Aby (rule finite-imageD|of ?swap ?A])
qed

lemma infmatrizgforward: (z::'a infmatriz) = y =V a b. 2 a b = y a b by auto

lemma transpose-infmatriz-inject: (transpose-infmatric A = transpose-infmatriz
B) = (A= B)

apply (auto)

apply (rule ext)+

apply (simp add: transpose-infmatriz)

apply (drule infmatrizforward)
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apply (simp)
done

lemma transpose-matriz-inject: (transpose-matriz A = transpose-matriz B) = (A
apply (simp add: transpose-matriz-def)

apply (subst Rep-matriz-inject] THEN sym])+

apply (simp only: transpose-infmatriz-closed transpose-infmatriz-inject)

done

lemma transpose-matriz|[simp|: Rep-matriz(transpose-matriz A) j i = Rep-matriz
Aij
by (simp add: transpose-matriz-def)

lemma transpose-transpose-id|[simp): transpose-matriz (transpose-matriz A) = A
by (simp add: transpose-matriz-def)

lemma nrows-transpose[simpl: nrows (transpose-matriz A) = ncols A
by (simp add: nrows-def ncols-def nonzero-positions-def transpose-matriz-def image-def)

lemma ncols-transpose[simp]: ncols (transpose-matriz A) = nrows A
by (simp add: nrows-def ncols-def nonzero-positions-def transpose-matriz-def image-def)

lemma ncols: ncols A <= n = Rep-matrixr A m n = 0
proof —
assume ncols A <=n
then have nrows (transpose-matriz A) <= n by (simp)
then have Rep-matriz (transpose-matriz A) n m = 0 by (rule nrows)
thus Rep-matriz A m n = 0 by (simp add: transpose-matriz-def)
qed

lemma ncols-le: (necols A <=n) = (! ji. n <= i — (Rep-matriz A ji) = 0) (is
- = %st)
apply (auto)
apply (simp add: ncols)
proof (simp add: ncols-def, auto)

let 2P = nonzero-positions (Rep-matrix A)

let %p = snd‘?P

have a:finite ?p by (simp add: finite-nonzero-positions)

let ?m = Maz %p

assume ~(Suc (m) <= n)

then have b:n <= ?m by (simp)

fix a b

assume (a,b) € 7P

then have ?p # {} by (auto)

with ¢ have ?m € ?p by (simp)

moreover have lz. (z € ?p — (? y. (Rep-matriz A y x) # 0)) by (simp add:
nonzero-positions-def image-def )

ultimately have ? y. (Rep-matriz A y ?m) # 0 by (simp)
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moreover assume ?st
ultimately show Fualse using b by (simp)
qed

lemma less-ncols: (n < ncols A) = (? ji. n <= i & (Rep-matriz A j i) # 0)
proof —

have a: !l (a:nat) b. (a < b) = (~(b <= a)) by arith

show ?thesis by (simp add: a ncols-le)
qed

lemma le-ncols: (n <= ncols A) = (¥ m. (V ji. m <= i — (Rep-matriz A j i)
=0) — n<=m)

apply (auto)

apply (subgoal-tac neols A <= m)

apply (simp)

apply (simp add: ncols-le)

apply (drule-tac z=ncols A in spec)

by (simp add: ncols)

lemma nrows-le: (nrows A <=n) = (! ji. n <= j — (Rep-matriz A ji) = 0)
(is 2s)
proof —

have (nrows A <= n) = (ncols (transpose-matriz A) <= n) by (simp)

also have ... = (! j i. n <= i — (Rep-matriz (transpose-matrix A) ji = 0))
by (rule ncols-le)

also have ... = (! ji. n <=1 — (Rep-matriz A i j) = 0) by (simp)

finally show (nrows A <=n) = (! ji. n <=j — (Rep-matriz A ji) = 0) by
(auto)
qed

lemma less-nrows: (m < nrows A) = (? ji. m <= j & (Rep-matriz A j i) # 0)
proof —

have a: !l (a:nat) b. (a < b) = (~(b <= a)) by arith

show ?thesis by (simp add: a nrows-le)
qed

lemma le-nrows: (n <= nrows A) = (V¥ m. (V ji. m <=j — (Rep-matriz A j
i)=10) — n<=m)

apply (auto)

apply (subgoal-tac nrows A <= m)

apply (simp)

apply (simp add: nrows-le)

apply (drule-tac z=nrows A in spec)

by (simp add: nrows)

lemma nrows-notzero: Rep-matric A m n # 0 = m < nrows A
apply (case-tac nrows A <= m)

apply (simp-all add: nrows)

done
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lemma ncols-notzero: Rep-matric A m n # 0 = n < ncols A
apply (case-tac ncols A <= n)

apply (simp-all add: ncols)

done

lemma finite-natarray!: finite {z. x < (n:nat)}
apply (induct n)
apply (simp)
proof —
fix n
have {z. © < Suc n} = insert n {z. z < n} by (rule set-ext, simp, arith)
moreover assume finite {z. * < n}
ultimately show finite {z. z < Suc n} by (simp)
qed

lemma finite-natarray?2: finite {pos. (fst pos) < (m:nat) & (snd pos) < (n::nat)}
apply (induct m)
apply (simp+)
proof —
fix m::nat
let 2s0 = {pos. fst pos
let ?s1 = {pos. fst pos
let ?sd = {pos. fst pos
assume f0: finite ?s0
have f1: finite ?sd
proof —
let 2f =% z. (m, z)
have {pos. fst pos = m & snd pos < n} = ?f * {z. < n} by (rule set-ext,
stmp add: image-def, auto)
moreover have finite {z. z < n} by (simp add: finite-natarrayl!)
ultimately show finite {pos. fst pos = m & snd pos < n} by (simp)
qed
have su: %50 U %sd = %s1 by (rule set-ext, simp, arith)
from f0 f1 have finite (¢s0 U ?sd) by (rule finite-Unl)
with su show finite ?s1 by (simp)
qed

m & snd pos < n}
(Suc m) & snd pos < n}
m & snd pos < n}

A A

lemma RepAbs-matriz:
assumes aem: ?m. ! ji.m<=j — zji= 0 (is Yem) and aen:? n. ! ji. (n
<=i—xji=0)(is %en)
shows (Rep-matriz (Abs-matriz x)) = z
apply (rule Abs-matriz-inverse)
apply (simp add: matriz-def nonzero-positions-def )
proof —
from aem obtain m where a:!ji. m <=j — zji = 0 by (blast)
from aen obtain n where b: ! ji. n <=1 — zji = 0 by (blast)
let ?u = {pos. z (fst pos) (snd pos) # 0}
let v = {pos. fst pos < m & snd pos < n}
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have c: ! (m::nat) a. ~(m <= a) = a < m by (arith)
from a b have (%u N (—%)) = {}
apply (simp)
apply (rule set-ext)
apply (simp)
apply auto
by (rule ¢, auto)+
then have d: ?u C ?v by blast
moreover have finite ?v by (simp add: finite-natarray2)
ultimately show finite ?u by (rule finite-subset)
qed

definition apply-infmatriz :: (‘a = 'b) = 'a infmatriz = 'b infmatriz where
apply-infmatriz f == % A. (%o ji. f (Aji))

definition apply-matriz :: (‘a = 'b) = (‘a::zero) matriz = ('b::zero) matriz
where
apply-matriz f == % A. Abs-matriz (apply-infmatriz f (Rep-matriz A))

definition combine-infmatriz :: ('a = 'b = '¢) = 'a infmatriz = 'b infmatric =
'c infmatriz where
combine-infmatriz f == % A B. (% ji. f (Aji) (Bji))

definition combine-matriz :: (‘'a = b = 'c) = (‘a::zero) matriz = ('b:zero)
matriz = ('c::zero) matriz where

combine-matriz f == % A B. Abs-matriz (combine-infmatriz f (Rep-matriz A)
(Rep-matriz B))

lemma expand-apply-infmatriz[simp|: apply-infmatriz f A ji = f (A j1)
by (simp add: apply-infmatriz-def)

lemma ezpand-combine-infmatriz[simp]: combine-infmatric f A Bji =f (A ji)
(Bji)
by (simp add: combine-infmatriz-def)

definition commutative :: (‘a = 'a = 'b) = bool where
commutative f ==z y. fey=fyx

definition associative :: ('a = 'a = 'a) = bool where
associative f ==tz yz. f (fzy) z=fz (fy=z)

To reason about associativity and commutativity of operations on matrices,
let’s take a step back and look at the general situtation: Assume that we
have sets A and B with B C A and an abstraction v : A — B. This
abstraction has to fulfill u(b) = b for all b € B, but is arbitrary otherwise.
Each function f : A x A — A now induces a function f’ : B x B — B by
f' =wo f. It is obvious that commutativity of f implies commutativity of

[l fley = u(fry) = u(fyx) = flyz.
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lemma combine-infmatriz-commute:
commutative f = commutative (combine-infmatriz f)
by (simp add: commutative-def combine-infmatriz-def)

lemma combine-matriz-commute:
commutative f => commutative (combine-matriz f)
by (simp add: combine-matriz-def commutative-def combine-infmatriz-def)

On the contrary, given an associative function f we cannot expect f’ to be
associative. A counterexample is given by A = Z, B = {-1,0,1}, as f we
take addition on Z, which is clearly associative. The abstraction is given by
u(a) =0 for a ¢ B. Then we have

FUN) =1 =u(f(u(f11)) = 1) = u(f(u2) - 1) = u(f0 - 1) = -1,

but on the other hand we have

FAFL = 1) = u(f1(u(f1 - 1)) = u(£10) = 1.

A way out of this problem is to assume that f(A x A) C A holds, and this
is what we are going to do:

lemma nonzero-positions-combine-infmatriz[simp|: f 0 0 = 0 = nonzero-positions
(combine-infmatriz f A B) C (nonzero-positions A) U (nonzero-positions B)
by (rule subsetl, simp add: nonzero-positions-def combine-infmatriz-def, auto)

lemma finite-nonzero-positions-Rep[simp|: finite (nonzero-positions (Rep-matriz

4))

by (insert Rep-matrixz [of A], simp add: matriz-def)

lemma combine-infmatriz-closed [simp]:
f00 =0 = Rep-matriz (Abs-matriz (combine-infmatriz f (Rep-matriz A)
(Rep-matriz B))) = combine-infmatriz f (Rep-matriz A) (Rep-matriz B)
apply (rule Abs-matriz-inverse)
apply (simp add: matriz-def)
apply (rule finite-subset[of - (nonzero-positions (Rep-matriz A)) U (nonzero-positions
(Rep-matriz B))])
by (simp-all)

We need the next two lemmas only later, but it is analog to the above one,
SO we prove them now:

lemma nonzero-positions-apply-infmatriz[simp): f 0 = 0 = nonzero-positions
(apply-infmatriz f A) C nonzero-positions A
by (rule subsetl, simp add: nonzero-positions-def apply-infmatriz-def, auto)

lemma apply-infmatriz-closed [simp]:

f 0 = 0 = Rep-matriz (Abs-matriz (apply-infmatriz f (Rep-matriz A))) =
apply-infmatriz f (Rep-matriz A)
apply (rule Abs-matriz-inverse)

19



apply (simp add: matriz-def)
apply (rule finite-subset|of - nonzero-positions (Rep-matriz A)])
by (simp-all)

lemma combine-infmatriz-assoc[simp]: f 0 0 = 0 = associative f —> associative
(combine-infmatriz f)
by (simp add: associative-def combine-infmatriz-def)

lemma comb: f=g9g=—= 2z =y= fz =gy
by (auto)

lemma combine-matriz-assoc: f 0 0 = 0 = associative f => associative (combine-matric
)

apply (simp(no-asm) add: associative-def combine-matriz-def, auto)

apply (rule comb [of Abs-matriz Abs-matriz])

by (auto, insert combine-infmatriz-assoclof f|, simp add: associative-def)

lemma Rep-apply-matriz|[simp): f 0 = 0 = Rep-matriz (apply-matriz f A) ji =
| (Rep-matriz A j i)
by (simp add: apply-matriz-def)

lemma Rep-combine-matriz[simp]: f 0 0 = 0 => Rep-matriz (combine-matriz f
A B) ji = f (Rep-matriz A j i) (Rep-matriz B j 1)
by (simp add: combine-matriz-def)

lemma combine-nrows-maz: f 0 0 = 0 = nrows (combine-matriz f A B) <=
maz (nrows A) (nrows B)
by (simp add: nrows-le)

lemma combine-ncols-maz: f 0 0 = 0 = ncols (combine-matriz f A B) <= max
(ncols A) (ncols B)
by (simp add: ncols-le)

lemma combine-nrows: f 0 0 = 0 = nrows A <= ¢ = nrows B <= ¢ =
nrows(combine-matriz f A B) <= ¢
by (simp add: nrows-le)

lemma combine-ncols: f 0 0 = 0 = ncols A <= ¢ = ncols B <= ¢ =
neols(combine-matriz f A B) <= ¢

by (simp add: ncols-le)

definition zero-r-neutral :: ('a = 'b::zero = 'a) = bool where
zero-r-neutral f =="'a. fa 0 = a

definition zero-l-neutral :: ('a::zero = 'b = 'b) = bool where
zero-l-neutral f == a. fOa =a

definition zero-closed :: (('a::zero) = ('b::zero) = (c::zero)) = bool where
zero-closed f == (lz. fz 0 =0) & (ly. fOy = 0)
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consts foldseq :: (Ya = 'a = 'a) = (nat = 'a) = nat = 'a
primrec

foldseq fs 0 =s0

foldseq f s (Suc n) = f (s 0) (foldseq f (% k. s(Suc k)) n)

consts foldseq-transposed :: ('a = 'a = 'a) = (nat = 'a) = nat = 'a
primrec

foldseq-transposed fs 0 = s 0

foldseq-transposed f s (Suc n) = f (foldseg-transposed f s n) (s (Suc n))

lemma foldseq-assoc : associative f = foldseq f = foldseq-transposed f
proof —
assume a:associative f
then have sublemma: ! n. ! Ns. N <= n — foldseq f s N = foldseq-transposed
fsN
proof —
fix n
show IN s. N <= n — foldseq f s N = foldseq-transposed f s N
proof (induct n)
show !N s. N <= 0 — foldseq f s N = foldseq-transposed f s N by simp
next
fix n
assume b:! Ns. N <= n — foldseq f s N = foldseq-transposed f s N
have c¢:!!|N s. N <= n = foldseq f s N = foldseg-transposed f s N by (simp
add: b)
show ! Nt. N <= Suc n — foldseq f t N = foldseq-transposed ft N
proof (auto)
fix Nt
assume Nsuc: N <= Suc n
show foldseq ft N = foldseq-transposed f t N
proof cases
assume N <=n
then show foldseq ft N = foldseg-transposed f t N by (simp add: b)
next
assume ~(N <= n)
with Nsuc have Nsuceq: N = Suc n by simp
have negz: n # 0 = ? m. n = Suc m & Suc m <= n by arith
have assocf: Wz y 2. fz (fyz) = f (fzy) z by (insert a, simp add:
associative-def)
show foldseq ft N = foldseq-transposed f t N
apply (simp add: Nsuceq)
apply (subst ¢)
apply (simp)
apply (case-tac n = 0)
apply (simp)
apply (drule neqz)
apply (erule exE)
apply (simp)
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apply (subst assocf)
proof —
fix m
assume n = Suc m & Suc m <= n
then have mless: Suc m <= n by arith
then have step!: foldseg-transposed f (% k. t (Suc k)) m = foldseq f
(% k.t (Suc k)) m (is ¢T1 = 27T2)
apply (subst c)
by simp+
have step2: f (t 0) ?T2 = foldseq ft (Suc m) (is - = ?T3) by simp
have step3: ?T3 = foldseg-transposed ft (Suc m) (is - = ¢T4)
apply (subst c)
by (simp add: mless)+
have step4: ?T4 = [ (foldseg-transposed ft m) (t (Suc m)) (is -=2T5)
by simp
from stepl step2 step3 step show sowhat: f (f (t 0) ?T1) (t (Suc
(Suc m))) = f 215 (t (Suc (Suc m))) by simp
qed
qed
qed
qed
qed
show foldseq f = foldseq-transposed f by ((rule ext)+, insert sublemma, auto)
qed

lemma foldseq-distr: [associative f; commutative f] = foldseq f (% k. f (u k) (v
k)) n = f (foldseq f u n) (foldseq f v n)
proof —
assume assoc: associative f
assume comm: commutative f
from assoc have a:ll zy z. f (fzy) 2 = fz (fyz) by (simp add: associative-def)
from comm have b: ! z y. fz y = fy x by (simp add: commutative-def)
from assoc comm have ¢: ' zy z. fz (fyz) = fy (fz2) by (simp add:
commutative-def associative-def )
have !! n. (! w v. foldseq f (%k. f (u k) (v k)) n = f (foldseq f u n) (foldseq f v
n))
apply (induct-tac n)
apply (simp+, auto)
by (simp add: a b ¢)
then show foldseq f (% k. f (v k) (vk)) n = f (foldseq f un) (foldseq f v n) by
stmp
qged

theorem [associative f; associative g;¥abcd. g (fad) (fed)=f(gac)(gb
dy ?zy. (fz) # (fy); P2y (gz) #(gy) frez =927 =2] = f=¢ | (!
yfyz=y) |y gyz=y)

oops
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lemma foldseg-zero:
assumes fz: fO0 0 =0and sz: ! i. i <=n — si =10
shows foldseq fsn =0
proof —
have ! n. !'s. (li.i <=n — si=0) — foldseq fsn =0
apply (induct-tac n)
apply (simp)
by (simp add: fz)
then show foldseq f s n = 0 by (simp add: sz)
qged

lemma foldseg-significant-positions:
assumes p: ! i. i <= N — Si=Ti
shows foldseq f S N = foldseq f T N
proof —
have ! m .l st. (I i. i<=m — s i =t i) — foldseq f s m = foldseq f t m
apply (induct-tac m)
apply (simp)
apply (simp)
apply (auto)
proof —
fix n
fix s:nat="a
fix t:nat="a
assume a: Vs t. (Vi<n. s i = t i) — foldseq f s n = foldseq ft n
assume b: Vi<Sucn.si =11
have ¢! ab.a=b= f (t0) a=f (t 0) b by blast
have d:!! s t. (Vi<n. s i =t i) = foldseq f s n = foldseq f t n by (simp
add: a)
show f (t 0) (foldseq f (Ak. s (Suc k)) n) = f (¢ 0) (foldseq f (Ak. t (Suc
k)) n) by (rule ¢, simp add: d b)
qed
with p show ?thesis by simp
qed

lemma foldseq-tail:
assumes M <= N
shows foldseq f S N = foldseq f (% k. (if k < M then (S k) else (foldseq f (%
k. S(k+M)) (N-M)))) M
proof —
have suc: ! a b. [a <= Suc b; a # Suc b] = a <= b by arith
have a:' abc.a=b= fca=fcbby blast
have !! n. ! m s. m <= n — foldseq f s n = foldseq f (% k. (if k < m then (s
k) else (foldseq f (% k. s(k+m)) (n—m)))) m
apply (induct-tac n)
apply (simp)
apply (simp)
apply (auto)
apply (case-tac m = Suc na)
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apply (simp)
apply (rule a)
apply (rule foldseg-significant-positions)
apply (auto)
apply (drule suc, simp+)
proof —
fix na m s
assume suba:V m<na. Vs. foldseq f s na = foldseq f (Mk. if k < m then s k
else foldseq f (k. s (kK + m)) (na — m))m
assume subb:m <= na
from suba have subc:!! m s. m <= na =>foldseq f s na = foldseq f (\k. if
k < m then s k else foldseq f (M\k. s (k + m)) (na — m))m by simp
have subd: foldseq f (Ak. if k < m then s (Suc k) else foldseq f (k. s (Suc
(k +m)) (na — m)) m =
foldseq f (% k. s(Suc k)) na
by (rule subclof m % k. s(Suc k), THEN sym]|, simp add: subb)
from subb have sube: m # 0 = ? mm. m = Suc mm & mm <= na by
arith
show f (s 0) (foldseq f (Mk. if k < m then s (Suc k) else foldseq f (Mk. s (Suc
(k + m)) (na — m)) m) =
foldseq f (Ak. if k < m then s k else foldseq f (Mk. s (k + m)) (Suc na —
m)) m
apply (simp add: subd)
apply (case-tac m=0)
apply (simp)
apply (drule sube)
apply (auto)
apply (rule a)
by (simp add: subc if-def)
qed
then show ?thesis using assms by simp
qed

lemma foldseqg-zerotail:
assumes
F2f00 =0
and sz: li. n<=i—si=10
and nm: n <= m
shows
foldseq f s n = foldseq f s m
proof —
show foldseq f s n = foldseq f s m
apply (simp add: foldseg-tail|OF nm, of f s])
apply (rule foldseg-significant-positions)
apply (auto)
apply (subst foldseg-zero)
by (simp add: fz sz)+
qed
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lemma foldseq-zerotail2:
assumes ! z. fz 0 = x
and!i.n<i—si=10
and nm: n <= m
shows foldseq f s n = foldseq f s m
proof —
have f 0 0 = 0 by (simp add: assms)
have bl mn. n <= m = m # n = ? k. m—n = Suc k by arith
have c: 0 <= m by simp
have d: 1 k. k # 0 = ? 1. k = Suc | by arith
show ?thesis
apply (subst foldseg-tail|OF nmy))
apply (rule foldseg-significant-positions)
apply (auto)
apply (case-tac m=n)
apply (simp+)
apply (drule b[OF nm])
apply (auto)
(
(s
(
(
(

apply (case-tac k=0)

apply (simp add: assms)
apply (drule d)
apply (auto)
apply (simp add: assms foldseq-zero)
done
qed

lemma foldseq-zerostart:
'z. fO(fO0z)=f0zx = li.i<=n— si= 0= foldseq fs (Sucn)=f
0 (s (Suc n))
proof —
assume f00z: ' z. fO (fO0x)=f0x
have ! s. (! i. i<=n — si = 0) — foldseq f s (Suc n) = f 0 (s (Suc n))
apply (induct n)
apply (simp)
apply (rule alll, rule impl)
proof —
fix n
fix s
have a:foldseq f s (Suc (Suc n)) = f (s 0) (foldseq f (% k. s(Suc k)) (Suc
n)) by simp
assume b: ! s. ((Vi<n. s i = 0) — foldseq f s (Suc n) = f 0 (s (Suc n)))
from b have c¢:!! s. (Vi<n. si = 0) = foldseq f s (Suc n) = f 0 (s (Suc
n)) by simp
assume d: ! i. i <= Sucn — si =10
show foldseq f s (Suc (Suc n)) = f0 (s (Suc (Suc n)))
apply (subst a)
apply (subst c)
by (simp add: d f00x)+
qed
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then show ! i. i <=n — si = 0 = foldseq f s (Suc n) = f 0 (s (Suc n))
by simp
qed

lemma foldseq-zerostart2:
lz.f0r=2= lii<n—si=0= foldseqfsn=sn
proof —
assume a:! i. i<n — si =0
assume z:! z. fO0z ==z
from z have f00z: ! z. f 0 (f 0 z) = f 0 « by blast
have b: !l i 1. i < Suc l = (i <= 1) by arith
have d: !l k. k # 0 = ? 1. k = Suc [ by arith
show foldseq fsn = sn
apply (case-tac n=0)
apply (simp)
apply (insert a)
apply (drule d)
apply (auto)
apply (simp add: b)
apply (insert f00z)
apply (drule foldseq-zerostart)
by (simp add: =)+
qed

lemma foldseq-almostzero:
assumes fOr:! z. fO0x =z and fr0: 'z. fr 0 =z and s0:'i. i #j — si =0
shows foldseq fsn = (if (j <= n) then (sj) else 0)
proof —
from s0 have a:!i. i <j — si = 0 by simp
from s0 have b: ! i. j < i — si = 0 by simp
show ?thesis
apply auto
apply (subst foldseg-zerotail2[of f, OF fx0, of j, OF b, of n, THEN sym)])
apply simp
apply (subst foldseg-zerostart2)
apply (simp add: f0x o)+
apply (subst foldseq-zero)
by (simp add: s0 f0z)+
qed

lemma foldseq-distr-unary:
assumes ! a b. g (fad) =f (ga) (gb)
shows g(foldseq f s n) = foldseq f (% z. g(s z)) n
proof —
have ! s. g(foldseq f s n) = foldseq f (% z. g(s z)) n
apply (induct-tac n)
apply (simp)
apply (simp)
apply (auto)
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apply (drule-tac x=% k. s (Suc k) in spec)
by (simp add: assms)
then show ?thesis by simp
qed

definition mult-matriz-n :: nat = ((‘a::zero) = ('b::zero) = (‘ci:zero)) = (¢ =
'c = 'c) = 'a matrix = 'b matriz = 'c matriz where

mult-matriz-n n fmul fadd A B == Abs-matriz(% j i. foldseq fadd (% k. fmul
(Rep-matriz A j k) (Rep-matriz B k i)) n)

definition mult-matriz :: (('a::zero) = ('b::zero) = (‘ci:zero)) = ('c = 'c = '¢)
= 'a matriz = 'b matriz = 'c matriz where

mult-matriz fmul fadd A B == mult-matriz-n (maz (ncols A) (nrows B)) fmul
fadd A B

lemma mult-matriz-n:
assumes ncols A < n (is ?An) nrows B < n (is ?Bn) fadd 0 0 = 0 fmul 0 0
=0
shows c:mult-matriz fmul fadd A B = mult-matriz-n n fmul fadd A B
proof —
show ?thesis using assms
apply (simp add: mult-matriz-def mult-matriz-n-def)
apply (rule comblof Abs-matriz Abs-matriz], simp, (rule ext)+)
apply (rule foldseg-zerotail, simp-all add: nrows-le ncols-le assms)
done
qged

lemma mult-matriz-nm:
assumes ncols A <= n nrows B <= n ncols A <= m nrows B <= m fadd 0 0
=0fmul 00 =10
shows mult-matriz-n n fmul fadd A B = mult-matriz-n m fmul fadd A B
proof —
from assms have mult-matriz-n n fmul fadd A B = mult-matriz fmul fadd A B
by (simp add: mult-matriz-n)
also from assms have ... = mult-matriz-n m fmul fadd A B
by (simp add: mult-matriz-n| THEN sym))
finally show mult-matriz-n n fmul fadd A B = mult-matriz-n m fmul fadd A B
by simp
qed

definition r-distributive :: (a = b = 'b) = (b = 'b = 'b) = bool where
r-distributive fmul fadd == " a wv. fmul a (fadd v v) = fadd (fmul a u) (fmul o

v)

definition [-distributive :: ('a = 'b = ‘a) = ('a = 'a = 'a) = bool where
-distributive fmul fadd == a uw v. fmul (fadd v v) a = fadd (fmul u a) (fmul v

a)

definition distributive :: ('a = 'a = 'a) = (‘a = 'a = 'a) = bool where
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distributive fmul fadd == I-distributive fmul fadd & r-distributive fmul fadd

lemma mazi: ! a z y. (aunat) <=z = a <= maz z y by (arith)
lemma maz2: ! b z y. (bunat) <= y = b <= maz x y by (arith)

lemma r-distributive-matriz:
assumes
r-distributive fmul fadd
associative fadd
commutative fadd

fadd 00 = 0

Va. fmul a 0 = 0

Va. fmul 0 a = 0

shows r-distributive (mult-matriz fmul fadd) (combine-matriz fadd)
proof —

from assms show ?thesis
apply (simp add: r-distributive-def mult-matriz-def , auto)
proof —
fix a::'a matriz
fix u::'b matriz
fix v::’b matriz
let ?mxz = maz (ncols a) (maz (nrows u) (nrows v))
from assms show mult-matriz-n (maz (ncols a) (nrows (combine-matriz fadd
u v))) fmul fadd a (combine-matriz fadd u v) =
combine-matriz fadd (mult-matriz-n (maz (ncols a) (nrows w)) fmul fadd a
u) (mult-matriz-n (maz (ncols a) (nrows v)) fmul fadd a v)
apply (subst mult-matriz-nmlof - - - ?mz fadd fmul])
apply (simp add: maxl max2 combine-nrows combine-ncols)+
apply (subst mult-matriz-nm[of - - v ?mz fadd fmul])
apply (simp add: mazl maz2 combine-nrows combine-ncols)+
apply (subst mult-matriz-nm[of - - v ?mz fadd fmul])
apply (simp add: maxl max2 combine-nrows combine-ncols)+
apply (simp add: mult-matriz-n-def r-distributive-def foldseq-distr|of fadd))
apply (simp add: combine-matriz-def combine-infmatriz-def)
apply (rule comb|of Abs-matriz Abs-matriz], simp, (rule ext)+)
apply (simplesubst RepAbs-matrix)
apply (simp, auto)
apply (rule exI[of - nrows a], simp add: nrows-le foldseq-zero)
apply (rule exI[of - ncols v], simp add: ncols-le foldseg-zero)
apply (subst RepAbs-matriz)
apply (simp, auto)
apply (rule exI[of - nrows a], simp add: nrows-le foldseq-zero)
apply (rule exI[of - ncols u], simp add: ncols-le foldseq-zero)
done
qed
qed

lemma [-distributive-matriz:
assumes
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l-distributive fmul fadd
associative fadd
commutative fadd

fadd 00 = 0

Va. fmul a 0 = 0

Va. fmul 0 a = 0

shows [-distributive (mult-matriz fmul fadd) (combine-matriz fadd)
proof —

from assms show ?thesis
apply (simp add: l-distributive-def mult-matriz-def, auto)
proof —
fix a::'b matriz
fix u::’a matriz
fix v::'a matriz
let ?mz = maz (nrows a) (mazx (ncols u) (ncols v))
from assms show mult-matriz-n (mazx (ncols (combine-matriz fadd u v))
(nrows a)) fmul fadd (combine-matriz fadd u v) a =
combine-matriz fadd (mult-matriz-n (maz (ncols u) (nrows a)) fmul
fadd w a) (mult-matriz-n (maz (ncols v) (nrows a)) fmul fadd v a)
apply (subst mult-matriz-nm[of v - - ?mz fadd fmul])
apply (simp add: maxl maz2 combine-nrows combine-ncols)+
apply (subst mult-matriz-nm[of u - - ?mzx fadd fmul))
apply (simp add: maxl max2 combine-nrows combine-ncols)+
apply (subst mult-matriz-nm[of - - - ?mz fadd fmul])
apply (simp add: maxl maz2 combine-nrows combine-ncols)+
apply (simp add: mult-matriz-n-def I-distributive-def foldseq-distr|of fadd)])
apply (simp add: combine-matriz-def combine-infmatriz-def)
apply (rule comblof Abs-matriz Abs-matriz], simp, (rule ext)+)
apply (simplesubst RepAbs-matriz)
apply (simp, auto)
apply (rule exI[of - nrows v], simp add: nrows-le foldseq-zero)
apply (rule exI[of - neols al, simp add: ncols-le foldseg-zero)
apply (subst RepAbs-matriz)
apply (simp, auto)
apply (rule exI[of - nrows u], simp add: nrows-le foldseq-zero)
apply (rule exI[of - neols al, simp add: ncols-le foldseg-zero)
done
qed
qed

instantiation matriz :: (zero) zero
begin

definition zero-matriz-def [code del]: 0 = Abs-matriz (Aj i. 0)
instance ..

end
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lemma Rep-zero-matriz-def[simp]: Rep-matriz 051 = 0
apply (simp add: zero-matriz-def)
apply (subst RepAbs-matriz)
by (auto)

lemma zero-matriz-def-nrows[simpl: nrows 0 = 0
proof —
have a:!! (z::nat). © <= 0 = = = 0 by (arith)
show nrows 0 = 0 by (rule a, subst nrows-le, simp)
qged

lemma zero-matriz-def-ncols[simp]: ncols 0 = 0
proof —
have a:!! (z::nat). © <= 0 = = = 0 by (arith)
show ncols 0 = 0 by (rule a, subst ncols-le, simp)
qed

lemma combine-matriz-zero-l-neutral: zero-l-neutral f = zero-l-neutral (combine-matriz

f)

by (simp add: zero-l-neutral-def combine-matriz-def combine-infmatriz-def )

lemma combine-matriz-zero-r-neutral: zero-r-neutral f = zero-r-neutral (combine-matriz

f)

by (simp add: zero-r-neutral-def combine-matriz-def combine-infmatriz-def)

lemma mult-matriz-zero-closed: [fadd 0 0 = 0; zero-closed fmul] = zero-closed
(mult-matriz fmul fadd)

apply (simp add: zero-closed-def mult-matriz-def mult-matriz-n-def)

apply (auto)

by (subst foldseq-zero, (simp add: zero-matriz-def)+)+

lemma mult-matriz-n-zero-right[simp): [fadd 0 0 = 0; la. fmul a 0 = 0] =
mault-matriz-n n fmul fadd A 0 = 0

apply (simp add: mult-matriz-n-def)

apply (subst foldseg-zero)

by (simp-all add: zero-matriz-def)

lemma mult-matriz-n-zero-left[simp]: [fadd 0 0 = 0; la. fmul 0 a = 0] =
mult-matriz-n n fmul fadd 0 A = 0

apply (simp add: mult-matriz-n-def)

apply (subst foldseg-zero)

by (simp-all add: zero-matriz-def)

lemma mult-matriz-zero-left[simp]: [fadd 0 0 = 0; la. fmul 0 a = 0] = mult-matriz
fmul fadd 0 A = 0

by (simp add: mult-matriz-def)

lemma mult-matriz-zero-right[simp]: [fadd 0 0 = 0; \a. fmul a 0 = 0] = mult-matriz

fmul fadd A 0 = 0
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by (simp add: mult-matriz-def)

lemma apply-matriz-zero[simpl: f 0 = 0 = apply-matriz f 0 = 0
apply (simp add: apply-matriz-def apply-infmatriz-def)
by (simp add: zero-matriz-def)

lemma combine-matriz-zero: f 0 0 = 0 = combine-matriz f 0 0 = 0
apply (simp add: combine-matriz-def combine-infmatriz-def)
by (simp add: zero-matriz-def)

lemma transpose-matrix-zero[simp]: transpose-matriz 0 = 0

apply (simp add: transpose-matriz-def transpose-infmatriz-def zero-matriz-def Rep Abs-matriz)
apply (subst Rep-matriz-inject[symmetric], (rule ext)+)

apply (simp add: RepAbs-matriz)

done

lemma apply-zero-matriz-def [simp]: apply-matriz (% z. 0) A = 0
apply (simp add: apply-matriz-def apply-infmatriz-def)
by (simp add: zero-matriz-def)

definition singleton-matriz :: nat = nat = ('a::zero) = 'a matriz where
singleton-matriz j 1 a == Abs-matriz(% m n. if j = m & i = n then a else 0)

definition move-matriz :: (‘a::zero) matriz = int = int = 'a matriz where
move-matric A y x == Abs-matriz(% j i. if (neg ((int j)—y)) | (neg ((int i)—z))
then 0 else Rep-matriz A (nat ((int j)—vy)) (nat ((int i)—1x)))

definition take-rows :: (‘a::zero) matric = nat = 'a matriz where
take-rows A r == Abs-matriz(% j i. if (j < r) then (Rep-matriz A j i) else 0)

definition take-columns :: ('a::zero) matric = nat = ’a matriz where
take-columns A ¢ == Abs-matriz(% ji. if (i < c¢) then (Rep-matriz A j i) else
0)

definition column-of-matriz :: ('a::zero) matriz = nat = 'a matriz where
column-of-matrix A n == take-columns (move-matriz A 0 (— int n)) 1

definition row-of-matriz :: (‘a::zero) matriz = nat = 'a matriz where
row-of-matrix A m == take-rows (move-matriz A (— int m) 0) 1

lemma Rep-singleton-matriz|[simp]: Rep-matriz (singleton-matriz j i e) m n = (if
j=m & i = n then e else 0)

apply (simp add: singleton-matriz-def)

apply (auto)

apply (subst RepAbs-matriz)

apply (rule exI[of - Suc m], simp)

apply (rule exI[of - Suc n], simp+)

by (subst RepAbs-matriz, rule exI|of - Suc j], simp, rule exI|of - Suc i], simp+)+
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lemma apply-singleton-matriz[simpl: f 0 = 0 = apply-matriz f (singleton-matriz
jixz) = (singleton-matriz j i (f x))

apply (subst Rep-matriz-inject[symmetric])

apply (rule ext)+

apply (simp)

done

lemma singleton-matriz-zero[simp): singleton-matriz j i 0 = 0
by (simp add: singleton-matriz-def zero-matriz-def’)

lemma nrows-singleton[simp]: nrows(singleton-matriz j i ¢) = (if e = 0 then 0
else Suc j)

proof—

have th: = (Vm. m < j) In. - n < ¢ by arith+
from th show ?thesis

apply (auto)

apply (rule le-antisym)

apply (subst nrows-le)

apply (simp add: singleton-matriz-def, auto)
apply (subst RepAbs-matriz)

apply auto

apply (simp add: Suc-le-eq)

apply (rule not-leE)

apply (subst nrows-le)

by simp

qged

lemma ncols-singleton[simp]: ncols(singleton-matriz j i ) = (if e = 0 then 0 else
Suc 1)

proof—

have th: = (Vm. m < j) In. - n < i by arith+
from th show ?Zthesis

apply (auto)

apply (rule le-antisym)

apply (subst ncols-le)

apply (simp add: singleton-matriz-def, auto)
apply (subst RepAbs-matriz)

apply auto

apply (simp add: Suc-le-eq)

apply (rule not-leE)

apply (subst ncols-le)

by simp

qed

lemma combine-singleton: f 0 0 = 0 = combine-matriz f (singleton-matriz j i
a) (singleton-matriz j i b) = singleton-matriz j i (f a b)

apply (simp add: singleton-matriz-def combine-matriz-def combine-infmatriz-def)
apply (subst RepAbs-matriz)

apply (rule exI|of - Suc j], simp)
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apply (rule exI[of - Suc i], simp)

apply (rule comblof Abs-matriz Abs-matriz], simp, (rule ext)+)
apply (subst RepAbs-matriz)

apply (rule exI[of - Suc j], simp)

apply (rule exI[of - Suc i], simp)

by simp

lemma transpose-singleton|simp]|: transpose-matriz (singleton-matriz j i a) = singleton-matriz
17 a

apply (subst Rep-matriz-inject[symmetric], (rule ext)+)

apply (simp)

done

lemma Rep-move-matriz|[simp]:
Rep-matriz (move-matriz A y x) ji =
(if (neg ((intj)—y)) | (neg ((int i)—x)) then 0 else Rep-matriz A (nat((int j)—y))
(nat((int i)—1x)))
apply (simp add: move-matriz-def)
apply (auto)
by (subst RepAbs-matrix,
rule exl[of - (nrows A)+(nat (abs y))], auto, rule nrows, arith,
rule exI[of - (ncols A)+(nat (abs x))], auto, rule ncols, arith)+

lemma move-matriz-0-0[simp]: move-matriz A 0 0 = A
by (simp add: move-matriz-def)

lemma move-matriz-ortho: move-matriz A j i = move-matriz (move-matriz A j
0) 0

apply (subst Rep-matriz-inject|symmetric])

apply (rule ext)+

apply (simp)

done

lemma transpose-move-matriz|simp):
transpose-matriz (move-matriz A © y) = move-matriz (transpose-matriz A) y =
apply (subst Rep-matriz-inject[symmetric], (rule ext)+)
apply (simp)
done

lemma move-matriz-singleton[simp|: move-matriz (singleton-matriz v v x) ji =
(if (j+intu < 0)] (i +intv < 0) then 0 else (singleton-matriz (nat (j + int
u)) (nat (i + int v)) z))

apply (subst Rep-matriz-inject[symmetric])

apply (rule ext)+

apply (case-tac j + int u < 0)

apply (simp, arith)

apply (case-tac i + int v < 0)

apply (simp add: neg-def, arith)

apply (simp add: neg-def)
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apply arith
done

lemma Rep-take-columns|simp]:

Rep-matriz (take-columns A ¢) ji =

(if i < c then (Rep-matriz A j i) else 0)
apply (simp add: take-columns-def)
apply (simplesubst RepAbs-matriz)
apply (rule exI[of - nrows A], auto, simp add: nrows-le)
apply (rule exI[of - ncols A], auto, simp add: ncols-le)
done

lemma Rep-take-rows[simp]:

Rep-matriz (take-rows A r) ji =

(if j < r then (Rep-matriz A j i) else 0)
apply (simp add: take-rows-def)
apply (simplesubst RepAbs-matriz)
apply (rule exI[of - nrows Al], auto, simp add: nrows-le)
apply (rule exI[of - ncols A], auto, simp add: ncols-le)
done

lemma Rep-column-of-matriz|[simp]:

Rep-matriz (column-of-matriz A ¢) ji = (if i = 0 then (Rep-matriz A j c) else
0)

by (simp add: column-of-matriz-def )

lemma Rep-row-of-matriz|[simp]:
Rep-matriz (row-of-matric A r) j i = (if j = 0 then (Rep-matriz A r i) else 0)
by (simp add: row-of-matriz-def)

lemma column-of-matrixz: ncols A <= n = column-of-matric A n = 0
apply (subst Rep-matriz-inject{ THEN sym)])

apply (rule ext)+

by (simp add: ncols)

lemma row-of-matriz: nrows A <= n = row-of-matric A n = 0
apply (subst Rep-matriz-inject{ THEN sym)])

apply (rule ext)+

by (simp add: nrows)

lemma mult-matriz-singleton-right[simp):

assumes

Yz, fmul z 0 = 0
Yz, fmul 0z = 0
V'z. fadd 0 x = x
Vz. fadd x 0 = z

shows (mult-matriz fmul fadd A (singleton-matriz j i e)) = apply-matriz (% x.
fmul z €) (move-matriz (column-of-matriz A j) 0 (int i))
apply (simp add: mult-matriz-def)
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apply (subst mult-matriz-nm[of - - - mazx (ncols A) (Suc j)])

apply (auto)

apply (simp add: assms)+

apply (simp add: mult-matriz-n-def apply-matriz-def apply-infmatriz-def)
apply (rule comb|of Abs-matriz Abs-matriz], auto, (rule ext)+)

apply (subst foldseg-almostzero|of - j])

apply (simp add: assms)+

apply (auto)

apply (metis add-0 le-antisym le-diff-eq not-neg-nat zero-le-imp-of-nat zle-int)
done

lemma mult-matriz-ext:
assumes
eprem:
e.(lab.a#b— fmulae# fmul b e)
and fprems:

Va. fmul 0 a = 0
Va. fmul a 0 = 0
Va. fadd a 0 = a
V'a. fadd 0 a = a

and contraprems:
mult-matriz fmul fadd A = mult-matriz fmul fadd B
shows
A=B
proof(rule contrapos-np|of False], simp)
assume a: A # B
have b: ! fg. zy. fzy =gz y) = f = g by ((rule ext)+, auto)
have ? ji. (Rep-matriz A j i) # (Rep-matriz B j i)
apply (rule contrapos-np|of False], simp+)
apply (insert blof Rep-matriz A Rep-matriz B], simp)
by (simp add: Rep-matriz-inject a)
then obtain J I where c:(Rep-matriz A J I) # (Rep-matriz B J I) by blast
from eprem obtain e where eprops:(! a b. a # b — fmul a e # fmul b €) by
blast
let 95 = singleton-matriz I 0 e
let ?comp = mult-matriz fmul fadd
have d: 'z fg. f = ¢ = fzx = g z by blast
have e: (% z. fmul x €¢) 0 = 0 by (simp add: assms)
have ~(?comp A 2S5 = %comp B ?5)
apply (rule notl)
apply (simp add: fprems eprops)
apply (simp add: Rep-matriz-inject| THEN sym))
apply (drule dlof - - J], drule d[of - - 0])
by (simp add: e ¢ eprops)
with contraprems show False by simp
qed

definition foldmatriz :: ('a = 'a = 'a) = ('a = 'a = 'a) = (‘a infmatriz) =
nat = nat = 'a where
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foldmatriz f g A m n == foldseg-transposed g (% j. foldseq f (A j) n) m

definition foldmatriz-transposed :: (‘a = 'a = 'a) = (la = 'a = 'a) = ('a
infmatriz) = nat = nat = 'a where

foldmatriz-transposed f g A m n == foldseq g (% j. foldseg-transposed f (A j) n)
m

lemma foldmatriz-transpose:
assumes
abed g(fab)(fed)=f(gac)(gbd)
shows
foldmatriz f ¢ A m n = foldmatriz-transposed g f (transpose-infmatriz A) n m
proof —
have forall:! P z. (! xz. P z) = P x by auto
have tworows:! A. foldmatriz f g A 1 n = foldmatriz-transposed g f (transpose-infmatriz
A)n 1
apply (induct n)
apply (simp add: foldmatriz-def foldmatriz-transposed-def assms)+
apply (auto)
by (drule-tac z=(% ji. A j (Suc 1)) in forall, simp)
show foldmatriz f g A m n = foldmatriz-transposed g f (transpose-infmatriz A)
nm
apply (simp add: foldmatriz-def foldmatriz-transposed-def)
apply (induct m, simp)
apply (simp)
apply (insert tworows)
apply (drule-tac =% ji. (if j = 0 then (foldseq-transposed g (Au. A u i) m)
else (A (Suc m) i)) in spec)
by (simp add: foldmatriz-def foldmatriz-transposed-def)
qed

lemma foldseq-foldseq:
assumes

associative f

associative g

labced. g(fab) (fed)=f(gac)(gbd)
shows

foldseq g (% j. foldseq f (A j) n) m = foldseq f (% j. foldseq g ((transpose-infmatrix
4)§) m) n

apply (insert foldmatriz-transpose[of g f A m n))

by (simp add: foldmatriz-def foldmatriz-transposed-def foldseg-assoc[ THEN sym)|
assms)

lemma mult-n-nrows:

assumes

Va. fmul 0 a = 0

a. fmul a 0 = 0

fadd 00 = 0

shows nrows (mult-matriz-n n fmul fadd A B) < nrows A
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apply (subst nrows-le)

apply (simp add: mult-matriz-n-def)
apply (subst RepAbs-matriz)

apply (rule-tac x=nrows A in exl)

apply (simp add: nrows assms foldseq-zero)
apply (rule-tac z=ncols B in exl)

apply (simp add: ncols assms foldseq-zero)
apply (simp add: nrows assms foldseg-zero)
done

lemma mult-n-ncols:
assumes
Va. fmul 0 a
'a. fmul a 0
fadd 00 = 0
shows ncols (mult-matriz-n n fmul fadd A B) < ncols B
apply (subst ncols-le)
apply (simp add: mult-matriz-n-def)
apply (subst RepAbs-matriz)
apply (rule-tac x=nrows A in exl)
apply (simp add: nrows assms foldseq-zero)

(

(

(

=0
=0

apply (rule-tac z=ncols B in exl)

apply (simp add: ncols assms foldseq-zero)
apply (simp add: ncols assms foldseq-zero)
done

lemma mult-nrows:

assumes

Va. fmul 0 a = 0

Va. fmul a 0 = 0

fadd 00 =0

shows nrows (mult-matriz fmul fadd A B) < nrows A
by (simp add: mult-matriz-def mult-n-nrows assms)

lemma mult-ncols:

assumes

Va. fmul 0 a = 0

Va. fmul a 0 = 0

fadd 00 =0

shows ncols (mult-matriz fmul fadd A B) < ncols B
by (simp add: mult-matriz-def mult-n-ncols assms)

lemma nrows-move-matriz-le: nrows (move-matriz A j i) <= nat((int (nrows A))
+J)

apply (auto simp add: nrows-le)

apply (rule nrows)

apply (arith)

done
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lemma ncols-move-matriz-le: ncols (move-matriz A j i) <= nat((int (ncols A))
+4)

apply (auto simp add: ncols-le)

apply (rule ncols)

apply (arith)

done

lemma mult-matriz-assoc:
assumes
Va. fmull 0 a =0
Va. fmull a 0 = 0
Va. fmul2 0 a = 0
Va. fmul2 a 0 = 0
fadd1 00 = 0
fadd2 00 = 0
Vabecd. fadd2 (faddl a b) (faddl ¢ d) = faddl (fadd2 a ¢) (fadd2 b d)
associative faddl
associative fadd2
Vabc. fmul2 (fmull a b) ¢ = fmull a (fmul2 b c)
V'abc. fmul2 (faddl a b) ¢ = faddl (fmul2 a ¢) (fmul2 b c)
V'abc. fmull ¢ (fadd2 a b) = fadd2 (fmull c a) (fmull c b)
shows mult-matriz fmul2 fadd2 (mult-matriz fmull fadd1 A B) C = mult-matriz
fmaull fadd1l A (mult-matriz fmul2 fadd2 B C)
proof —
have comb-left: ! A Bz y. A = B = (Rep-matriz (Abs-matriz A)) z y =
(Rep-matriz(Abs-matriz B)) © y by blast
have fmul2faddifold: ! z s n. fmul2 (foldseq faddl s n) x = foldseq fadd1l (%
k. fmul2 (s k) ) n
by (rule-tac g1 = % y. fmul2 y = in ssubst [OF foldseq-distr-unary], insert
assms, simp-all)
have fmullfadd2fold: ! x s n. fmull x (foldseq fadd2 s n) = foldseq fadd2 (% k.
fmull x (s k)) n
using assms by (rule-tac g1 = % y. fmull x y in ssubst [OF foldseq-distr-unary],
stmp-all)
let ?N = maz (ncols A) (maz (ncols B) (maz (nrows B) (nrows C)))
show ?thesis
apply (simp add: Rep-matriz-inject| THEN sym))
apply (rule ext)+
apply (simp add: mult-matriz-def)
apply (simplesubst mult-matriz-nm|of - maz (ncols (mult-matriz-n (maz (ncols
A) (nrows B)) fmull faddl A B)) (nrows C) - maz (ncols B) (nrows C)])
apply (simp add: maxl maz2 mult-n-ncols mult-n-nrows assms)+
apply (simplesubst mult-matriz-nm[of - maz (ncols A) (nrows (mult-matriz-n
(maz (ncols B) (nrows C)) fmul2 fadd2 B C)) - max (ncols A) (nrows B)])
apply (simp add: mazl maz2 mult-n-ncols mult-n-nrows assms)+
apply (simplesubst mult-matriz-nm[of - - - ?N])
apply (simp add: maxl maz2 mult-n-ncols mult-n-nrows assms)+
apply (simplesubst mult-matriz-nm[of - - - ?N])
apply (simp add: maxl max2 mult-n-ncols mult-n-nrows assms)+
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apply (simplesubst mult-matriz-nm[of - - - ¢?N])
apply (simp add: maxl max2 mult-n-ncols mult-n-nrows assms)—+
apply (simplesubst mult-matriz-nm[of - - - ?N])
apply (simp add: maxl maz2 mult-n-ncols mult-n-nrows assms)+
apply (simp add: mult-matriz-n-def)
apply (rule comb-left)

apply ((rule ext)+, simp)
apply (simplesubst RepAbs-matriz)
apply (rule exI[of - nrows B))
apply (simp add: nrows assms foldseq-zero)
apply (rule exI[of - ncols C])
apply (simp add: assms ncols foldseq-zero)

apply (subst RepAbs-matrix)

apply (rule exI[of - nrows A])

apply (simp add: nrows assms foldseq-zero)

apply (rule exI[of - ncols B))

apply (simp add: assms ncols foldseq-zero)

apply (simp add: fmul2fadd1fold fmullfadd2fold assms)
apply (subst foldseq-foldseq)

apply (simp add: assms)+

apply (simp add: transpose-infmatriz)

done
qed
lemma
assumes
Va. fmull 0 a = 0
Va. fmull a 0 = 0
Va. fmul2 0 a = 0
Va. fmul2 a 0 = 0
fadd1 00 =0
fadd2 00 =0

V'abcd. fadd2 (faddl a b) (faddl ¢ d) = faddl (fadd2 a c) (fadd2 b d)
associative faddl
associative fadd2
Vabc. fmul2 (fmull a b) ¢ = fmull a (fmul2 b )
Vabc. fmul2 (faddl a b) ¢ = faddl (fmul2 a c) (fmul2 b c)
Vab e fmull ¢ (fadd2 a b) = fadd?2 (fmull ¢ a) (fmull ¢ b)
shows
(mult-matriz fmull fadd1l A) o (mult-matriz fmul2 fadd2 B) = mult-matriz fmul2
fadd2 (mult-matriz fmull fadd1 A B)
apply (rule ext)+
apply (simp add: comp-def )
apply (simp add: mult-matriz-assoc assms)
done

lemma mult-matriz-assoc-simple:

assumes
Va. fmul 0 a = 0
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Va. fmul a 0 = 0
fadd 00 =0
associative fadd
commutative fadd
associative fmul
distributive fmul fadd
shows mult-matriz fmul fadd (mult-matriz fmul fadd A B) C = mult-matriz fmul
fadd A (mult-matriz fmul fadd B C)
proof —
have !! a b ¢ d. fadd (fadd a b) (fadd ¢ d) = fadd (fadd a c) (fadd b d)
using assms by (simp add: associative-def commutative-def)
then show ?thesis
apply (subst mult-matriz-assoc)
using assms
apply simp-all
apply (simp-all add: associative-def distributive-def I-distributive-def r-distributive-def)
done
qed

lemma transpose-apply-matriz: f 0 = 0 = transpose-matriz (apply-matriz f A)
= apply-matriz f (transpose-matriz A)

apply (simp add: Rep-matriz-inject[ THEN sym])

apply (rule ext)+

by simp

lemma transpose-combine-matriz: f 0 0 = 0 = transpose-matriz (combine-matriz
f A B) = combine-matriz f (transpose-matriz A) (transpose-matrix B)

apply (simp add: Rep-matriz-inject[ THEN sym])

apply (rule ext)+

by simp

lemma Rep-mult-matrix:

assumes

Va. fmul 0 a = 0

Va. fmul a 0 = 0

fadd 00 = 0

shows

Rep-matriz(mult-matriz fmul fadd A B) j i =

foldseq fadd (% k. fmul (Rep-matriz A j k) (Rep-matriz B k i)) (max (ncols A)
(nrows B))
apply (simp add: mult-matriz-def mult-matriz-n-def)
apply (subst RepAbs-matriz)
apply (rule exI[of - nrows A], insert assms, simp add: nrows foldseq-zero)
apply (rule exI|of - ncols B], insert assms, simp add: ncols foldseq-zero)
apply simp
done

lemma transpose-mult-matriz:
assumes
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Va. fmul 0 a = 0

Va. fmul a 0 = 0

fadd 00 =0

lzy. fmul y x = fmul z y

shows

transpose-matriz (mult-matriz fmul fadd A B) = mult-matriz fmul fadd (transpose-matrix
B) (transpose-matriz A)

apply (simp add: Rep-matriz-inject| THEN sym))

apply (rule ext)+

using assms

apply (simp add: Rep-mult-matriz maz-ac)

done

lemma column-transpose-matriz: column-of-matriz (transpose-matriz A) n = transpose-matriz
(row-of-matriz A n)

apply (simp add: Rep-matriz-inject|[ THEN sym])

apply (rule ext)+

by simp

lemma take-columns-transpose-matriz: take-columns (transpose-matriz A) n =
transpose-matriz (take-rows A n)

apply (simp add: Rep-matriz-inject[ THEN sym])

apply (rule ext)+

by simp

instantiation matriz :: ({zero, ord}) ord
begin

definition
le-matriz-def: A < B «— (Vj i. Rep-matriz A j i < Rep-matriz B j 1)

definition
less-def: A < (B::'a matriz) — A< BA-B <A

instance ..
end
instance matriz :: ({zero, order}) order

apply intro-classes
apply (simp-all add: le-matriz-def less-def)

apply (auto)

apply (drule-tac z=j in spec, drule-tac z=j in spec)

apply (drule-tac z=i in spec, drule-tac z=1 in spec)

apply (simp)

apply (simp add: Rep-matriz-inject{ THEN sym))

apply (rule ext)+

apply (drule-tac z=xa in spec, drule-tac z=xa in spec)
(

apply (drule-tac z=zb in spec, drule-tac x=xb in spec)
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apply simp
done

lemma le-apply-matriz:
assumes
fo=20
lzy x <=y — fz<=fy
(a::('a::{ord, zero}) matriz) <= b
shows
apply-matriz f a <= apply-matriz f b
using assms by (simp add: le-matriz-def)

lemma le-combine-matriz:
assumes
F00=0
labcecd.a<=b&c<=d—fac<=fbd
A<=B
C<=D
shows
combine-matriz f A C <= combine-matriz f B D
using assms by (simp add: le-matriz-def)

lemma le-left-combine-matriz:
assumes
foo=0
labec.a<=b— fca<=fcd
A<=B
shows
combine-matriz f C A <= combine-matriz f C B
using assms by (simp add: le-matriz-def)

lemma le-right-combine-matriz:
assumes
foo=20
labec.a<=b— fac<=fbec
A<=1B
shows
combine-matrix f A C <= combine-matriz f B C
using assms by (simp add: le-matriz-def)

lemma le-transpose-matriz: (A <= B) = (transpose-matriz A <= transpose-matric
B)
by (simp add: le-matriz-def, auto)

lemma [e-foldseq:

assumes

labed.a<=b&c<=d— fac<=fbd
livi<=n—si<=ti

shows
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foldseq f s n <= foldseq ft n
proof —
have ! st. (1 i. i<=n — s i <=t i) — foldseq f s n <= foldseq ft n
by (induct n) (simp-all add: assms)
then show foldseq f s n <= foldseq f t n using assms by simp
qed

lemma le-left-mult:
assumes
labed.a<=b& c<=d — fadd a ¢ <= fadd b d
lcab. 0<=c&a<=b— fmulca <= fmulcb

Va. fmul 0 a = 0
Va. fmul a 0 = 0
fadd 00 =0
0<=C
A<=B
shows

mult-matriz fmul fadd C A <= mult-matriz fmul fadd C B

using assms

apply (simp add: le-matriz-def Rep-mult-matriz)

apply (auto)

apply (simplesubst foldseq-zerotail[of - - - maz (ncols C) (mazx (nrows A) (nrows
B))], simp-all add: nrows ncols mazxl maz2)+

apply (rule le-foldseq)

apply (auto)

done

lemma le-right-mult:
assumes
labed.a<=b& c<=d — fadd a ¢ <= fadd b d
lcab. 0 <=c&ka<=b— fmulac<= fmulbc
Va. fmul 0 a = 0

Va. fmul a 0 = 0
fadd 00 = 0
0<=C
A<=B
shows

mult-matriz fmul fadd A C <= mult-matriz fmul fadd B C

using assms

apply (simp add: le-matriz-def Rep-mult-matriz)

apply (auto)

apply (simplesubst foldseq-zerotail|of - - - max (nrows C') (maz (ncols A) (ncols
B))], simp-all add: nrows ncols maxl mazx2)+

apply (rule le-foldseq)

apply (auto)

done

lemma spec2: ! ji. Pji = P ji by blast
lemma neg-imp: (- Q — - P) = P — @ by blast
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lemma singleton-matriz-le[simp]: (singleton-matriz j i a <= singleton-matriz j i
b) = (a <= (b::-::order))
by (auto simp add: le-matriz-def)

lemma singleton-le-zero[simp]: (singleton-matrizjiz <= 0) = (z <= (0::'a::{order,zero}))
apply (auto)
apply (simp add: le-matriz-def)
apply (drule-tac j=j and i=i in spec2)
apply (simp)
apply (simp add: le-matriz-def)
done

lemma singleton-ge-zero[simp]: (0 <= singleton-matrizjiz) = ((0::'a::{ order,zero})
<=1z)

apply (auto)

apply (simp add: le-matriz-def)

apply (drule-tac j=j and i=i in spec2)

apply (simp)

apply (simp add: le-matriz-def)
done

lemma move-matriz-le-zero[simp]: 0 <= j = 0 <= i = (move-matriz A j i
<= 0) = (A <= (0::("a::{order,zero}) matriz))

apply (auto simp add: le-matriz-def neg-def)

apply (drule-tac j=ja+(nat j) and i=ia+(nat ) in spec?)

apply (auto)

done

lemma move-matriz-zero-le[simp]: 0 <= j = 0 <= i = (0 <= move-matrix
A ji) = ((0:("az:{order,zero}) matriz) <= A)

apply (auto simp add: le-matriz-def neg-def)

apply (drule-tac j=ja+(nat j) and i=ia+(nat i) in spec?)

apply (auto)

done

lemma move-matriz-le-move-matriz-iff [simp]: 0 <= j = 0 <= i = (move-matriz
A ji <= move-matriz B ji) = (A <= (B::("a::{order,zero}) matriz))

apply (auto simp add: le-matriz-def neg-def)

apply (drule-tac j=ja+(nat j) and i=ia+(nat i) in spec?)

apply (auto)

done

instantiation matriz :: ({lattice, zero}) lattice
begin

definition [code del]: inf = combine-matriz inf

definition [code del]: sup = combine-matric sup
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instance
by default (auto simp add: inf-lel inf-le2 le-infl le-matriz-def inf-matriz-def
sup-matriz-def )

end

instantiation matriz :: ({plus, zero}) plus
begin

definition
plus-matriz-def [code del]: A + B = combine-matriz (op +) A B

instance ..
end

instantiation matriz :: ({uminus, zero}) uminus
begin

definition
minus-matriz-def [code del]: — A = apply-matriz uminus A

instance ..
end

instantiation matriz :: ({minus, zero}) minus
begin

definition
diff-matriz-def [code del]: A — B = combine-matriz (op —) A B

instance ..
end

instantiation matriz :: ({plus, times, zero}) times
begin

definition
times-matriz-def [code del]: A x B = mult-matriz (op %) (op +) A B

instance ..
end
instantiation matriz :: ({lattice, uminus, zero}) abs

begin
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definition
abs-matriz-def [code del]: abs (A :: 'a matriz) = sup A (— A)

instance ..
end

instance matriz :: (monoid-add) monoid-add
proof
fix A B C :: 'a matriz
show A+ B+ C=A4A+ (B + C)
apply (simp add: plus-matriz-def)
apply (rule combine-matriz-assoc|simplified associative-def, THEN spec, THEN
spec, THEN spec])
apply (simp-all add: add-assoc)
done
show 0 + A=A
apply (simp add: plus-matriz-def)
apply (rule combine-matriz-zero-l-neutral[simplified zero-l-neutral-def, THEN
spec))
apply (simp)
done
show A + 0= A
apply (simp add: plus-matriz-def)
apply (rule combine-matriz-zero-r-neutral [simplified zero-r-neutral-def, THEN
spec))
apply (simp)
done
qed

instance matriz :: (comm-monoid-add) comm-monoid-add
proof
fix A B :: 'a matriz
show A+ B=B + A
apply (simp add: plus-matriz-def)
apply (rule combine-matriz-commute[simplified commutative-def, THEN spec,
THEN spec])
apply (simp-all add: add-commute)
done
show 0 + A=A
apply (simp add: plus-matriz-def)
apply (rule combine-matriz-zero-l-neutral[simplified zero-l-neutral-def, THEN
spec])
apply (simp)
done
qed

instance matriz :: (group-add) group-add
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proof

fix A B :: 'a matriz

show — A+ A=0

by (simp add: plus-matriz-def minus-matriz-def Rep-matriz-inject[symmetric]

ext)

show A — B=A+ - B

by (simp add: plus-matriz-def diff-matriz-def minus-matriz-def Rep-matriz-inject
[symmetric] ext diff-minus)
qed

instance matriz :: (ab-group-add) ab-group-add
proof

fix A B :: 'a matriz

show — A+ A=0

by (simp add: plus-matriz-def minus-matriz-def Rep-matriz-inject[symmetric]

ext)

show A - B=A+ - B

by (simp add: plus-matriz-def diff-matriz-def minus-matriz-def Rep-matriz-inject[symmetric)
ext)
qed

instance matriz :: (ordered-ab-group-add) ordered-ab-group-add
proof
fix A B C :: 'a matriz
assume A <= B
then show C + A <=C+ B
apply (simp add: plus-matriz-def)
apply (rule le-left-combine-matriz)
apply (simp-all)
done
qed

instance matriz :: (lattice-ab-group-add) semilattice-inf-ab-group-add ..
instance matriz :: (lattice-ab-group-add) semilattice-sup-ab-group-add ..

instance matriz :: (semiring-0) semiring-0
proof
fix A B C :: 'a matriz
show A+« Bx C =Ax* (B x* C)
apply (simp add: times-matriz-def)
apply (rule mult-matriz-assoc)
apply (simp-all add: associative-def algebra-simps)
done
show (A+ B)« C=Ax«C+ B=xC
apply (simp add: times-matriz-def plus-matriz-def)
apply (rule I-distributive-matriz|[simplified I-distributive-def , THEN spec, THEN
spec, THEN spec])
apply (simp-all add: associative-def commutative-def algebra-simps)
done
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show A (B+ C)=AxB+ AxC
apply (simp add: times-matriz-def plus-matriz-def)
apply (rule r-distributive-matriz|simplified r-distributive-def , THEN spec, THEN
spec, THEN spec])
apply (simp-all add: associative-def commutative-def algebra-simps)
done
show 0 x A = 0 by (simp add: times-matriz-def)
show A x 0 = 0 by (simp add: times-matriz-def)
qed

instance matriz :: (ring) ring ..

instance matriz :: (ordered-ring) ordered-ring
proof
fix A B C :: 'a matriz
assume a: A < B
assume b: 0 < C
from a b show C x A < C * B
apply (simp add: times-matriz-def)
apply (rule le-left--mult)
apply (simp-all add: add-mono mult-left-mono)
done
from a b show A x C < B x C
apply (simp add: times-matriz-def)
apply (rule le-right-mult)
apply (simp-all add: add-mono mult-right-mono)
done
qed

instance matriz :: (lattice-ring) lattice-ring
proof
fix A B C :: ('a :: lattice-ring) matriz
show abs A = sup A (—A)
by (simp add: abs-matriz-def)
qed

lemma Rep-matriz-add[simp):

Rep-matriz ((a::('a::monoid-add)matriz)+b) ji = (Rep-matriz a j i) + (Rep-matric
bji)

by (simp add: plus-matriz-def)

lemma Rep-matriz-mult: Rep-matriz ((a::('a::semiring-0) matriz) * b) ji =
foldseq (op +) (% k. (Rep-matriz a j k) = (Rep-matriz b k i)) (maz (ncols a)

(nrows b))

apply (simp add: times-matriz-def)

apply (simp add: Rep-mult-matriz)

done

lemma apply-matriz-add: ' z y. f (z+y) = (fz) + (fy) = f0 = (0:a)
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= apply-matriz f ((a::('a::monoid-add) matriz) + b) = (apply-matriz f a) +
(apply-matriz f b)
apply (subst Rep-matriz-inject[symmetric])
apply (rule ext)+
apply (simp)
done

lemma singleton-matriz-add: singleton-matriz j i ((a::-::monoid-add)+b) = (singleton-matriz
jia)+ (singleton-matriz j i b)

apply (subst Rep-matriz-inject[symmetric])

apply (rule ext)+

apply (simp)

done

lemma nrows-mult: nrows ((A::('a::semiring-0) matriz) x B) <= nrows A
by (simp add: times-matriz-def mult-nrows)

lemma ncols-mult: ncols ((A::("a::semiring-0) matriz) * B) <= ncols B
by (simp add: times-matriz-def mult-ncols)

definition
one-matrixz :: nat = ('a::{zero,one}) matric where
one-matriz n = Abs-matriz (% ji. if j = 1 & j < n then 1 else 0)

lemma Rep-one-matriz[simp]: Rep-matriz (one-matriz n) ji= (if j =1 & j <
n) then 1 else 0)

apply (simp add: one-matriz-def)

apply (simplesubst RepAbs-matriz)

apply (rule exI[of - n], simp add: split-if )+

by (simp add: split-if )

lemma nrows-one-matriz[simp|: nrows ((one-matriz n) :: ('a::zero-neq-one)matriz)
=n(is %r =-)
proof —

have ?r <= n by (simp add: nrows-le)

moreover have n <= ?r by (simp add:le-nrows, arith)

ultimately show %r = n by simp

qged

lemma ncols-one-matriz[simp]: ncols ((one-matriz n) :: ('a::zero-neg-one)matriz)
=n(is or = -)

proof —

have ?r <= n by (simp add: ncols-le)
moreover have n <= 9r by (simp add: le-ncols, arith)
ultimately show ?r = n by simp

qed

lemma one-matriz-mult-right[simp]: necols A <= n = (A::(‘a::{semiring-1}) ma-
triz) * (one-matriz n) = A
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apply (subst Rep-matriz-inject[ THEN sym)])

apply (rule ext)+

apply (simp add: times-matriz-def Rep-mult-matriz)
apply (rule-tac j1=za in ssubst[OF foldseq-almostzero])
apply (simp-all)

by (simp add: ncols)

lemma one-matriz-mult-left[simp]: nrows A <= n = (one-matriz n) * A =
(A::('a::semiring-1) matriz)

apply (subst Rep-matriz-inject[ THEN sym)])

apply (rule ext)+

apply (simp add: times-matriz-def Rep-mult-matriz)

apply (rule-tac j1=z in ssubst[OF foldseq-almostzero])

apply (simp-all)

by (simp add: nrows)

lemma transpose-matriz-mult: transpose-matriz ((A:('a::comm-ring) matriz)*B)
= (transpose-matriz B) * (transpose-matriz A)

apply (simp add: times-matriz-def)

apply (subst transpose-mult-matriz)

apply (simp-all add: mult-commute)

done

lemma transpose-matriz-add: transpose-matriz ((A::('a::monoid-add) matriz)+B)
= transpose-matriz A + transpose-matriz B
by (simp add: plus-matriz-def transpose-combine-matriz)

lemma transpose-matriz-diff: transpose-matriz ((A::('a::group-add) matriz)—B)
= transpose-matriz A — transpose-matriz B
by (simp add: diff-matriz-def transpose-combine-matriz)

lemma transpose-matriz-minus: transpose-matrixz (—(A::('a::group-add) matriz))
= — transpose-matriz (A::'a matriz)
by (simp add: minus-matriz-def transpose-apply-matriz)

definition right-inverse-matriz :: ('a::{ring-1}) matriz = 'a matriz = bool where
right-inverse-matric A X == (A x X = one-matriz (maz (nrows A) (ncols X)))
A nrows X < ncols A

definition left-inverse-matriz :: ('a::{ring-1}) matriz = 'a matriz = bool where
left-inverse-matriz A X == (X * A = one-matriz (maz(nrows X) (ncols A))) A
ncols X < nrows A

definition inverse-matriz :: (‘a::{ring-1}) matrizx = 'a matriz = bool where
inverse-matric A X == (right-inverse-matrix A X) N (left-inverse-matriz A X)

lemma right-inverse-matriz-dim: right-inverse-matric A X = nrows A = ncols

X
apply (insert neols-mult[of A X|, insert nrows-mult[of A X])
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by (simp add: right-inverse-matriz-def)

lemma left-inverse-matriz-dim: left-inverse-matric A Y = ncols A = nrows Y
apply (insert neols-mult[of Y A], insert nrows-mult[of Y A])
by (simp add: left-inverse-matriz-def)

lemma left-right-inverse-matriz-unique:
assumes left-inverse-matriz A Y right-inverse-matriz A X
shows X =Y
proof —
have Y = Y % one-matriz (nrows A)
apply (subst one-matriz-mult-right)
using assms
apply (simp-all add: left-inverse-matriz-def)
done
also have ... = Y x (4 x X)
apply (insert assms)
apply (frule right-inverse-matriz-dim)
by (simp add: right-inverse-matr