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Abstract

This is a collection of formalized proofs of many results of number
theory. The proofs of the Chinese Remainder Theorem and Wilson’s
Theorem are due to Rasmussen. The proof of Gauss’s law of quadratic
reciprocity is due to Avigad, Gray and Kramer. Proofs can be found
in most introductory number theory textbooks; Goldman’s The Queen
of Mathematics: a Historically Motivated Guide to Number Theory
provides some historical context.

Avigad, Gray and Kramer have also provided library theories deal-
ing with finite sets and finite sums, divisibility and congruences, par-
ity and residues. The authors are engaged in redesigning and polish-
ing these theories for more serious use. For the latest information in
this respect, please see the web page http://www.andrew.cmu.edu/
~avigad/isabelle. Other theories contain proofs of Euler’s criteria,
Gauss’ lemma, and the law of quadratic reciprocity. The formaliza-
tion follows Eisenstein’s proof, which is the one most commonly found
in introductory textbooks; in particular, it follows the presentation in
Niven and Zuckerman, The Theory of Numbers.

To avoid having to count roots of polynomials, however, we relied
on a trick previously used by David Russinoff in formalizing quadratic
reciprocity for the Boyer-Moore theorem prover; see Russinoff, David,
“A mechanical proof of quadratic reciprocity,” Journal of Automated
Reasoning 8:3-21, 1992. We are grateful to Larry Paulson for calling
our attention to this reference.
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1 The Greatest Common Divisor

theory Legacy-GCD
imports Main
begin

See [?].

1.1 Specification of GCD on nats

definition
is-ged 2 nat = nat = nat = bool where — gcd as a relation
[code del]: is-ged m np «—— p dvd m A p dvd n A
(Vd. d dvd m — d dvd n — d dvd p)

Uniqueness

lemma is-ged-unique: is-ged a b m = is-gcd a bn = m = n
by (simp add: is-ged-def) (blast intro: dvd-antisym)

Connection to divides relation

lemma is-gcd-dvd: is-ged a b m = k dvd a = k dvd b = k dvd m
by (auto simp add: is-ged-def)

Commutativity

lemma is-gcd-commute: is-ged m n k = is-ged n m k
by (auto simp add: is-ged-def)

1.2 GCD on nat by Euclid’s algorithm

fun

ged :: nat => nat => nat
where

ged m n = (if n = 0 then m else ged n (m mod n))
lemma ged-induct [case-names 0 rec]:

fixes m n :: nat

assumes A\m. P m 0

and Amn. 0 <n = Pn (mmodn) = Pmn

shows P m n
proof (induct m n rule: ged.induct)

case (1 m n) with assms show ?case by (cases n = 0) simp-all
qged

lemma ged-0 [simp, algebral: ged m 0 = m
by simp

lemma gcd-0-left [simp,algebra): ged 0 m = m
by simp



lemma ged-non-0: n > 0 = ged m n = ged n (m mod n)
by simp

lemma ged-1 [simp, algebra]: ged m (Suc 0) = Suc 0
by simp

lemma nat-ged-1-right [simp, algebral: ged m 1 = 1
unfolding One-nat-def by (rule gcd-1)

declare gcd.simps [simp del]

ged m n divides m and n. The conjunctions don’t seem provable separately.

lemma ged-dvdl [iff, algebra): ged m n dvd m
and ged-dvd?2 [iff, algebra]: ged m n dvd n
apply (induct m n rule: ged-induct)

apply (simp-all add: gcd-non-0)
apply (blast dest: dvd-mod-imp-dvd)
done

Maximality: for all m, n, k naturals, if ¥ divides m and k divides n then k
divides ged m n.

lemma gcd-greatest: k dvd m = k dvd n = k dvd gcd m n
by (induct m n rule: ged-induct) (simp-all add: ged-non-0 dvd-mod)

Function ged yields the Greatest Common Divisor.

lemma is-ged: is-ged m n (ged m n)
by (simp add: is-ged-def ged-greatest)

1.3 Derived laws for GCD

lemma ged-greatest-iff [iff, algebral: k dvd ged m n «—— k dvd m A k dvd n
by (blast intro!: gcd-greatest intro: dvd-trans)

lemma ged-zerolalgebral: ged mn =0 «—— m =0 An =20
by (simp only: dvd-0-left-iff [symmetric] ged-greatest-iff )

lemma gcd-commute: ged m n = ged n m
apply (rule is-ged-unique)
apply (rule is-ged)
apply (subst is-ged-commute)
apply (simp add: is-ged)
done

lemma ged-assoc: ged (ged k m) n = ged k (ged m n)
apply (rule is-ged-unique)
apply (rule is-ged)
apply (simp add: is-gcd-def)



apply (blast intro: dvd-trans)
done

lemma ged-1-left [simp, algebral: ged (Suc 0) m = Suc 0
by (simp add: gcd-commute)

lemma nat-ged-1-left [simp, algebra]: ged 1 m = 1
unfolding One-nat-def by (rule ged-1-left)

Multiplication laws

lemma ged-mult-distrib2: k « ged m n = ged (k * m) (k % n)
— [?, page 27]
apply (induct m n rule: ged-induct)
apply simp
apply (case-tac k = 0)
apply (simp-all add: mod-geq gcd-non-0 mod-mult-distrib2)
done

lemma ged-mult [simp, algebral: ged k (k * n) = k
apply (rule ged-mult-distrib2 [of k 1 n, simplified, symmetric])
done

lemma ged-self [simp, algebra]: ged k k = k
apply (rule ged-mult [of k 1, simplified])
done

lemma relprime-dvd-mult: ged kn = 1 ==> kdvd m x n ==> k dvd m
apply (insert ged-mult-distrib2 [of m k n])
apply simp
apply (erule-tac t = m in ssubst)
apply simp
done

lemma relprime-dvd-mult-iff: ged kn = 1 ==> (k dvd m * n) = (k dvd m)
by (auto intro: relprime-dvd-mult dvd-mult2)

lemma gcd-mult-cancel: ged kn = 1 ==> ged (K * m) n = ged m n
apply (rule dvd-antisym)
apply (rule ged-greatest)
apply (rule-tac n = k in relprime-dvd-mult)
apply (simp add: ged-assoc)
apply (simp add: ged-commute)
apply (simp-all add: mult-commute)
done

Addition laws

lemma gced-addl [simp, algebra]: ged (m + n) n = ged m n
by (cases n = 0) (auto simp add: gcd-non-0)



lemma ged-add2 [simp, algebra]: ged m (m + n) = ged m n

proof —
have gcd m (m + n) = ged (m + n) m by (rule ged-commute)
also have ... = ged (n + m) m by (simp add: add-commute)
also have ... = ged n m by simp
also have ... = ged m n by (rule ged-commute)
finally show ?thesis .

qed

lemma ged-add2’ [simp, algebra]: ged m (n + m) = ged m n
apply (subst add-commute)
apply (rule ged-add2)
done

lemma ged-add-mult[algebral: ged m (k « m + n) = ged m n
by (induct k) (simp-all add: add-assoc)

lemma gcd-dvd-prod: ged m n dvd m * n
using mult-dvd-mono [of 1] by auto

Division by ged yields rrelatively primes.

lemma div-gcd-relprime:

assumes nz: a #= 0 V b # 0

shows ged (a div ged a b) (b div ged a b) = 1
proof —

let 29 = ged a b

let ?a’ = a div ?g

let 20’ = b div ?g

let %9’ = ged 2a’ 2b'

have dvdg: ?g dvd a ?g dvd b by simp-all

have dvdg’: ?q’ dvd ?a’ ?q’ dvd ?b' by simp-all

from dvdg dvdg’' obtain ka kb ka’ kb’ where

kab: a = %9 x ka b = 29 x kb ?a’ = 29’ x ka’ ?b' = 29’ * kb’
unfolding dvd-def by blast
then have %g x %a’ = (%9 * 29’) * ka’ 29 x 2b' = (%9 = ?¢9’) = kb’ by simp-all
then have dvdgg’:?g * 2q’ dvd a ?g% ?g’ dvd b
by (auto simp add: dvd-mult-div-cancel [OF dvdg(1)]
dvd-mult-div-cancel [OF dvdg(2)] dvd-def)

have ?g # 0 using nz by (simp add: gcd-zero)

then have gp: ?g > 0 by simp

from gcd-greatest [OF dvdgg’] have ?g x 29’ dvd ?g .

with dvd-mult-cancell [OF gp] show 29’ = 1 by simp
qed

lemma ged-unique: d dvd and dvd b A (Ve. e dvd a A e dvd b — e dvd d) «——
d=gcdabd
proof(auto)



assume H: d dvd a d dvd b Ve. e dvd a N e dvd b — e dvd d

from H(3)[rule-format] ged-dvd1[of a b] ged-dvd2[of a b]

have th: gcd a b dvd d by blast

from dvd-antisym[OF th ged-greatest|OF H(1,2)]] show d = gcd a b by blast
qed

lemma gcd-eq: assumes H: Vd. d dvd x A\ d dvd y «— d dvd u A\ d dvd v
shows gcd x y = ged u v

proof—
from H have Vd. d dvd ¢ A d dvd y «— d dvd ged u v by simp
with gced-uniquelof ged w v x y] show ?Zthesis by auto

qed

lemma ind-euclid:
assumes ¢: Vab. P (a:nat) b «—— Pbaand z:Va. Pa 0
and add:Vab. Pab — Pa (a+ )
shows P a b
proof(induct a + b arbitrary: a b rule: less-induct)
case less
have a = bV a < bV b < a by arith
moreover {assume eq: a= b
from add[rule-format, OF z[rule-format, of a]] have P a b using eq
by simp}
moreover
{assume lt: a < b
hence a + b — a < a + bV a = 0 by arith
moreover
{assume a =0 with z ¢ have P a b by blast }
moreover
{assume a + b —a<a+ b
also have th0: a + b — a = a + (b — a) using It by arith
finally have ¢ + (b — a) < a + b .
then have P a (a + (b — a)) by (rule add[rule-format, OF less])
then have P a b by (simp add: th0[symmetric])}
ultimately have P a b by blast}
moreover
{assume [t: ¢ > b
hence b + a — b < a + bV b= 0 by arith
moreover
{assume b =0 with z ¢ have P a b by blast }
moreover
{assume b+ a —b<a+ b
also have th0: b + a — b =b + (a — b) using It by arith
finally have b + (¢ — b) < a+ b .
then have P b (b + (a — b)) by (rule add[rule-format, OF less])
then have P b a by (simp add: thO[symmetric])
hence P a b using ¢ by blast }
ultimately have P a b by blast}
ultimately show P a b by blast



qed

lemma bezout-lemma:
assumes ez: 3(dinat) zy. ddvda ANddvdb AN (axz=bxy+dVbxz=
axy+ d)
shows 3dzy. ddvda ANddvda+bA(axz=(a+b)xy+dV (a+0b)x
r=ax*xy+d)
using ex
apply clarsimp
apply (rule-tac x=d in exI, simp add: dvd-add)
apply (case-tac a * x = b x y + d , simp-all)
apply (rule-tac z=z + y in exl)
apply (rule-tac z=y in exl)
apply algebra
apply (rule-tac x=z in exl)
apply (rule-tac z=z + y in exl)
apply algebra
done

lemma bezout-add: 3 (d::nat) xy. ddvd a Nddvdb A (axz=bxy—+dVbx
r=ax*xy+d)

apply (induct a b rule: ind-euclid)

apply blast

apply clarify

apply (rule-tac x=a in exl, simp add: dvd-add)

apply clarsimp

apply (rule-tac z=d in exl)

apply (case-tac a * x = b x y + d, simp-all add: dvd-add)
apply (rule-tac z=z+vy in exl)

apply (rule-tac z=y in exl)

apply algebra

apply (rule-tac =1z in exl)

apply (rule-tac z=z+vy in exl)

apply algebra

done

lemma bezout: 3(d:nat) zy. ddvda ANddvdb AN (axz —bxy=dVbxz—
axy=4d)

using bezout-add|of a b]

apply clarsimp

apply (rule-tac x=d in exl, simp)

apply (rule-tac x=z in exl)

apply (rule-tac z=y in exI)

apply auto

done

We can get a stronger version with a nonzeroness assumption.

lemma divides-le: m dvd n ==> m <= n V n = (0:nat) by (auto simp add:
dvd-def)
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lemma bezout-add-strong: assumes nz: a # (0::nat)
shows ddzy. ddvda Nddvdb ANaxxz=0bx*xy+d
proof—
from nz have ap: a > 0 by simp
from bezout-add[of a b]
have (3dzy. ddvda ANddvdbANaxz=bxy+d) VvV (3dzy ddvdaAd
dvd b ANbxz=axy+ d) by blast
moreover
{fix dxy assume H: ddvd a d dvd b a*xx=0bx*y + d
from H have ?thesis by blast }
moreover
{fix dzy assume H: ddvd a ddvd bb*xxz=ax*y + d
{assume b0: b = 0 with H have ?thesis by simp}
moreover
{assume b: b # 0 hence bp: b > 0 by simp
from divides-le[OF H(2)] b have d < b V d = b using le-less by blast
moreover
{assume db: d=b
from prems have ?thesis apply simp
apply (rule exI[where z = b], simp)
apply (rule exl[where z = b])
by (rule exl[where z = a — 1], simp add: diff-mult-distrib2)}
moreover
{assume db: d < b
{assume =0 hence ?thesis using prems by simp }
moreover
{assume z0: © # 0 hence zp: z > 0 by simp

from db have d < b — 1 by simp

hence dxb < bx(b — 1) by simp

with zp mult-mono[of 1 x dxb bx(b — 1)]

have dble: dxb < xxbx(b — 1) using bp by simp

from H (3)have a x (b — 1) xy) +dx(b— 1+ 1)=d+ zxbx(b —

1) by algebra

hence a * ((b — 1) x y) = d 4+ zxbx(b — 1) — dxb using bp by simp

hence a * ((b — 1) x y) = d + (zxbx(b — 1) — dxb)
by (simp only: diff-add-assoc|OF dble, of d, symmetric])

hence a * (b — 1) x y) = bx(zx(b — 1) — d) + d
by (simp only: diff-mult-distrib2 add-commute mult-ac)

hence ?thesis using H(1,2)
apply —
apply (rule exI[where z=d]|, simp)
apply (rule exl[where z=(b — 1) x y])
by (rule exl[where z=zx(b — 1) — d], simp)}

ultimately have ?thesis by blast}
ultimately have ?thesis by blast}
ultimately have ?thesis by blast}
ultimately show #thesis by blast
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qed

lemma bezout-gcd: 3z y. axx —bxy=gcdabVbxzx —axy=gcdabd
proof—
let ?g = ged a b
from bezout[of a b] obtain d z y where d: d dvd addvdbaxz — bxy=4d
Vbxxz—axy=dby blast
from d(1,2) have d dvd ?g by simp
then obtain k& where k: ?g = dxk unfolding dvd-def by blast
from d(3) have (a *x z — b x y)xk = dxk V (b *  — a % y)xk = d+k by blast
hence a * x x k — b *x yxk = dxk V b x x x k — a x yxk = dxk
by (algebra add: diff-mult-distrib)
hence a * (z x k) — b x (yxk) = 29V b *x (x x k) — a * (yxk) = ?g
by (simp add: k mult-assoc)
thus ?thesis by blast
qed

lemma bezout-gcd-strong: assumes a: a # 0
shows dzy. axx=bxy + gedad

proof—
let ?g = ged a b
from bezout-add-strong[OF a, of b)
obtain d x y where d: d dvd a d dvd b a x x = b x y + d by blast
from d(1,2) have d dvd ?g by simp
then obtain k& where k: ?g = dxk unfolding dvd-def by blast
from d(3) have a x z x k = (b * y + d) xk by algebra
hence a * (z *x k) = b x (yxk) + ?g by (algebra add: k)
thus ?thesis by blast

qed

lemma ged-mult-distrib: ged(a * ¢) (b % ¢) = ¢ % ged a b
by (simp add: ged-mult-distrib2 mult-commute)

lemma ged-bezout: (3zy. axx —bxy=dVbxz —axy=4d)— gedabd
dvd d
(is ?lhs «—— ?rhs)
proof—
let 29 = ged a b
{assume H: ?rhs then obtain k where k: d = ?¢g+k unfolding dvd-def by
blast
from bezout-ged[of a b] obtain z y where zy: a x x — b*xy = %9V b xx —
ax*xy= %
by blast
hence (a * z — b x y)xk = g%k V (b x £ — a * y)xk = Zgxk by auto
hence a * zxk — b x yxk = 2gxk V b x x x k — a * yxk = Zgxk
by (simp only: diff-mult-distrib)
hence a * (zxk) — b * (yxk) =d V b * (z x k) — a x (yxk) = d
by (simp add: k[symmetric] mult-assoc)
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hence ?lhs by blast}
moreover
{fixzyassume H:axz —bxy=dVbxz—axy=d
have dv: ?g dvd axz ?g dvd b * y ?g dvd bxx ?g dvd a * y
using dvd-mult2[OF gcd-dvd1[of a b]] dvd-mult2[OF gcd-dvd2[of a b]] by
simp-all
from dvd-diff-nat[OF dv(1,2)] dvd-diff-nat[OF dv(3,4)] H
have ?rhs by auto}
ultimately show ?thesis by blast
qed

lemma gcd-bezout-sum: assumes H:a * x + b * y = d shows gcd a b dvd d
proof—
let 29 = ged a b
have dv: ?g dvd axz ?g dvd b * y
using dvd-mult2[OF gcd-dvd1[of a b]] dvd-mult2[OF gcd-dvd2[of a b]] by

simp-all

from dvd-add[OF dv] H

show ?thesis by auto
qed

lemma ged-mult”: ged b (a * b) = b
by (simp add: ged-mult mult-commute|of a b))

lemma gcd-add: ged(a + b) b = ged a b

ged(b 4+ a) b=gedabgeda (a+bd)=gedabgeda (b+ a)=gedab
apply (simp-all add: gcd-add1)
by (simp add: gcd-commute ged-addl)

lemma ged-sub: b <= a ==> ged(a — b) b =ged aba <=b ==> ged a (b —
a) =ged ad
proof—
{fix a b assume H: b < (a:nat)
hence th: a — b + b = a by arith
from gcd-add(1)[of a — b b] th have ged(a — b) b = ged a b by simp}
note th = this
{
assume ab: b < ¢
from th[OF ab] show ged (¢ — b) b = ged a b by blast
next
assume ab: a < b
from th[OF ab] show ged a (b — a) = ged a' b
by (simp add: gcd-commute)}
qed

1.4 LCM defined by GCD

definition
lem :: nat = nat = nat
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where
lem-def: lem m n = m * n div ged m n

lemma prod-gcd-lem:
mx*xn=gcdmmn xlecmmn
unfolding lem-def by (simp add: dvd-mult-div-cancel [OF gcd-dvd-prod))

lemma lem-0 [simp]: lem m 0 = 0
unfolding lcm-def by simp

lemma lem-1 [simp]: lem m 1 = m
unfolding lcm-def by simp

lemma lem-0-left [simp]: lem 0 n = 0
unfolding lcm-def by simp

lemma lem-1-left [simp]: lem 1 m = m
unfolding lcm-def by simp

lemma dvd-pos:
fixes n m :: nat
assumes n > (0 and m dvd n
shows m > 0

using assms by (cases m) auto

lemma [cm-least:
assumes m dvd k and n dvd k
shows lem m n dvd k
proof (cases k)
case () then show ?thesis by auto
next
case (Suc -) then have pos-k: k > 0 by auto
from assms dvd-pos [OF this] have pos-mn: m > 0 n > 0 by auto
with ged-zero [of m n] have pos-ged: ged m n > 0 by simp
from assms obtain p where k-m: kK = m * p using dvd-def by blast
from assms obtain ¢ where k-n: kK = n * ¢ using dvd-def by blast
from pos-k k-m have pos-p: p > 0 by auto
from pos-k k-n have pos-q: ¢ > 0 by auto
have k « k * gcd ¢ p = k * ged (k * q) (k * p)
by (simp add: mult-ac ged-mult-distrib2)

also have ... =k x ged (m *x p x q) (n x q * p)
by (simp add: k-m [symmetric] k-n [symmetric])
also have ... =k xp *x ¢ x ged mn

by (simp add: mult-ac ged-mult-distrib2)

finally have (m * p) *x (n % q) x ged gp =k * p * ¢ x ged m n
by (simp only: k-m [symmetric] k-n [symmetric))

then have p x gx mxnxgedqp =p*xqg*xk * ged mn
by (simp add: mult-ac)

with pos-p pos-¢ have m * n * gcd g p = k * ged m n
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by simp
with prod-gcd-lem [of m n]
have lecm m n % ged ¢ p x ged mn = k *x ged m n
by (simp add: mult-ac)
with pos-ged have lem m n x ged ¢ p = k by simp
then show ?thesis using dvd-def by auto
qed

lemma lem-dvd! [iff]:
m dvd lem m n
proof (cases m)
case 0 then show ?thesis by simp
next
case (Suc -)
then have mpos: m > 0 by simp
show ?thesis
proof (cases n)
case 0 then show ?thesis by simp
next
case (Suc -)
then have npos: n > 0 by simp
have gcd m n dvd n by simp

then obtain & where n = gcd m n x k using dvd-def by auto
then have m * n div ged m n = m % (gcd m n x k) div ged m n by (simp add:

mult-ac)
also have ... = m *x k using mpos npos gcd-zero by simp
finally show ?thesis by (simp add: lcm-def)
qed
qed

lemma lem-dvd?2 [iff]:
n dvd lem m n
proof (cases n)
case 0 then show ?thesis by simp
next
case (Suc -)
then have npos: n > 0 by simp
show ?thesis
proof (cases m)
case ( then show ?thesis by simp
next
case (Suc -)
then have mpos: m > 0 by simp
have gcd m n dvd m by simp
then obtain k£ where m = gecd m n * k using dvd-def by auto
then have m x n div ged m n = (ged m n x k) * n div ged m n by (simp add:
mult-ac)
also have ... = n % k using mpos npos gcd-zero by simp
finally show ?thesis by (simp add: lcm-def)
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qed
qed

lemma ged-addi-eq: ged (m + k) k = ged (m + k) m
by (simp add: gcd-commute)

lemma ged-diff2: m < n ==> gedn (n — m) = ged n m
apply (subgoal-tac n = m + (n — m))
apply (erule ssubst, rule gcd-addi-eq, simp)
done

1.5 GCD and LCM on integers

definition
zged ::int = int = int where
zged i = int (ged (nat (abs 1)) (nat (abs 7)))

lemma zged-zdvd1 [iff ,simp, algebral: zged i j dvd i
by (simp add: zgcd-def int-dvd-iff)

lemma zged-zdvd?2 [iff ,simp, algebra]: zged i j dvd j
by (simp add: zgcd-def int-dvd-iff)

lemma zgcd-pos: zged 1§ > 0
by (simp add: zgcd-def)

lemma zged0 [simp,algebra): (zgcdij = 0) = (i=0ANj=0)
by (simp add: zged-def ged-zero)

lemma zgcd-commute: zged i j = zged j i
unfolding zgcd-def by (simp add: ged-commute)

lemma zged-zminus [simp, algebral: zged (— i) j = zged i j
unfolding zgcd-def by simp

lemma zged-zminus2 [simp, algebral: zged @ (— j) = 2g9cd i j
unfolding zgcd-def by simp

lemma zrelprime-dvd-mult: zged ij = 1 = i dvd k x j = i dvd k
unfolding zgcd-def
proof —
assume int (ged (nat |i]) (nat |j])) = 1 i dvd k * j
then have g: ged (nat |i|) (nat |j]) = 1 by simp
from « dvd k * j) obtain h where h: kxj = ixh unfolding dvd-def by blast
have th: nat |i| dvd nat |k| * nat |j|
unfolding dvd-def
by (rule-tac z= nat |h| in exl, simp add: h nat-abs-mult-distrib [symmetric])
from relprime-dvd-mult [OF g th] obtain h’ where h'” nat |k| = nat |i| * h’
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unfolding dvd-def by blast
from A’ have int (nat |k|) = int (nat |i| * h') by simp
then have |k| = |i| * int b’ by (simp add: int-mult)
then show %thesis

apply (subst abs-dvd-iff [symmetric])

apply (subst dvd-abs-iff [symmetric])

apply (unfold dvd-def)

apply (rule-tac x = int h' in exl, simp)

done

qed

lemma int-nat-abs: int (nat (abs z)) = abs z by arith

lemma zgcd-greatest:
assumes k dvd m and k dvd n
shows k dvd zged m n
proof —
let 2k’ = nat |k|
let #m’ = nat |m|
let ?n’ = nat |n|
from &k dvd m) and <k dvd n) have dvd”: 2k’ dvd ?m’ 2k’ dvd ?n’
unfolding zdvd-int by (simp-all only: int-nat-abs abs-dvd-iff dvd-abs-iff)
from gcd-greatest [OF dvd’] have int (nat |k|) dvd zgcd m n
unfolding zgcd-def by (simp only: zdvd-int)
then have |k| dvd zged m n by (simp only: int-nat-abs)
then show £ dvd zged m n by simp
qged

lemma div-zgcd-relprime:
assumes nz: a # 0V b # 0
shows zged (a div (zgcd a b)) (b div (zged a b)) = 1
proof —

from nz have nz” nat |a| # 0 V nat |b] # 0 by arith
let ?2g = zged a b
let ?a’ = a div ?g
let 2b' = b div g
let %9’ = zged %a’ 2b'
have dvdg: ?g dvd a ?g dvd b by (simp-all add: zgcd-zdvd1 zged-zdvd2)
have dvdg”: ?¢9’ dvd ?a’ %9’ dvd ?b' by (simp-all add: zgcd-zdvd1 zged-zdvd?2)
from dvdg dvdg’ obtain ka kb ka’ kb’ where

kab: a = ?gxka b = 2gxkb ?a’ = ?q'xka’ ?b' = 2g' * kb’

unfolding dvd-def by blast
then have g% ?a’ = (29 * 29’) * ka’ 2g9x 20’ = (%9 x %9") = kb’ by simp-all
then have dvdgg’:?g * %9’ dvd a ?gx 29’ dvd b

by (auto simp add: zdvd-mult-div-cancel [OF dvdg(1)]

zdvd-mult-div-cancel [OF dvdg(2)] dvd-def)

have ?g # 0 using nz by simp
then have gp: ?g # 0 using zgcd-pos[where i=a and j=b] by arith
from zgcd-greatest [OF dvdgg’] have ?g x ?¢g’ dvd ?g .
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with zdvd-mult-cancell [OF gp] have |?g’| = 1 by simp
with zged-pos show ?g’ = 1 by simp
qed

lemma zged-0 [simp, algebra): zged m 0 = abs m
by (simp add: zgcd-def abs-if)

lemma zged-0-left [simp, algebral: zged 0 m = abs m
by (simp add: zged-def abs-if )

lemma zged-non-0: 0 < n ==> zged m n = zged n (m mod n)
apply (frule-tac b = n and a = m in pos-mod-sign)
apply (simp del: pos-mod-sign add: zgcd-def abs-if nat-mod-distrib)
apply (auto simp add: ged-non-0 nat-mod-distrib [symmetric] zmod-zminus!-eq-if )
apply (frule-tac a = m in pos-mod-bound)
apply (simp del: pos-mod-bound add: nat-diff-distrib gcd-diff2 nat-le-eq-zle)
done

lemma zged-eq: zged m n = zged n (m mod n)
apply (case-tac n = 0, simp add: DIVISION-BY-ZERO)
apply (auto simp add: linorder-neq-iff zgcd-non-0)
apply (cut-tac m = —m and n = —n in zged-non-0, auto)
done

lemma zged-1 [simp, algebra]: zged m 1 = 1
by (simp add: zged-def abs-if)

lemma zged-0-1-iff [simp, algebra]: zged 0 m = 1 «—— |m| = 1
by (simp add: zgcd-def abs-if)

lemma zged-greatest-iff [algebra): k dvd zged m n = (k dvd m A k dvd n)
by (simp add: zgcd-def abs-if int-dvd-iff dvd-int-iff nat-dvd-iff')

lemma zged-1-left [simp, algebral: zged 1 m = 1
by (simp add: zgcd-def ged-1-left)

lemma zged-assoc: zged (zged k m) n = zged k (zgcd m n)
by (simp add: zgcd-def ged-assoc)

lemma zged-left-commute: zged k (zged m n) = zged m (zged k n)
apply (rule zged-commute [THEN trans))
apply (rule zged-assoc [THEN trans))
apply (rule zged-commute [THEN arg-cong))
done

lemmas zgcd-ac = zgcd-assoc zged-commute zged-left-commute
— addition is an AC-operator

lemma zged-zmult-distrib2: 0 < k ==> k % zgcd m n = zged (k * m) (k * n)
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by (simp del: minus-mult-right [symmetric]
add: minus-mult-right nat-mult-distrib zgcd-def abs-if
mult-less-0-iff ged-mult-distrib2 [symmetric] zmult-int [symmetric])

lemma zged-zmult-distrib2-abs: zged (k * m) (k % n) = abs k * zgcd m n
by (simp add: abs-if zged-zmult-distrib2)

lemma zged-self [simpl: 0 < m ==> zged m m = m
by (cut-tac k = m and m = 1 and n = 1 in zgcd-zmult-distrib2, simp-all)

lemma zged-zmult-eg-self [simp]: 0 < k ==> zged k (k «n) = k
by (cut-tac k = k and m = 1 and n = n in zgcd-zmult-distrib2, simp-all)

lemma zged-zmult-eq-self2 [simp): 0 < k ==> zged (k * n) k =k
by (cut-tac k = k and m = n and n = 1 in zged-zmult-distrib2, simp-all)

definition zlem i j = int (lem(nat(abs 1)) (nat(abs 7)))

lemma dvd-zlem-selfl [simp, algebral: i dvd zlem i j
by (simp add:zlem-def dvd-int-iff )

lemma dvd-zlem-self2[simp, algebra): j dvd zlem i j
by (simp add:zlem-def dvd-int-iff )

lemma dvd-imp-dvd-zlem1:
assumes k dvd i shows k dvd (zlem i j)
proof —
have nat(abs k) dvd nat(abs i) using <k dvd »
by (simp add:int-dvd-iff [symmetric] dvd-int-iff [symmetric])
thus ?thesis by(simp add:zlem-def dvd-int-iff )(blast intro: dvd-trans)
qed

lemma dvd-imp-dvd-zlem2:
assumes k dvd j shows k dvd (zlem i j)
proof —
have nat(abs k) dvd nat(abs j) using & dvd
by (simp add:int-dvd-iff [symmetric] dvd-int-iff [symmetric])
thus ?thesis by (simp add:zlem-def dvd-int-iff )(blast intro: dvd-trans)
qed

lemma zdvd-self-abs1: (d::int) dvd (abs d)
by (case-tac d <0, simp-all)

lemma zdvd-self-abs2: (abs (d::int)) dvd d
by (case-tac d<0, simp-all)
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lemma lcm-pos:
assumes mpos: m > 0
and npos: n>0
shows lem m n > 0
proof(rule ccontr, simp add: lem-def ged-zero)
assume h:mx*xn div ged mn = 0
from mpos npos have ged m n # 0 using gcd-zero by simp
hence gcdp: ged m n > 0 by simp
with h
have mxn < ged m n
by (cases m x n < ged m n) (auto simp add: div-if[OF gcdp, where m=msxn|)
moreover
have ged m n dvd m by simp
with mpos dvd-imp-le have t1:ged m n < m by simp
with npos have t1:gcd m n xn < mxn by simp
have gecd m n < ged m n*xn using npos by simp
with t1 have gcd m n < mxn by arith
ultimately show Fulse by simp
qed

lemma zlcm-pos:
assumes anz: a # 0
and bnz: b # 0
shows 0 < zlem a b
proof—
let %na = nat (abs a)
let ?nb = nat (abs b)
have nap: ?na >0 using anz by simp
have nbp: nb >0 using bnz by simp
have 0 < lem ?na ?nb by (rule lcm-pos|OF nap nbp))
thus ?thesis by (simp add: zlem-def)
qed

lemma zged-code [code]:
zged k1 = |if I = 0 then k else zged 1 (|k| mod |1])]
by (simp add: zgcd-def ged.simps [of nat |k|] nat-mod-distrib)

end

2 Primality on nat

theory Primes
imports Complex-Main Legacy-GCD
begin

definition
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coprime :: nat => nat => bool where
coprime mn «—— ged mn = 1

definition
prime :: nat = bool where
[code del]: primep «—— (1 <p AN (¥Vm. mdvdp ——>m =1V m = p))

lemma two-is-prime: prime 2
apply (auto simp add: prime-def)
apply (case-tac m)
apply (auto dest!: dvd-imp-le)
done

lemma prime-imp-relprime: prime p ==> - p dvd n ==> ged pn = 1
apply (auto simp add: prime-def)
apply (metis One-nat-def ged-dvd1 ged-dvd2)
done

This theorem leads immediately to a proof of the uniqueness of factorization.
If p divides a product of primes then it is one of those primes.

lemma prime-dvd-mult: prime p ==> p dvd m * n ==> p dvd m V p dvd n
by (blast intro: relprime-dvd-mult prime-imp-relprime)

lemma prime-dvd-square: prime p ==> p dvd m Suc (Suc 0) ==> p dvd m
by (auto dest: prime-dvd-mult)

lemma prime-dvd-power-two: prime p ==> p dvd m? ==> p dvd m
by (rule prime-dvd-square) (simp-all add: power2-eq-square)

lemma exp-eq-1:(z:nat) ™ n=1+«—x=1Vn=20
by (induct n, auto)

lemma exp-mono-it: (z:nat) = (Sucn) <y * (Sucn) «— z <y
by (metis linorder-not-less not-less0 power-le-imp-le-base power-less-imp-less-base)

lemma exp-mono-le: (z::nat) * (Sucn) <y " (Sucn) «— x <y
by (simp only: linorder-not-less[symmetric] exp-mono-It)

lemma exp-mono-eq: (z:nat) “Sucn =y " Sucn «—— z =1y
using power-inject-base[of x n y] by auto

lemma even-square: assumes e: even (n:nat) shows 3z. n * 2 = fxx
proof—

from e have 2 dvd n by presburger

then obtain k£ where k: n = 2%k using dvd-def by auto

hence n°2 = /x (k"2) by (simp add: power2-eg-square)
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thus ?thesis by blast
qed

lemma odd-square: assumes e: odd (n::nat) shows 3z. n " 2 = fxx + 1
proof—

from e have np: n > 0 by presburger

from e have 2 dvd (n — 1) by presburger

then obtain k where n — 1 = 2xk using dvd-def by auto

hence k: n = 2xk + 1 wusing e by presburger

hence n"2 = /x (k"2 + k) + 1 by algebra

thus ?thesis by blast

qed
lemma diff-square: (z::nat) "2 — y*2 = (z4+y)x(z — y)
proof—
have z < y V y < z by (rule nat-le-linear)
moreover

{assume le: z < y
hence z "2 < y"2 by (simp only: numeral-2-eq-2 exp-mono-le Let-def)
with le have ?thesis by simp }

moreover

{assume le: y < z
hence le2: y "2 < z°2 by (simp only: numeral-2-eq-2 exp-mono-le Let-def)
from le have 2. y + z = = by presburger
then obtain z where z2: © = y + 2z by blast
from le2 have 32. £°2 = y 2 + z by presburger
then obtain z2 where 22: £°2 = y°2 + 22 by blast
from z 22 have ?thesis apply simp by algebra }

ultimately show ?thesis by blast

qed

Elementary theory of divisibility

lemma divides-ge: (a::nat) dvd b = b = 0 V a < b unfolding dvd-def by auto
lemma divides-antisym: (z::nat) dvd y A y dvd x —— z =y
using dvd-antisym[of = y] by auto

lemma divides-add-revr: assumes da: (d::nat) dvd a and dab:d dvd (a + b)
shows d dvd b

proof—
from da obtain k where k:a = dxk by (auto simp add: dvd-def)
from dab obtain k£’ where k" a + b = d«k’ by (auto simp add: dvd-def)
from k k' have b = d (k' — k) by (simp add : diff-mult-distrib2)
thus ?thesis unfolding dvd-def by blast

qed

declare nat-mult-dvd-cancel-disj [presburger]
lemma nat-mult-dvd-cancel-disj [presburger]:

(munat)xk dvd nxk «—— k = 0 V m dvd n unfolding mult-commute[of m k]
mult-commute[of n k] by presburger
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lemma divides-mul-l: (a::nat) dvd b ==> (¢ * a) dvd (¢ * b)
by presburger

lemma divides-mul-r: (a::nat) dvd b ==> (a * ¢) dvd (b = c) by presburger
lemma divides-cases: (n:nat) dvd m ==>m =0V m=nV 2*xn <=m
by (auto simp add: dvd-def)

lemma divides-div-not: (z:nat) = (¢« n) + r= 0 <r = r <n==>"(n
dvd )
proof(auto simp add: dvd-def)
fix kassume H: 0 < rr<ngqg*n—+r=mnx*k
from H(3) have r: r = nx (k —q) by (simp add: diff-mult-distrib2 mult-commute)
{assume k — ¢ = 0 with r H(1) have False by simp}
moreover
{assume k — ¢ # 0 with r have r > n by auto
with H(2) have Fulse by simp}
ultimately show Fulse by blast
qed
lemma divides-exp: (z::nat) dvd y ==>x "ndvdy " n
by (auto simp add: power-mult-distrib dvd-def)

lemma divides-exp2: n # 0 = (z:nat) " n dvd y = z dvd y
by (induct n ,auto simp add: dvd-def)

fun fact :: nat = nat where
fact 0 = 1
| fact (Suc n) = Suc n * fact n

lemma fact-lt: 0 < fact n by(induct n, simp-all)
lemma fact-le: fact n > 1 using fact-lt[of n] by simp
lemma fact-mono: assumes le: m < n shows fact m < fact n
proof—
from le have Ji. n = m+i by presburger
then obtain ¢ where i: n = m+i by blast
have fact m < fact (m + 1)
proof (induct m)
case 0 thus ?case using fact-le]of i] by simp
next
case (Suc m)
have fact (Suc m) = Suc m * fact m by simp
have th1: Suc m < Suc (m + i) by simp
from mult-le-mono[of Suc m Suc (m+i) fact m fact (m+1i), OF th1 Suc.hyps]
show ?case by simp
qed
thus ?thesis using ¢ by simp
qed

lemma divides-fact: 1 <= p = p <= n ==> p dvd fact n
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proof (induct n arbitrary: p)
case 0 thus ?case by simp
next
case (Suc n p)
from Suc.prems have p = Suc n V p < n by presburger
moreover
{assume p = Suc n hence ?case by (simp only: fact.simps dvd-triv-left)}
moreover
{assume p < n
with Suc.prems(1) Suc.hyps have th: p dvd fact n by simp
from dvd-mult[OF th] have ?case by (simp only: fact.simps) }
ultimately show ?case by blast
qed

declare dvd-triv-left[presburger]
declare dvd-triv-right[presburger)
lemma divides-rexp:
z dvd y = (z:nat) dvd (y"(Suc n)) by (simp add: dvd-mult2[of = y])

Coprimality

lemma coprime: coprime a b «— (Vd. d dvd a A d dvd b «—— d = 1)

using ged-unique[of 1 a b, simplified] by (auto simp add: coprime-def)

lemma coprime-commute: coprime a b —— coprime b a by (simp add: coprime-def
gcd-commute)

lemma coprime-bezout: coprime a b «—— (Jzy. axz —bxy=1Vb*xz — a
xy=1)
using coprime-def gcd-bezout by auto

lemma coprime-divprod: d dvd a * b = coprime d a = d dvd b
using relprime-dvd-mult-iff [of d a b] by (auto simp add: coprime-def mult-commute)

lemma coprime-1[simp]: coprime a 1 by (simp add: coprime-def)
lemma coprime-1'[simp]: coprime 1 a by (simp add: coprime-def)
lemma coprime-SucO|[simp]: coprime a (Suc 0) by (simp add: coprime-def)
lemma coprime-SucO’[simp]: coprime (Suc 0) a by (simp add: coprime-def)

lemma gcd-coprime:
assumes z2: gcd a b # 0 and a: a = a’ * gedaband b: b = b’ x gcd a b
shows  coprime a’ b’
proof—
let 29 = ged a b
{assume bz: a = 0 from b bz z a have ?thesis by (simp add: gcd-zero coprime-def)}
moreover
{assume az: a# 0
from z have z": ?g > 0 by simp
from bezout-ged-strong[OF az, of b]
obtain z y where zy: axz = bxy + ?g by blast
from 2y a b have %9 x a’xx = ?g x (b’xy + 1) by (simp add: algebra-simps)
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hence %g x (a’*z) = %9 x (b’xy + 1) by (simp add: mult-assoc)
hence a’*z = (b'xy + 1)
by (simp only: nat-mult-eq-cancell [OF z])
hence a’xx — b*y = 1 by simp
with coprime-bezout[of a’ b'] have ?thesis by auto}
ultimately show ?thesis by blast
qed
lemma coprime-0: coprime d 0 «—— d = 1 by (simp add: coprime-def)
lemma coprime-mul: assumes da: coprime d a and db: coprime d b
shows coprime d (a * b)
proof—
from da have th: gcd a d = 1 by (simp add: coprime-def gcd-commute)
from gcd-mult-cancelof a d b, OF th] db[unfolded coprime-def] have gcd d (axb)
=1
by (simp add: gcd-commute)
thus ?thesis unfolding coprime-def .
qed
lemma coprime-lmul2: assumes dab: coprime d (a x b) shows coprime d b
using prems unfolding coprime-bezout
apply clarsimp
apply (case-tac d x © — a x b x y = Suc 0 , simp-all)
apply (rule-tac z=z in exl)
apply (rule-tac z=axy in exl)
apply (simp add: mult-ac)
apply (rule-tac x=ax*z in exl)
apply (rule-tac x=y in exl)
apply (simp add: mult-ac)
done

lemma coprime-rmul2: coprime d (a * b) = coprime d a

unfolding coprime-bezout

apply clarsimp

apply (case-tac d x © — a * b x y = Suc 0 , simp-all)

apply (rule-tac z=xz in exl)

apply (rule-tac z=bxy in exl)

apply (simp add: mult-ac)

apply (rule-tac z=bxz in exl)

apply (rule-tac z=y in exI)

apply (simp add: mult-ac)

done

lemma coprime-mul-eq: coprime d (a * b) «—— coprime d a A coprime d b
using coprime-rmul2[of d a b] coprime-Imul2]of d a b] coprime-mul[of d a b]
by blast

Py

lemma gcd-coprime-exists:

assumes nz: ged a b # 0

shows Ja’ b’ a =a’"*x gedab Nb=">b"*gcd ab A coprime a’ b’
proof—

let 99 = ged a b
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from gcd-dvd1[of a b] ged-dvd2[of a b)
obtain a’ b’ where a = ?gxa’ b = ?gxb’ unfolding dvd-def by blast
hence ab”: a = a’+%g b = b’x?g by algebra+
from ab’ ged-coprime[OF nz ab’] show ?thesis by blast
qed

lemma coprime-exp: coprime d a ==> coprime d (a"n)
by (induct n, simp-all add: coprime-mul)

lemma coprime-exp-imp: coprime a b ==> coprime (a "n) (b "n)

by (induct n, simp-all add: coprime-mul-eq coprime-commute coprime-exp)
lemma coprime-refl[simp]: coprime n n «—— n = 1 by (simp add: coprime-def)
lemma coprime-plusi[simp]: coprime (n + 1) n

apply (simp add: coprime-bezout)

apply (rule exI[where z=1])

apply (rule exI[where z=1])

apply simp

done
lemma coprime-minusl: n # 0 ==> coprime (n — 1) n

using coprime-plusi[of n — 1] coprime-commute[of n — 1 n] by auto

lemma bezout-gcd-pow: 3z y. a mxx —b "nxy=gedab "nVb nxz—
a " nxy=gedab " n
proof—
let 29 = ged a b
{assume z: ?g = 0 hence ?thesis
apply (cases n, simp)
apply arith
apply (simp only: z power-0-Suc)
apply (rule exI[where z=0])
apply (rule exI[where z=0])
by simp}
moreover
{assume z: 79 # 0
from gcd-dvdl1[of a b] ged-dvd2[of a b] obtain a’ b’ where
ab” a = a’%%g b = b’*?g unfolding dvd-def by (auto simp add: mult-ac)
hence ab': ?gxa’ = a ?9 x b’ = b by algebra+
from coprime-exp-imp[OF gcd-coprime[OF z ab’], unfolded coprime-bezout, of
n
]
obtain 2y where ' n*xz — b’ n*xy=1Vb nxx—a"n*xy=1 by
blast
hence %g'n x (a'n*xz —b'"nxy)=2"nV 29 nx(b'"n*z —a'"nx*y)=
79°n
using z by auto
themhave a™nxz —bnxy=%nVbnxzr—an*xy= %™
using z ab” by (simp only: power-mult-distrib[symmetric]
diff-mult-distrib2 mult-assoc[symmetric])
hence ?thesis by blast }
ultimately show ?thesis by blast
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qed

lemma ged-exp: ged (a™n) (b™n) = ged a b™n
proof—
let 29 = ged (a™n) (b7°n)
let 9gn = ged a b™n
{fix ¢ assume H: e dvd a"n e dvd b"n
from bezout-ged-pow[of a n b] obtain z y
where zy: a "n*xxz — b "nxy=9%nVb " nxzx—a nx*xy= %n by
blast
from dvd-diff-nat [OF dvd-mult2[OF H(1), of ] dvd-mult2[OF H(2), of y]]
dvd-diff-nat [OF dvd-mult2][OF H(2), of x| dvd-mult2][OF H(1), of y]] zy
have e dvd ?gn by (casesa “nxz — b "nxy = ged a b " n, simp-all)}
hence th: Ve. edvd a™n A e dvd b™n — e dvd ?gn by blast
from divides-exp|OF gcd-dvdl[of a b], of n] divides-exp|OF gcd-dvd2[of a b], of
n] th
gcd-unique have ?gn = ?g by blast thus ?thesis by simp
qed

lemma coprime-exp2: coprime (a "~ Suc n) (b" Suc n) «—— coprime a b
by (simp only: coprime-def ged-exp exp-eq-1) simp

lemma division-decomp: assumes dc: (a::nat) dvd b * ¢
shows 30" ¢’ a=b"x c"Nb dvd b A ¢ dvd ¢
proof—
let 99 = ged a b
{assume ?g = 0 with dc have ?thesis apply (simp add: gcd-zero)
apply (rule exI[where z=0])
by (rule exl[where z=c|, simp)}
moreover
{assume z: %9 # 0
from gcd-coprime-exists|OF z]
obtain a’ b’ where ab”: a = a’ x 29 b = b’ x ?g coprime a’ b’ by blast
from ged-dvd2[of a b] have thb: g dvd b .
from ab’(1) have a’ dvd a unfolding dvd-def by blast
with dc have th0: o’ dvd bxc using dvd-trans|of a’ a bxc] by simp
from dc ab’(1,2) have a'x?g dvd (b'x%g) *c by auto
hence ?gxa’ dvd ?g * (b’ * ¢) by (simp add: mult-assoc)
with z have th-1: a’ dvd b'xc by simp
from coprime-divprod[OF th-1 ab’(8)] have the: o' dvd c .
from ab’ have a = ?g*a’ by algebra
with thb thc have ?thesis by blast }
ultimately show ?thesis by blast
qed

lemma nat-power-eq-0-iff: (m:nat) “n =0 «—— n # 0 A m = 0 by (induct n,
auto)

lemma divides-rev: assumes ab: (a::nat) “n dvd b "n and n:n # 0 shows a dvd
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b
proof—
let 29 = ged a b
from n obtain m where m: n = Suc m by (cases n, simp-all)
{assume ?g = 0 with ab n have ?thesis by (simp add: gcd-zero)}
moreover
{assume z: 79 # 0
hence zn: g “n # 0 using n by (simp add: neq0-conv)
from gcd-coprime-exists|OF z]
obtain a’ b’ where ab” a = a’ x 29 b = b’ * ?g coprime a’ b’ by blast
from ab have (a’* ?2g) “n dvd (b’ % ?g) “n by (simp add: ab'(1,2)[symmetric])
hence %9 nxa’"n dvd 2g°n *b’ "n by (simp only: power-mult-distrib mult-commute)
with zn z n have th0:a’"n dvd b’ "n by (auto simp add: nat-power-eq-0-iff)
have a’ dvd a’"n by (simp add: m)
with th0 have o’ dvd b’ "n using dvd-trans[of a’ a’"n b’ "n] by simp
hence thl: a’ dvd b'"m * b’ by (simp add: m mult-commute)
from coprime-divprod[OF th1 coprime-exp|OF ab'(3), of m]]
have o’ dvd b’ .
hence a’*?g dvd b'x?g by simp
with ab’(1,2) have ?thesis by simp }
ultimately show ?thesis by blast
qged

lemma divides-mul: assumes mr: m dvd r and nr: n dvd r and mn:coprime m
n

shows m *x n dvd r
proof—

from mr nr obtain m’ n’ where m”. r = mxm’ and n": r = nxn’

unfolding dvd-def by blast

from mr n’ have m dvd n'«n by (simp add: mult-commute)

hence m dvd n’ using relprime-dvd-mult-iff [OF mn[unfolded coprime-def]] by
stmp

then obtain k£ where k: n’ = mx*k unfolding dvd-def by blast

from n’ k show ?thesis unfolding dvd-def by auto
qed

A binary form of the Chinese Remainder Theorem.

lemma chinese-remainder: assumes ab: coprime a b and a:a # 0 and b:b # 0
shows dzql 2.z =u+ ql xa ANz =v+ g2 *b
proof—
from bezout-add-strong|OF a, of b] bezout-add-strong[OF b, of a]
obtain dI z1 yI d2 z2 y2 where dxyl: di dvd a d1 dvd b a *x z1 = b x yl + dI
and dxy2: d2 dvd b d2 dvd a b x 22 = a * y2 + d2 by blast
from gcd-uniquelof 1 a b, simplified ablunfolded coprime-def], simplified]
dryl(1,2) dxy2(1,2) have di2: dI = 1 d2 =1 by auto
let 2 = vxa*xl +ux*bx 2
let 2q1 = v * 1 + u * y2
let 292 = v * y1 + u * 22
from dxy2(3)[simplified d12] dzyl(3)[simplified d12]
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have 2z = u + %q1 x a %z = v + 992 * b by algebra+
thus ?thesis by blast
qed

Primality

A few useful theorems about primes

lemma prime-0[simp]: ~prime 0 by (simp add: prime-def)
lemma prime-1[simp]: ~ prime 1 by (simp add: prime-def)
lemma prime-SucO[simp]: ~ prime (Suc 0) by (simp add: prime-def)

lemma prime-ge-2: prime p ==> p > 2 by (simp add: prime-def)
lemma prime-factor: assumes n: n # 1 shows 3 p. prime p A p dvd n
using n
proof (induct n rule: nat-less-induct)
fix n
assume H: Vm<n. m # 1 — (Ip. prime p A p dvd m) n # 1
let ?ths = dp. prime p A p dvd n
{assume n=0 hence ?ths using two-is-prime by auto}
moreover
{assume nz: n#£0
{assume prime n hence ?ths by — (rule exI[where x=n|, simp)}
moreover
{assume n: = prime n
with nz H(2)
obtain k where k:k dvd n k # 1 k # n by (auto simp add: prime-def)
from dvd-imp-le[OF k(1)] nz k(3) have kn: k < n by simp
from H(1)[rule-format, OF kn k(2)] obtain p where p: prime p p dvd k by
blast
from dvd-trans|OF p(2) k(1)] p(1) have ?ths by blast}
ultimately have ?ths by blast}
ultimately show ?ths by blast
qed

lemma prime-factor-lt: assumes p: prime p and n: n # 0 and npm:n = p * m
shows m < n
proof—
{assume m=0 with n have ?thesis by simp}
moreover
{assume m: m # 0
from npm have mn: m dvd n unfolding dvd-def by auto
from npm m have n # m using p by auto
with dvd-imp-le[OF mn] n have ?thesis by simp}
ultimately show ?thesis by blast
qed

lemma euclid-bound: Ip. prime p A n < p A p <= Suc (fact n)
proof—
have fI: fact n + 1 # 1 using fact-le[of n] by arith
from prime-factor[OF f1] obtain p where p: prime p p dvd fact n + 1 by blast
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from dvd-imp-le[OF p(2)] have pfn: p < fact n + 1 by simp
{assume np: p < n
from p(1) have p1: p > 1 by (cases p, simp-all)
from divides-fact[OF p1 np] have pfn” p dvd fact n .
from divides-add-revr[OF pfn’ p(2)] p(1) have False by simp}
hence n < p by arith
with p(1) pfn show ?thesis by auto
qed

lemma euclid: Ip. prime p A p > n using euclid-bound by auto

lemma primes-infinite: = (finite {p. prime p})
apply(simp add: finite-nat-set-iff-bounded-le)
apply (metis euclid linorder-not-le)

done

lemma coprime-prime: assumes ab: coprime a b
shows ~(prime p A p dvd a A p dvd b)
proof
assume prime p A p dvd a A p dvd b
thus False using ab ged-greatest[of p a b] by (simp add: coprime-def)
qed
lemma coprime-prime-eq: coprime a b «—— (¥ p. ~(prime p A p dvd a A p dvd b))

(is ?lhs = ?rhs)
proof—
{assume ?lhs with coprime-prime have ?rhs by blast}
moreover
{assume 7: ?rhs and c: = ?lhs
then obtain g where g: g#1 g dvd a g dvd b unfolding coprime-def by blast
from prime-factor[OF g(1)] obtain p where p: prime p p dvd g by blast
from dvd-trans [OF p(2) g(2)] dvd-trans [OF p(2) g(3)]
have p dvd a p dvd b . with p(1) r have Fualse by blast}
ultimately show ?thesis by blast
qed

lemma prime-coprime: assumes p: prime p
shows n =1 V p dvd n V coprime p n
using p prime-imp-relprime[of p n] by (auto simp add: coprime-def)

lemma prime-coprime-strong: prime p = p dvd n V coprime p n
using prime-coprime[of p n] by auto

declare coprime-0[simp]
lemma coprime-0'[simp]: coprime 0 d —— d = 1 by (simp add: coprime-commute[of
0 d])

lemma coprime-bezout-strong: assumes ab: coprime a b and b: b # 1
shows dzy. axx =b*y + 1
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proof—
from ab b have az: a # 0 by — (rule ccontr, auto)
from bezout-ged-strong[OF az, of b] ablunfolded coprime-def)
show ?thesis by auto

qed

lemma bezout-prime: assumes p: prime p and pa: - p dvd a
shows dz y. axx = pxy + 1

proof—
from p have pl: p # 1 using prime-1 by blast
from prime-coprime[OF p, of a] pl pa have ap: coprime a p

by (auto simp add: coprime-commute)

from coprime-bezout-strong[OF ap p1] show ?thesis .

qed

lemma prime-divprod: assumes p: prime p and pab: p dvd axb
shows p dvd a V p dvd b

proof—
{assume a=1 hence ?thesis using pab by simp }
moreover
{assume p dvd a hence ?thesis by blast}
moreover

{assume pa: coprime p a from coprime-divprod[OF pab pa] have ?thesis ..
ultimately show ?thesis using prime-coprime[OF p, of a] by blast
qed

lemma prime-divprod-eq: assumes p: prime p
shows p dvd axb «—— p dvd a V p dvd b
using p prime-divprod dvd-mult dvd-mult2 by auto

lemma prime-divexp: assumes p:prime p and px: p dvd z°n
shows p dvd z
using pz
proof (induct n)
case 0 thus ?case by simp
next
case (Suc n)
hence th: p dvd zxx"n by simp
{assume H: p dvd z"°n
from Suc.hyps[OF H| have ?case .}
with prime-divprod|OF p th] show ?case by blast
qed

lemma prime-divexp-n: prime p —> p dvd x'n = p n dvd z°n
using prime-divezp|of p z n| divides-exp[of p = n] by blast

lemma coprime-prime-dvd-ex: assumes Ty: —coprime T y
shows dp. prime p A p dvd z A p dvd y
proof—
from zy[unfolded coprime-def] obtain g where g: g # 1 g dvd z g dvd y
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by blast
from prime-factor[OF g(1)] obtain p where p: prime p p dvd g by blast
from ¢(2,3) dvd-trans|OF p(2)] p(1) show ?thesis by auto
qed
lemma coprime-sos: assumes xy: coprime T y
shows coprime (z * y) (z°2 + y°2)
proof—
{assume c: - coprime (z * y) (z°2 + y"2)
from coprime-prime-dvd-ex[OF c] obtain p
where p: prime p p dvd zxy p dvd x°2 + y~2 by blast
{assume pz: p dvd x
from dvd-mult[OF pz, of ] p(3)
obtain r s where z x z = p*xrand "2 + y 2 =p x s
by (auto elim!: dvdE)
then have y°2 = p % (s — 7)
by (auto simp add: power2-eq-square diff-mult-distrib2)
then have p dvd y~°2 ..
with prime-divezp[OF p(1), of y 2] have py: p dvd y .
from p(1) pz py zy[unfolded coprime, rule-format, of p] prime-1
have Fualse by simp }
moreover
{assume py: p dvd y
from dvd-mult[OF py, of y] p(3)
obtain r s where y x y =pxrand 2 + y 2 =px s
by (auto elim!: dvdE)
then have 2°2 = p * (s — 1)
by (auto simp add: power2-eq-square diff-mult-distrib2)
then have p dvd 272 ..
with prime-divezp[OF p(1), of z 2] have px: p dvd z .
from p(1) pz py zylunfolded coprime, rule-format, of p] prime-1
have Fulse by simp }
ultimately have Fulse using prime-divprod[OF p(1,2)] by blast}
thus ?thesis by blast
qed

lemma distinct-prime-coprime: prime p => prime ¢ = p # q¢ = coprime p q
unfolding prime-def coprime-prime-eq by blast

lemma prime-coprime-Ilt: assumes p: prime p and z: 0 < x and zp: ¢ < p
shows coprime x p
proof—
{assume c: - coprime z p
then obtain g where g: ¢ # 1 g dvd = ¢ dvd p unfolding coprime-def by
blast
from dvd-imp-le[OF ¢(2)] = zp have gp: g < p by arith
from ¢(2) = have g # 0 by — (rule ccontr, simp)
with g gp p[unfolded prime-def] have False by blast}
thus ?thesis by blast
qed
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lemma even-dvd[simp]: even (n:nat) «— 2 dvd n by presburger
lemma prime-odd: prime p = p = 2 V odd p unfolding prime-def by auto

One property of coprimality is easier to prove via prime factors.

lemma prime-divprod-pow:
assumes p: prime p and ab: coprime a b and pab: p°n dvd a x b
shows p™n dvd a V p™n dvd b
proof—
{assume n = 0 V a = 1 V b = 1 with pab have ?thesis
apply (cases n=0, simp-all)
apply (cases a=1, simp-all) done}
moreover
{assume n: n # 0 and a: a#1 and b: b#£1
then obtain m where m: n = Suc m by (cases n, auto)
from divides-exp2[OF n pab] have pab”: p dvd axb .
from prime-divprod[OF p pab’]
have p dvd a V p dvd b .
moreover
{assume pa: p dvd a
have pnba: p“n dvd bxa using pab by (simp add: mult-commute)
from coprime-prime[OF ab, of p] p pa have — p dvd b by blast
with prime-coprime[OF p, of b] b
have cpb: coprime b p using coprime-commute by blast
from coprime-exp|OF cpb] have pnb: coprime (p™n) b
by (simp add: coprime-commute)
from coprime-divprod[OF pnba pnb] have ?thesis by blast }
moreover
{assume pb: p dvd b
have pnba: p“n dvd bxa using pab by (simp add: mult-commute)
from coprime-prime[OF ab, of p] p pb have — p dvd a by blast
with prime-coprime[OF p, of a] a
have cpb: coprime a p using coprime-commute by blast
from coprime-exp[OF cpb] have pnb: coprime (p™n) a
by (simp add: coprime-commute)
from coprime-divprod[OF pab pnb] have ?thesis by blast }
ultimately have ?thesis by blast}
ultimately show ?thesis by blast
qed

lemma nat-mult-eg-one: (ninat) x m = 1 «— n =1 A m = 1 (is ?lhs «——
2rhs)
proof
assume H: ?lhs
hence n dvd 1 m dvd 1 unfolding dvd-def by (auto simp add: mult-commute)
thus ?rhs by auto
next
assume ?rhs then show ?lhs by auto
qed

33



lemma power-SucO[simp]: Suc 0 " n = Suc 0
unfolding One-nat-def [symmetric] power-one ..
lemma coprime-pow: assumes ab: coprime a b and abcn: a x b = ¢ n
shows 3rs.a=r"n ANb=s"n
using ab aben
proof (induct ¢ arbitrary: a b rule: nat-less-induct)
fixcabd
assume H: Vm<c.Vab. coprime ab — axb=m
ANb=s"n)coprimeabaxb=c " "n
let ?ths =3drs.a=rn ANb=s"n
{assume n: n = 0
with H(8) power-one have axb = 1 by simp
hence a = 1 A b = 1 by simp
hence ?ths
apply —
apply (rule exl[where z=1])
apply (rule exl[where z=1])
using power-one[of n]
by simp}
moreover
{assume n: n # 0 then obtain m where m: n = Suc m by (cases n, auto)
{assume c¢: ¢ = 0
with H(3) m H(2) have ?ths apply simp
apply (cases a=0, simp-all)
apply (rule exI[where z=0], simp)
apply (rule exI[where z=0], simp)
done}
moreover
{assume c=1 with H(3) power-one have axb = 1 by simp
hence a = 1 A b =1 by simp
hence ?ths
apply —
apply (rule exl[where z=1])
apply (rule exI[where z=1])
using power-one[of n]
by simp}
moreover
{assume c: ¢c£1 ¢ # 0
from prime-factor[OF ¢(1)] obtain p where p: prime p p dvd ¢ by blast
from prime-divprod-pow|OF p(1) H(2), unfolded H(8), OF divides-exp|OF
p(2), of n]]
have pnab: p "n dvd a V p™n dvd b .
from p(2) obtain [ where [: ¢ = pxl unfolding dvd-def by blast
have pn0: p™n # 0 using n prime-ge-2 [OF p(1)] by (simp add: neq0-conv)
{assume pa: p°n dvd a
then obtain k£ where k: a = p“n * k unfolding dvd-def by blast
from [ have [ dvd ¢ by auto
with dvd-imp-le[of | ¢] ¢ have | < ¢ by auto

n— (3rs.a=r"n
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moreover {assume | = ¢ with [ ¢ have p = I by simp with p have False
by simp}
ultimately have Ilc: | < ¢ by arith
from coprime-lmul2 [OF H(2)[unfolded k coprime-commute[of p ‘nxk b]]]
have kb: coprime k b by (simp add: coprime-commute)
from H(3) | k pn0 have kbin: k x b =1"n
by (auto simp add: power-mult-distrib)
from H(1)[rule-format, OF lc kb kbin]
obtain r s where rs: k = r "'n b = s"n by blast
from k rs(1) have a = (p*r) "n by (simp add: power-mult-distrib)
with rs(2) have ?ths by blast }
moreover
{assume pb: p"n dvd b
then obtain £ where k: b = p™n * k unfolding dvd-def by blast
from [ have [ dvd ¢ by auto
with dvd-imp-le[of I ¢] ¢ have | < ¢ by auto
moreover {assume | = ¢ with [ ¢ have p = 1 by simp with p have False
by simp}
ultimately have Ilc: | < ¢ by arith
from coprime-lmul2 [OF H(2)[unfolded k coprime-commute[of p ‘nxk al]]
have kb: coprime k a by (simp add: coprime-commute)
from H(3) I k pn0 n have kbin: k x a =1 "n
by (simp add: power-mult-distrib mult-commute)
from H(1)[rule-format, OF lc kb kbin)
obtain r s where rs: k = r "n a = s™n by blast
from k rs(1) have b = (pxr) "n by (simp add: power-mult-distrib)
with rs(2) have ?ths by blast }
ultimately have ?ths using pnab by blast}
ultimately have ?ths by blast}
ultimately show ¢ths by blast
qed

More useful lemmas.

lemma prime-product:
assumes prime (p * q)
shows p =1V qg=1
proof —
from assms have
I<pxgand P: Am. mdvdp*x ¢q=—= m=1V m=p=x*q
unfolding prime-def by auto
from (I < p x ¢ have p # 0 by (cases p) auto
then have Q: p = p *x ¢ «—— ¢ = 1 by auto
have p dvd p *x q by simp
then have p = 1 V p = p % ¢ by (rule P)
then show ?thesis by (simp add: Q)
qed

lemma prime-exp: prime (p™n) <« primep A n = 1
proof (induct n)
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case 0 thus ?case by simp
next
case (Suc n)
{assume p = 0 hence ?case by simp}
moreover
{assume p=1 hence ?case by simp}
moreover
{assume p: p # 0 p#1
{assume pp: prime (p “Suc n)
hence p = 1 V p"n = 1 using prime-product[of p p n] by simp
with p have n: n = 0
by (simp only: exp-eq-1 ) simp
with pp have prime p A Suc n = 1 by simp}
moreover
{assume n: prime p A Suc n = 1 hence prime (p Suc n) by simp}
ultimately have ?case by blast}
ultimately show ?case by blast
qed

lemma prime-power-mult:
assumes p: prime p and xy: x x y = p " k
shows Jij. o =p T Ay=p_j
using zy
proof (induct k arbitrary: x y)
case ( thus ?case apply simp by (rule exl[where z=0], simp)
next
case (Suc k z y)
from Suc.prems have pzy: p dvd zxy by auto
from prime-divprod[OF p pzy| have pzyc: p dvd z V p dvd y .
from p have p0: p # 0 by — (rule ccontr, simp)
{assume pz: p dvd
then obtain d where d: z = pxd unfolding dvd-def by blast
from Suc.prems d have pxdxy = p Suc k by simp
hence th: dxy = p k using p0 by simp
from Suc.hyps[OF th] obtain i j where 4: d = p™i y = p"j by blast
with d have z = p“Suc i by simp
with 7j(2) have ?case by blast}
moreover
{assume pz: p dvd y
then obtain d where d: y = pxd unfolding dvd-def by blast
from Suc.prems d have pxdxz = p Suc k by (simp add: mult-commute)
hence th: dxx = p°k using p0 by simp
from Suc.hyps[OF th] obtain i j where 4j: d = p“i z = p”j by blast
with d have y = p“Suc ¢ by simp
with 4j(2) have ?case by blast}
ultimately show ?case using pzyc by blast
qed

lemma prime-power-exp: assumes p: prime p and n:n # 0
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and zn: x'n = p’k shows Ji. z = p7i
using n an
proof (induct n arbitrary: k)
case 0 thus “case by simp
next
case (Suc n k) hence th: zxx"n = p°k by simp
{assume n = 0 with prems have ?case apply simp
by (rule exl[where z=F],simp)}
moreover
{assume n: n # 0
from prime-power-mult|OF p th]
obtain i j where ij: z = p”i x"n = p jby blast
from Suc.hyps[OF n ij(2)] have ?case .}
ultimately show ?case by blast
qed

lemma divides-primepow: assumes p: prime p
shows ddvdpk «— (3 i.i <k ANd=p )
proof
assume H: d dvd p 'k then obtain e where e: dxe = p’k
unfolding dvd-def apply (auto simp add: mult-commute) by blast
from prime-power-mult[OF p e] obtain i j where ij: d = p“i e=p~j by blast
from prime-ge-2|OF p]| have p1: p > 1 by arith
from e i have p“(i + j) = p k by (simp add: power-add)
hence i + j = k using power-inject-exp|of p i+j k, OF p1] by simp
hence i < k by arith
with 4j(1) show 3i<k. d = p " i by blast
next
{fix i assume H: i < kd =p"
hence 4j. k = ¢ 4+ j by arith
then obtain j where j: £ = ¢ 4+ j by blast
hence p“k = p“jxd using H(2) by (simp add: power-add)
hence d dvd p°k unfolding dvd-def by auto}
thus 3i<k. d =p " i = d dvd p " k by blast
qed

lemma coprime-divisors: d dvd a — e dvd b = coprime a b = coprime d e
by (auto simp add: dvd-def coprime)

lemma mult-inj-if-coprime-nat:
inj-on f A = inj-on ¢ B = ALL a:A. ALL b:B. coprime (f a) (g b)
= inj-on (%(a,b). fa * g b:nat) (A x B)
apply (auto simp add:inj-on-def)
apply (metis coprime-def dvd-triv-left gcd-proj2-if-dvd-nat ged-semilattice-nat.inf-commute
relprime-dvd-mult)
apply (metis coprime-commute coprime-divprod dvd.neg-le-trans dvd-triv-right)
done

declare power-Suc0[simp del]
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declare even-dvd[simp del]

end

3 The Fibonacci function

theory Fib
imports Primes
begin

Fibonacci numbers: proofs of laws taken from: R. L. Graham, D. E. Knuth,
O. Patashnik. Concrete Mathematics. (Addison-Wesley, 1989)

fun fib :: nat = nat
where

) =1
Suc n)) = fib n + fib (Suc n)

The difficulty in these proofs is to ensure that the induction hypotheses are
applied before the definition of fib. Towards this end, the fib equations are
not declared to the Simplifier and are applied very selectively at first.

We disable fib.fib-2fib-2 for simplification ...
declare fib-2 [simp del]

...then prove a version that has a more restrictive pattern.

lemma fib-Suc3: fib (Suc (Suc (Suc n))) = fib (Suc n) + fib (Suc (Suc n))
by (rule fib-2)

Concrete Mathematics, page 280

lemma fib-add: fib (Suc (n + k)) = fib (Suc k) * fib (Suc n) + fib k * fib n
proof (induct n rule: fib.induct)
case 1 show ?case by simp

next

case 2 show ?Zcase by (simp add: fib-2)
next

case 3 thus Zcase by (simp add: fib-2 add-mult-distrib2)
qged

lemma fib-Suc-neg-0: fib (Suc n) # 0
apply (induct n rule: fib.induct)
apply (simp-all add: fib-2)
done

lemma fib-Suc-gr-0: 0 < fib (Suc n)
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by (insert fib-Suc-neg-0 [of n], simp)

lemma fib-gr-0: 0 < n==> 0 < fibn
by (case-tac n, auto simp add: fib-Suc-gr-0)

Concrete Mathematics, page 278: Cassini’s identity. The proof is much
easier using integers, not natural numbers!

lemma fib-Cassini-int:
int (fib (Suc (Suc n)) * fib n) =
(if n mod 2 = 0 then int (fib (Suc n) * fib (Suc n)) — 1
else int (fib (Suc n) * fib (Suc n)) + 1)
proof (induct n rule: fib.induct)
case 1 thus Zcase by (simp add: fib-2)
next
case 2 thus ?case by (simp add: fib-2 mod-Suc)
next
case (3 1)
have Suc 0 # x mod 2 — x mod 2 = 0 by presburger
with 3.hyps show Zcase by (simp add: fib.simps add-mult-distrib add-mult-distrib2)
qed

We now obtain a version for the natural numbers via the coercion function
int.

theorem fib-Cassini:
fib (Suc (Suc n)) * fib n =
(if n mod 2 = 0 then fib (Suc n) * fib (Suc n) — 1
else fib (Suc n) * fib (Sucn) + 1)
apply (rule int-int-eq [THEN iffD1])
apply (simp add: fib-Cassini-int)
apply (subst zdiff-int [symmetric])
apply (insert fib-Suc-gr-0 [of n], simp-all)
done

Toward Law 6.111 of Concrete Mathematics

lemma ged-fib-Suc-eg-1: ged (fib n) (fib (Suc n)) = Suc 0
apply (induct n rule: fib.induct)
prefer 3
apply (simp add: ged-commute fib-Suc3)
apply (simp-all add: fib-2)
done

lemma ged-fib-add: ged (fib m) (fib (n + m)) = ged (fib m) (fib n)
apply (simp add: ged-commaute [of fib m])
apply (case-tac m)
apply simp
apply (simp add: fib-add)
apply (simp add: add-commute ged-non-0 [OF fib-Suc-gr-0))
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apply (simp add: ged-non-0 [OF fib-Suc-gr-0, symmetric])
apply (simp add: ged-fib-Suc-eq-1 ged-mult-cancel)
done

lemma ged-fib-diff: m < n ==> ged (fib m) (fib (n — m)) = ged (fib m) (fib n)
by (simp add: gcd-fib-add [symmetric, of - n—m))

lemma ged-fib-mod: 0 < m ==> gcd (fib m) (fib (n mod m)) = ged (fib m) (fib
n)
proof (induct n rule: less-induct)
case (less n)
from less.prems have pos-m: 0 < m .
show gcd (fib m) (fib (n mod m)) = ged (fib m) (fib n)
proof (cases m < n)
case True note m-n = True
then have m-n”: m < n by auto
with pos-m have pos-n: 0 < n by auto
with pos-m m-n have diff: n — m < n by auto
have ged (fib m) (fib (n mod m)) = ged (fib m) (fib ((n — m) mod m))
by (simp add: mod-if [of n]) (insert m-n, auto)
also have ... = ged (fib m) (fib (n — m)) by (simp add: less.hyps diff pos-m)
also have ... = ged (fib m) (fib n) by (simp add: ged-fib-diff m-n)
finally show gcd (fib m) (fib (n mod m)) = ged (fib m) (fib n) .
next
case Fulse then show ged (fib m) (fib (n mod m)) = ged (fib m) (fib n)
by (cases m = n) auto
qed
qed

lemma fib-ged: fib (ged m n) = ged (fib m) (fib n) — Law 6.111
apply (induct m n rule: ged-induct)
apply (simp-all add: gcd-non-0 ged-commute ged-fib-mod)
done

theorem fib-mult-eq-setsum:
fib (Sucn)« fibn= ke {.n}. fibk = fibk)
apply (induct n rule: fib.induct)
apply (auto simp add: atMost-Suc fib-2)
apply (simp add: add-mult-distrib add-mult-distrib2)
done

end

4 Fundamental Theorem of Arithmetic (unique fac-
torization into primes)

theory Fuctorization
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imports Main ~~ /src/ HOL/ Old-Number-Theory/ Primes Permutation
begin

4.1 Definitions

definition
primel :: nat list => bool where
primel xs = (Vp € set zs. prime p)

consts
nondec :: nat list => bool
prod :: nat list => nat
oinsert :: nat => nat list => nat list
sort :: nat list => nat list

primrec
nondec [| = True
nondec (z # xs) = (case zs of [| => True | y # ys => = < y A nondec xs)

primrec
prod [| = Suc 0
prod (z # xs) = = * prod zs

primrec
oinsert z [| = [z]
oinsert © (y # ys) = (if ¢ < y then x # y # ys else y # oinsert z ys)

primrec
sort [| =]
sort (x # xs) = oinsert x (sort xs)

4.2 Arithmetic

lemma one-less-m: (m:nat) # m « k ==> m # Suc 0 ==> Suc 0 < m
apply (cases m)
apply auto
done

lemma one-less-k: (m:nat) # m x k ==> Suc 0 < m * k ==> Suc 0 < k
apply (cases k)
apply auto
done

lemma mult-left-cancel: (0::nat) < k==>ksxn=Fkxm==>n=m
apply auto
done

lemma mn-eg-m-one: (0::nat) < m ==>m *x n = m ==> n = Suc 0

apply (cases n)
apply auto
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done

lemma prod-mn-less-k:
(0:nat) <n==>0<k==>8ucl <m==>mx*n=%k==>n<k
apply (induct m)
apply auto
done

4.3 Prime list and product

lemma prod-append: prod (zs Q ys) = prod xs x prod ys
apply (induct xs)
apply (simp-all add: mult-assoc)
done

lemma prod-zy-prod:
prod (z # xzs) = prod (y # ys) ==> z * prod xs = y * prod ys
apply auto
done

lemma primel-append: primel (zs Q ys) = (primel xs A primel ys)
apply (unfold primel-def)
apply auto
done

lemma prime-primel: prime n ==> primel [n] A prod [n] = n
apply (unfold primel-def)
apply auto
done

lemma prime-nd-one: prime p ==> — p dvd Suc 0
apply (unfold prime-def dvd-def)
apply auto
done

lemma hd-dvd-prod: prod (x # xs) = prod ys ==> x dvd (prod ys)
by (metis dvd-mult-left dvd-refl prod.simps(2))

lemma primel-tl: primel (x # xs) ==> primel xs
apply (unfold primel-def)
apply auto
done

lemma primel-hd-tl: (primel (z # xs)) = (prime z A primel zs)
apply (unfold primel-def)
apply auto

done

lemma primes-eq: prime p ==> prime ¢ ==> p dvd ¢ ==> p = ¢
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apply (unfold prime-def)
apply auto
done

lemma primel-one-empty: primel xs ==> prod xs = Suc 0 ==> zs = ||
apply (cases xs)
apply (simp-all add: primel-def prime-def)
done

lemma prime-g-one: prime p ==> Suc 0 < p
apply (unfold prime-def)
apply auto
done

lemma prime-g-zero: prime p ==> 0 < p
apply (unfold prime-def)
apply auto
done

lemma primel-nempty-g-one:
primel s => xs # [| => Suc 0 < prod xs
apply (induct zs)
apply simp
apply (fastsimp simp: primel-def prime-def elim: one-less-mult)
done

lemma primel-prod-gz: primel s ==> 0 < prod xs
apply (induct zs)
apply (auto simp: primel-def prime-def)
done

4.4 Sorting

lemma nondec-oinsert: nondec xs = nondec (oinsert x xs)
apply (induct zs)
apply simp
apply (case-tac xs)
apply (simp-all cong del: list.weak-case-cong)
done

lemma nondec-sort: nondec (sort xs)
apply (induct zs)
apply simp-all
apply (erule nondec-oinsert)
done

lemma z-less-y-oinsert: x < y ==> 1=y # ys ==> ¢ # | = oinsert x |

apply simp-all
done
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lemma nondec-sort-eq [rule-format]: nondec xs — zs = sort xs
apply (induct xs)
apply safe
apply simp-all
apply (case-tac xs)
apply simp-all
apply (case-tac xs)
apply simp
apply (rule-tac y = aa and ys = list in x-less-y-oinsert)
apply simp-all
done

lemma oinsert-a-y: oinsert x (oinsert y 1) = oinsert y (oinsert z 1)
apply (induct 1)
apply auto
done

4.5 Permutation

lemma perm-primel [rule-format]: xs <~~> ys ==> primel xs ——> primel ys
apply (unfold primel-def)
apply (induct set: perm)
apply simp
apply simp
apply (simp (no-asm))
apply blast
apply blast
done

lemma perm-prod: xs <~~> ys ==> prod xs = prod ys
apply (induct set: perm)
apply (simp-all add: mult-ac)
done

lemma perm-subst-oinsert: s <~~> ys ==> oinsert a xs <~~> oinsert a ys
apply (induct set: perm)
apply auto
done

lemma perm-oinsert: © # xs <~~> oinsert x xs
apply (induct xs)
apply auto
done

lemma perm-sort: xs <~~> sort xs
apply (induct xs)
apply (auto intro: perm-oinsert elim: perm-subst-oinsert)
done
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lemma perm-sort-eq: zs <~~> ys ==> sort zs = sort ys
apply (induct set: perm)
apply (simp-all add: oinsert-z-y)
done

4.6 Existence

lemma ex-nondec-lemma:
primel xs ==> Fys. primel ys A\ nondec ys N\ prod ys = prod zs
apply (blast intro: nondec-sort perm-prod perm-primel perm-sort perm-sym)
done

lemma not-prime-ex-mk:
Suc 0 < n A - prime n ==>
dmk. Suc 0 <mASucO0<kAm<nAk<nAn=m=xk
apply (unfold prime-def dvd-def)
apply (auto intro: n-less-m-mult-n n-less-n-mult-m one-less-m one-less-k)
done

lemma split-primel:
primel s = primel ys => 3. primel [ A\ prod | = prod xs x prod ys
apply (rule exl)
apply safe
apply (rule-tac [2] prod-append)
apply (simp add: primel-append)
done

lemma factor-exists [rule-format]: Suc 0 < n ——> (3. primel Il A prod | = n)
apply (induct n rule: nat-less-induct)
apply (rule impl)
apply (case-tac prime n)
apply (rule exl)
apply (erule prime-primel)
apply (cut-tac n = n in not-prime-ex-mk)
apply (auto introl: split-primel)
done

lemma nondec-factor-exists: Suc 0 < n ==> 3. primel | A nondec | A prod | =
n

apply (erule factor-exists [THEN exFE])

apply (blast intro!: ez-nondec-lemma)

done

4.7 Uniqueness

lemma prime-dvd-mult-list [rule-format]:
prime p ==> p dvd (prod zs) ——> (Im. m:set zs A p dvd m)
apply (induct xs)
apply (force simp add: prime-def)
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apply (force dest: prime-dvd-mult)
done

lemma hd-zs-dvd-prod:
primel (z # xs) ==> primel ys ==> prod (x # xs) = prod ys
==> dm. m € set ys A\ x dvd m
apply (rule prime-dvd-mult-list)
apply (simp add: primel-hd-tl)
apply (erule hd-dvd-prod)

done
lemma prime-dvd-eq: primel (x # xs) ==> primel ys ==> m € set ys ==> x
dvd m ==>1z =m

apply (rule primes-eq)
apply (auto simp add: primel-def primel-hd-tl)
done

lemma hd-zs-eq-prod:
primel (v # zs) ==>
primel ys ==> prod (z # xs) = prod ys ==> x € set ys
apply (frule hd-zs-dvd-prod)
apply auto
apply (drule prime-dvd-eq)
apply auto
done

lemma perm-primel-ex:
primel (z # xs) ==>
primel ys ==> prod (z # xs) = prod ys ==> 1. ys <~~> (z # 1)
apply (rule exl)
apply (rule perm-remove)
apply (erule hd-zs-eq-prod)
apply simp-all
done

lemma primel-prod-less:
primel (z # zs) ==>
primel ys ==> prod (z # xs) = prod ys ==> prod xs < prod ys
by (metis less-asym linorder-neqE-nat mult-less-cancel2 nat-0-less-mult-iff
nat-less-le nat-mult-1 prime-def primel-hd-tl primel-prod-gz prod.simps(2))

lemma prod-one-empty:
primel £s ==> p * prod xs = p ==> prime p ==> 15 = ||
apply (auto intro: primel-one-empty simp add: prime-def)
done

lemma uniq-ex-auz:

Vm. m < prod ys ——> (Vs ys. primel xs A primel ys A
prod xs = prod ys A prod zs = m ——> xs <~7> ys) ==>
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primel list ==> primel x ==> prod list = prod xt ==> prod x < prod ys
==> 1z <~~> list

apply simp

done

lemma factor-unique [rule-format]:
YV zs ys. primel xs A primel ys A prod xs = prod ys N prod xs = n
——> x5 <77> ys
apply (induct n rule: nat-less-induct)
apply safe
apply (case-tac xs)
apply (force intro: primel-one-empty)
apply (rule perm-primel-ex [THEN ezE))
apply simp-all
apply (rule perm.trans [THEN perm-sym))
apply assumption
apply (rule perm.Cons)
apply (case-tac z = [])
apply (metis perm-prod perm-refl prime-primel primel-hd-tl primel-tl prod-one-empty)
apply (metis nat-0-less-mult-iff nat-mult-eq-cancell perm-primel perm-prod primel-prod-gz
primel-prod-less primel-tl prod.simps(2))
done

lemma perm-nondec-unique:
xs <> ys ==> nondec rs ==> nondec ys ==> s = yYs
by (metis nondec-sort-eq perm-sort-eq)

theorem unique-prime-factorization [rule-format|:
VY. Suc 0 < n ——> (3. primel I A nondec I A\ prod | = n)
by (metis factor-unique nondec-factor-exists perm-nondec-unique)

end

5 Divisibility and prime numbers (on integers)

theory IntPrimes
imports Main Primes
begin

The dvd relation, GCD, Euclid’s extended algorithm, primes, congruences
(all on the Integers). Comparable to theory Primes, but dvd is included
here as it is not present in main HOL. Also includes extended GCD and
congruences not present in Primes.

5.1 Definitions

fun
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zzgeda iz int = int = int = int = int = int = int = int => (int * int * int)
where
zzgcdammnr'rs' st't=
(if r < 0 then (17, s/, t')
else xzzgeda m n r (r' mod r)
s(s'— (r'divr) *s)
t(t'— (r' divr) * t))

definition
zprime :: int = bool where
zprimep = (1 <pA(NVm. 0<=m&mdvdp —>m =1V m = p))

definition
xzged ::oant => int => int * int * int where
xzged mn = xzgcda mnmmn 1001

definition
zeong i int => int => int => bool ((1[- = -] '(mod -'))) where
[a = b] (mod m) = (m dvd (a — b))

5.2 Euclid’s Algorithm and GCD

lemma zrelprime-zdvd-zmult-aux:

zgednk =1 ==>kdvdmxxn==>0<m==>Fkdvdm

by (metis abs-of-nonneg dvd-triv-right zged-greatest-iff zgcd-zmult-distrib2-abs
zmult-1-right)

lemma zrelprime-zdvd-zmult: zged n k = 1 ==> k dvd m x n ==> k dvd m
apply (case-tac 0 < m)
apply (blast intro: zrelprime-zdvd-zmult-auz)
apply (subgoal-tac k dvd —m)
apply (rule-tac [2] zrelprime-zdvd-zmult-auz, auto)
done

lemma zgcd-geg-zero: 0 <= zgcd x y
by (auto simp add: zged-def)

This is merely a sanity check on zprime, since the previous version denoted
the empty set.

lemma zprime 2
apply (auto simp add: zprime-def)
apply (frule zdvd-imp-le, simp)
apply (auto simp add: order-le-less dvd-def)
done

lemma zprime-imp-zrelprime:
zprime p ==> - p dvd n ==> zged np = 1
apply (auto simp add: zprime-def)
apply (metis zgcd-geg-zero zgced-zdvdl zged-zdvd?2)
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done

lemma zless-zprime-imp-zrelprime:
zprime p ==> 0 < n==>n<p==>z9cdnp =1
apply (erule zprime-imp-zrelprime)
apply (erule zdvd-not-zless, assumption)
done

lemma zprime-zdvd-zmult:
0 < (m:int) ==> zprime p ==> p dvd m * n ==> p dvd m V p dvd n
by (metis zged-zdvd1 zged-zdvd2 zged-pos zprime-def zrelprime-dvd-mult)

lemma zged-zadd-zmult [simp]: zged (m + n x k) n = zged m n
apply (rule zged-eq [THEN trans))
apply (simp add: mod-add-eq)
apply (rule zged-eq [symmetric])
done

lemma zged-zdvd-zged-zmult: zged m n dvd zged (k * m) n
by (simp add: zged-greatest-iff)

lemma zgcd-zmult-zdvd-zged:
zged kn = 1 ==> zged (k * m) n dvd zged m n

apply (simp add: zgcd-greatest-iff)
apply (rule-tac n = k in zrelprime-zdvd-zmult)
prefer 2
apply (simp add: zmult-commute)
apply (metis zgced-1 zged-commute zgced-left-commute)
done

lemma zged-zmult-cancel: zged kn = 1 ==> zged (k * m) n = zged m n
by (simp add: zgcd-def nat-abs-mult-distrib ged-mult-cancel)

lemma zgcd-zged-zmult:
zged km =1 ==>z2gcdnm=1==> zgcd (k *n) m=1
by (simp add: zgcd-zmult-cancel)

lemma zdvd-iff-zgcd: 0 < m ==> m dvd n «—— zgcd n m = m
by (metis abs-of-pos zdvd-mult-div-cancel zged-0 zged-commute zgcd-geg-zero zged-zdvd2
zgcd-zmult-eq-self )
5.3 Congruences
lemma zcong-1 [simp]: [a = b] (mod 1)

by (unfold zcong-def, auto)

lemma zcong-refl [simp]: [k = k] (mod m)
by (unfold zcong-def, auto)
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lemma zcong-sym: [a = b] (mod m) = [b = a] (mod m)
unfolding zcong-def minus-diff-eq [of a, symmetric] dvd-minus-iff ..

lemma zcong-zadd:
[a = b] (mod m) ==> [c¢ = d] (mod m) ==> [a + ¢ = b + d] (mod m)
apply (unfold zcong-def)
apply (rule-tac s = (a — b) + (¢ — d) in subst)
apply (rule-tac [2] dvd-add, auto)
done

lemma zcong-zdiff:
[a = b] (mod m) ==> [¢ = d] (mod m) ==> [a — ¢ = b — d] (mod m)
apply (unfold zcong-def)
apply (rule-tac s = (a — b) — (¢ — d) in subst)
apply (rule-tac [2] dvd-diff, auto)
done

lemma zcong-trans:
[a = b] (mod m) ==> [b = ¢| (mod m) ==> [a = c] (mod m)
unfolding zcong-def by (auto elim!: dvdE simp add: algebra-simps)

lemma zcong-zmult:
[a = b] (mod m) ==> [c¢ = d] (mod m) ==> [a *x ¢ = b x d] (mod m)
apply (rule-tac b = b x ¢ in zcong-trans)
apply (unfold zcong-def)
apply (metis zdiff-zmult-distrib2 dvd-mult zmult-commute)
apply (metis zdiff-zmult-distrib2 dvd-mult)
done

lemma zcong-scalar: [a = b] (mod m) ==> [a * k = b * k] (mod m)
by (rule zcong-zmult, simp-all)

lemma zcong-scalar2: [a = b] (mod m) ==> [k x a = k * b] (mod m)
by (rule zcong-zmult, simp-all)

lemma zcong-zmult-self: [a * m = b x m] (mod m)
apply (unfold zcong-def)
apply (rule dvd-diff, simp-all)
done

lemma zcong-square:

[| zprime p; 0 < a; [a * a = 1] (mod p)|]
==> [a = 1] (mod p) V [a = p — 1] (mod p)

apply (unfold zcong-def)

apply (rule zprime-zdvd-zmult)
apply (rule-tac [3] s=a*a — 1 + p * (I — a) in subst)
prefer J
apply (simp add: zdvd-reduce)
apply (simp-all add: zdiff-zmult-distrib zmult-commute zdiff-zmult-distrib2)
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done

lemma zcong-cancel:
0<m==>
zged km =1 ==>[axk =">bxk| (mod m)=[a=>b] (mod m)
apply safe
prefer 2
apply (blast intro: zcong-scalar)
apply (case-tac b < a)
prefer 2
apply (subst zcong-sym)
apply (unfold zcong-def)
apply (rule-tac [!] zrelprime-zdvd-zmult)
apply (simp-all add: zdiff-zmult-distrib)
apply (subgoal-tac m dvd (—(a * k — b = k)))
apply simp
apply (subst dvd-minus-iff, assumption)
done

lemma zcong-cancel?2:
0<m==>
zged km =1 ==>[kxa=k=x* bl (mod m)=[a="0] (modm)
by (simp add: zmult-commute zcong-cancel)

lemma zcong-zgcd-zmult-zmod:
[a = b] (mod m) ==> [a = b] (mod n) ==> zged mn = 1
==> [a = b] (mod m * n)
apply (auto simp add: zcong-def dvd-def)
apply (subgoal-tac m dvd n * ka)
apply (subgoal-tac m dvd ka)
apply (case-tac [2] 0 < ka)
apply (metis zdvd-mult-div-cancel dvd-refl dvd-mult-left zmult-commute zrelprime-zdvd-zmult)
apply (metis abs-dvd-iff abs-of-nonneg zadd-0 zgcd-0-left zged-commaute zged-zadd-zmult
zgcd-zdvd-zged-zmult zged-zmult-distrib2-abs zmult-1-right zmult-commute)
apply (metis mult-le-0-iff zdvd-mono zdvd-mult-cancel dvd-triv-left zero-le-mult-iff
zle-antisym zle-linear zle-refl zmult-commute zrelprime-zdvd-zmult)
apply (metis dvd-triv-left)
done

lemma zcong-zless-imp-eq:

0<a==>

a<m==>0<b==>b<m==>][a=0b] (modm)==>a=10>

apply (unfold zcong-def dvd-def, auto)

apply (drule-tac f = Az. z mod m in arg-cong)

apply (metis diff-add-cancel mod-pos-pos-trivial zadd-0 zadd-commute zmod-eq-0-iff
mod-add-right-eq)

done

lemma zcong-square-zless:
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prime p ==> 0 < a ==>a < p ==>
[a*xa=1](modp)==>a=1Va=p—1

apply (cut-tac p = p and a = a in zcong-square)
apply (simp add: zprime-def)
apply (auto intro: zcong-zless-imp-eq)

done

lemma zcong-not:
0<a==>a<m==>0<b==>0b<a==>-[a=0b] (modm)
apply (unfold zcong-def)
apply (rule zdvd-not-zless, auto)
done

lemma zcong-zless-0:
0<a==>a<m==>[a=0](modm)==>a=10
apply (unfold zcong-def dvd-def, auto)
apply (metis div-pos-pos-trivial linorder-not-less div-mult-self1-is-id)
done

lemma zcong-zless-unique:
0<m==>3"b.0<bAb<mA [a=0b] (modm))
apply auto
prefer 2 apply (metis zcong-sym zcong-trans zcong-zless-imp-eq)
apply (unfold zcong-def dvd-def)
apply (rule-tac x = a mod m in exl, auto)
apply (metis zmult-div-cancel)
done

lemma zcong-iff-lin: (Ja = b] (mod m)) = (k. b = a + m * k)
unfolding zcong-def
apply (auto elim!: dvdE simp add: algebra-simps)
apply (rule-tac z = —k in exl) apply simp
done

lemma zgcd-zcong-zgcd:
0 <m==>
zged am = 1 ==> [a = b] (mod m) ==> zgcd b m = 1
by (auto simp add: zcong-iff-lin)

lemma zcong-zmod-aux:
a — b= (m:uint) * (a divm — b div m) + (a mod m — b mod m)
by (simp add: zdiff-zmult-distrib2 add-diff-eq eq-diff-eq add-ac)

lemma zcong-zmod: [a = b] (mod m) = [a mod m = b mod m] (mod m)
apply (unfold zcong-def)
apply (rule-tac t = a — b in ssubst)
apply (rule-tac m = m in zcong-zmod-aux)
apply (rule trans)
apply (rule-tac [2] k = m and m = a div m — b div m in zdvd-reduce)
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apply (simp add: zadd-commute)
done

lemma zcong-zmod-eq: 0 < m ==> [a = b] (mod m) = (a mod m = b mod m)
apply auto
apply (metis pos-mod-conj zcong-zless-imp-eq zcong-zmod)
apply (metis zcong-refl zcong-zmod)
done

lemma zcong-zminus [iff]: [a = b] (mod —m) = [a = b] (mod m)
by (auto simp add: zcong-def)

lemma zcong-zero [iff]: [a = b] (mod 0) = (a
by (auto simp add: zcong-def)

Il
SS
=

lemma [a = b] (mod m) = (a mod m = b mod m)
apply (case-tac m = 0, simp add: DIVISION-BY-ZERO)
apply (simp add: linorder-neq-iff)
apply (erule disjE)
prefer 2 apply (simp add: zcong-zmod-eq)

Remainding case: m < 0

apply (rule-tac t = m in zminus-zminus [THEN subst])

apply (subst zcong-zminus)

apply (subst zcong-zmod-eq, arith)

apply (frule neg-mod-bound [of - a], frule neg-mod-bound [of - b])
apply (simp add: zmod-zminus2-eq-if del: neg-mod-bound)

done

5.4 Modulo

lemma zmod-zdvd-zmod:
0 < (m:int) ==> m dvd b ==> (a mod b mod m) = (a mod m)
by (rule mod-mod-cancel)

5.5 Extended GCD

declare xzgcda.simps [simp del]

lemma xzgcd-correct-aurl:

gedr’'r=k—>0<r——>
(Fsn tn. zzgeda mnr' rs' st’' t = (k, sn, tn))

apply (induct m n v’ r s’ st'trule: zzgeda.induct)
apply (subst zgcd-eq)
apply (subst zzgcda.simps, auto)
apply (case-tac v’ mod r = 0)
prefer 2
apply (frule-tac a = r' in pos-mod-sign, auto)
apply (rule exl)
apply (rule exl)
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apply (subst zzgeda.simps, auto)
done

lemma xzgcd-correct-auz?:
(Fsn tn. zzgeda mnr'rs' st’' t = (k, sn, tn)) ——> 0 < r ——>
zged v’ T =k
apply (induct m nr' rs’ st'trule: zzgeda.induct)
apply (subst zgcd-eq)
apply (subst xzgcda.simps)
apply (auto simp add: linorder-not-le)
apply (case-tac v’ mod r = 0)
prefer 2
apply (frule-tac a = r' in pos-mod-sign, auto)
apply (metis Pair-eq zzgeda.simps zle-refl)
done

lemma xzgcd-correct:
0 <n==>(zgedmn==%)=3st. zzgedmn = (k, s, t))
apply (unfold zzgcd-def)
apply (rule iffI)
apply (rule-tac [2] xzged-correct-aux2 [THEN mp, THEN mp))
apply (rule zzged-correct-auxl [THEN mp, THEN mp)], auto)
done

zzgcd linear

lemma xzgcda-linear-auxi:
(a—rxbd)xm-+ (c—r=xd)* (nuint) =
(axm+cxn)—rx(bxm+d=xn)
by (simp add: zdiff-zmult-distrib zadd-zmult-distrib2 zmult-assoc)

lemma xzgcda-linear-auz?:
r'=s'sm+t'sn==>r=sxm-+txn
==> (r'modr) =(s'— (r' divr)*xs)*m+ (t' — (r' divr) x t) * (n:int)
apply (rule trans)
apply (rule-tac [2] xzgeda-linear-auzl [symmetric))
apply (simp add: eq-diff-eq mult-commute)
done

lemma order-le-neg-implies-less: (z::'azorder) < y==>zx £ y==>z <y
by (rule iffD2 [OF order-less-le conjl|)

lemma zzgcda-linear [rule-format):
0 <r——>uazzgedamnr’' rs' st't=(rn, sn, tn) ——>
r'=s"xm+t'xn——>r=sxm+t*xn——>rm=snxm-+inx*n
apply (induct m n v’ r s’ st' t rule: xzgeda.induct)
apply (subst zzgcda.simps)
apply (simp (no-asm))
apply (rule impl)+
apply (case-tac v’ mod r = 0)
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apply (simp add: zzgcda.simps, clarify)
apply (subgoal-tac 0 < r' mod r)
apply (rule-tac [2] order-le-neg-implies-less)
apply (rule-tac [2] pos-mod-sign)
apply (cut-tac m = mand n =n and ' = r'and r = r and s’ = s’ and
s=sand t'=t"and ¢t = t in zzgcda-linear-auz2, auto)
done

lemma xzgcd-linear:
0<n==>umzgedmn=(r,s,t)==>r=s*xm-+1x*xn
apply (unfold zzgcd-def)
apply (erule zzgcda-linear, assumption, auto)
done

lemma zgcd-ex-linear:
0<n==>zgedmn=Fk==> 3st.k=sxm+1txn)
apply (simp add: zzged-correct, safe)
apply (rule exl)+
apply (erule zzgcd-linear, auto)
done

lemma zcong-lineq-ex:
0<n==>zgedan=1==>3z. [a*xz=1] (modn)
apply (cut-tac m = a and n = n and k = [ in zgcd-ez-linear, safe)
apply (rule-tac z = s in ezl)
apply (rule-tac b = s *x a + t * n in zcong-trans)
prefer 2
apply simp
apply (unfold zcong-def)
apply (simp (no-asm) add: zmult-commute)
done

lemma zcong-lineq-unique:
0 <n==>
zgedan=1==>3lz. 0 <z Az <nAlaxz=">] (modn)
apply auto
apply (rule-tac [2] zcong-zless-imp-eq)
apply (tactic { stac (thm zcong-cancel2 RS sym) 6 )))
apply (rule-tac [8] zcong-trans)
apply (simp-all (no-asm-simp))
prefer 2
apply (simp add: zcong-sym)
apply (cut-tac a = a and n = n in zcong-lineg-ex, auto)
apply (rule-tac x = z x b mod n in exl, safe)
apply (simp-all (no-asm-simp))
apply (metis zcong-scalar zcong-zmod zmod-zmult1-eq zmult-1 zmult-assoc)
done

end
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6 The Chinese Remainder Theorem

theory Chinese
imports IntPrimes
begin

The Chinese Remainder Theorem for an arbitrary finite number of equa-
tions. (The one-equation case is included in theory IntPrimes. Uses func-
tions for indexing.!

6.1 Definitions

consts
funprod :: (nat => int) => nat => nat => int
funsum :: (nat => int) => nat => nat => int

primrec
funprod fi 0 = f1i
funprod fi (Suc n) = f (Suc (i + n)) * funprod f i n

primrec
funsum fi 0 = f1
funsum fi (Suc n) = f (Suc (i + n)) + funsum fin

definition
m-cond :: nat => (nat => int) => bool where
m-cond n mf =
(Vi.i<n——>0<mfi)A
(Vijoi<nANj<nAi#j—=>zgcd (mfi) (mfj)=1))

definition
km-cond :: nat => (nat => int) => (nat => int) => bool where
km-cond n kf mf = (Vi. i < n ——> zged (kfi) (mfi) = 1)

definition
lincong-sol ::
nat => (nat => int) => (nat => int) => (nat => int) => int => bool
where
lincong-sol n kf bf mf x = (Vi. 4 < n ——> zcong (kf i * ) (bf i) (mf i))

definition
mhf :: (nat => int) => nat => nat => int where
mhf mfni=
(if i = 0 then funprod mf (Suc 0) (n — Suc 0)
else if i = n then funprod mf 0 (n — Suc 0)

"Maybe funprod and funsum should be based on general fold on indices?
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else funprod mf 0 (i — Suc 0) = funprod mf (Suc i) (n — Suc 0 — 1))

definition
xilin-sol ::
nat => nat => (nat => int) => (nat => int) => (nat => int) => int
where
zilin-sol i n kf bf mf =
(if 0 <n Ai<nAm-condnmf A km-cond n kf mf then
(SOME z. 0 <z ANz < mfi A zcong (kf i x mhf mfni*x) (bfi) (mf 1))
else 0)

definition
z-sol :: nat => (nat => int) => (nat => int) => (nat => int) => int where
z-sol n kf bf mf = funsum (Ni. zilin-sol i n kf bf mf *« mhf mfn i) On

funprod and funsum

lemma funprod-pos: (Vi. i < n ——> 0 < mfi) ==> 0 < funprod mf 0 n
apply (induct n)
apply auto
apply (simp add: zero-less-mult-iff)
done

lemma funprod-zged [rule-format (no-asm)]:
(Vi.k<iNni<k+4+1—-—=>zgcd (mfi) (mfm)=1) ——>
zged (funprod mf k1) (mfm) = 1
apply (induct 1)
apply simp-all
apply (rule impl)+
apply (subst zged-zmult-cancel)
apply auto
done

lemma funprod-zdvd [rule-format]:
k<i——>1i<k+1——>mfidvd funprod mf k|
apply (induct 1)
apply auto
apply (subgoal-tac i = Suc (k + 1))
apply (simp-all (no-asm-simp))
done

lemma funsum-mod:
funsum f k1 mod m = funsum (Ai. (f i) mod m) kIl mod m
apply (induct 1)
apply auto
apply (rule trans)
apply (rule mod-add-eq)
apply simp
apply (rule mod-add-right-eq [symmetric])
done
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lemma funsum-zero [rule-format (no-asm)l:
Vi.k<iNi<k+1l——>fi=0)——> (funsum fkl)=0
apply (induct 1)
apply auto
done

lemma funsum-oneelem [rule-format (no-asm)]:
E<j—>j<k+1—-——>
(Viik<iAi<k+IAi#dj——>fi=0)——>
funsum fkl=fj
apply (induct 1)
prefer 2
apply clarify
defer
apply clarify
apply (subgoal-tac k = j)
apply (simp-all (no-asm-simp))
apply (case-tac Suc (k + 1) = j)
apply (subgoal-tac funsum fk1 = 0)
apply (rule-tac [2] funsum-zero)
apply (subgoal-tac [3] f (Suc (k + 1)) = 0)
apply (subgoal-tac [3] j < k + 1)
prefer j
apply arith
apply auto
done

6.2 Chinese: uniqueness

lemma zcong-funprod-aux:
m-cond n mf ==> km-cond n kf mf
==> lincong-sol n kf bf mf v ==> lincong-sol n kf bf mf y
==> [z = y] (mod mf n)
apply (unfold m-cond-def km-cond-def lincong-sol-def)
apply (rule iffD1)
apply (rule-tac k = kf n in zcong-cancel2)
apply (rule-tac [3] b = bf n in zcong-trans)
prefer 4
apply (subst zcong-sym)
defer
apply (rule order-less-imp-le)
apply simp-all
done

lemma zcong-funprod [rule-format]:
m-cond n mf ——> km-cond n kf mf ——>
lincong-sol n kf bf mf © ——> lincong-sol n kf bf mf y ——>
[z = y] (mod funprod mf 0 n)
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apply (induct n)
apply (simp-all (no-asm))
apply (blast intro: zcong-funprod-auz)
apply (rule impl)+
apply (rule zcong-zged-zmult-zmod)
apply (blast intro: zcong-funprod-auz)
prefer 2
apply (subst zged-commute)
apply (rule funprod-zged)
apply (auto simp add: m-cond-def km-cond-def lincong-sol-def)
done

6.3 Chinese: existence

lemma unique-zi-sol:
0 <n==>1i<mn==>m-cond nmf ==> km-cond n kf mf
==>3lz. 0 <ax Az <mfiA[kfi*xmhfmfnix*xz=">bfi] (modmfi)
apply (rule zcong-lineg-unique)
apply (tactic { stac (thm zgcd-zmult-cancel) 2 )))
apply (unfold m-cond-def km-cond-def mhf-def)
apply (simp-all (no-asm-simp))
apply safe
apply (tactic { stac (thm zgcd-zmult-cancel) 3 )))
apply (rule-tac [!] funprod-zged)
apply safe
apply simp-all
apply (subgoal-tac i<n)
prefer 2
apply arith
apply (case-tac [2] )
apply simp-all
done

lemma z-sol-lin-auz:

0<n==>i<n==>j<n==>j+#1i==>mfjdvd mhf mfni

apply (unfold mhf-def)

apply (case-tac i = 0)

apply (case-tac [2] i = n)
apply (simp-all (no-asm-simp))
apply (case-tac [3] j < i)
apply (rule-tac [3] dvd-mult2)
apply (rule-tac [4] dvd-mult)
apply (rule-tac '] funprod-zdvd)
apply arith
apply arith
apply arith
apply arith
apply arith
apply arith
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apply arith
apply arith
done

lemma z-sol-lin:
0<n==>1i1<n
==> z-sol n kf bf mf mod mf i =
zilin-sol i n kf bf mf x mhf mf n i mod mf i
apply (unfold z-sol-def)
apply (subst funsum-mod)
apply (subst funsum-oneelem)
apply auto
apply (subst dvd-eq-mod-eq-0 [symmetric])
apply (rule dvd-mult)
apply (rule z-sol-lin-aux)
apply auto
done

6.4 Chinese

lemma chinese-remainder:
0 < n ==> m-cond n mf ==> km-cond n kf mf
==>3dlz. 0 <z A z < funprod mf 0 n A lincong-sol n kf bf mf x
apply safe
apply (rule-tac [2] m = funprod mf 0 n in zcong-zless-imp-eq)
apply (rule-tac [6] zcong-funprod)
apply auto
apply (rule-tac & = z-sol n kf bf mf mod funprod mf 0 n in exl)
apply (unfold lincong-sol-def)
apply safe
apply (tactic { stac (thm zcong-zmod) 3 )))
apply (tactic { stac (thm mod-mult-eq) 8 )
apply (tactic { stac (thm mod-mod-cancel) 3 )))
apply (tactic { stac (thm x-sol-lin) 4 )
apply (tactic ( stac (thm mod-mult-eq RS sym) 6 )))
apply (tactic { stac (thm zcong-zmod RS sym) 6 )))
apply (subgoal-tac [6]
0 < zilin-sol i n kf bf mf A zilin-sol i n kf bf mf < mf i
A [kf i x mhf mf n i *x xilin-sol i n kf bf mf = bf i] (mod mf i))
prefer 6
apply (simp add: zmult-ac)
apply (unfold xilin-sol-def)
apply (tactic { asm-simp-tac Q{simpset} 6 )))
apply (rule-tac [6] exl-implies-ex [THEN somel-ex])
apply (rule-tac [6] unique-zi-sol)
apply (rule-tac [3] funprod-zdvd)
apply (unfold m-cond-def)
apply (rule funprod-pos [THEN pos-mod-sign])
apply (rule-tac [2] funprod-pos [THEN pos-mod-bound))
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apply auto
done

end

7 Bijections between sets
theory BijectionRel imports Main begin

Inductive definitions of bijections between two different sets and between
the same set. Theorem for relating the two definitions.

inductive-set
bR :: ('a => 'b => bool) => ('a set x 'b set) set
for P :: 'a => 'b => bool
where
empty [simp): ({}, {}) € bijR P
| insert: Pab==>a¢ A==>0b¢ B==> (A, B) € byyjR P
==> (insert a A, insert b B) € bijR P

Add extra condition to insert: VbeB. = P a b (and similar for A).

definition
bigP :: ('a => 'a => bool) => 'a set => bool where
bjP PF = (NVab.a€ FAPab——>0b¢cF)

definition
unigP = (Ya => 'a => bool) => bool where
unigP P = (NMabcd. PabANPcd——>(a=c¢c)=(b=4d))

definition
symP :: ('a => 'a => bool) => bool where
symP P = (NVab. Pab=Pba)

inductive-set
biyER =2 ('a => 'a => bool) => 'a set set
for P :: 'a => 'a => bool
where
empty [simp: {} € biyER P
| insertl: Paa ==>a ¢ A ==> A € biyER P ==> insert a A € bijER P
| insert2: Pab==>a#b==>a¢ A==>b¢ A==>Ac bijER P
==> insert a (insert b A) € bijER P

bijR
lemma fin-bijRIl: (A, B) € bijR P ==> finite A

apply (erule bijR.induct)
apply auto
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done

lemma fin-bijRr: (A, B) € bijR P ==> finite B
apply (erule bijR.induct)
apply auto
done

lemma auz-induct:

assumes major: finite F'

and subs: FF C A

and cases: P {}

NFag FCA==>a€ A==>a¢ F==>PF ==> P (insert a F)

shows P F
using major subs
apply (induct set: finite)

apply (blast intro: cases)+
done

lemma inj-func-bijR-auzl:
ACB==>a¢ A==>a€B==>injonfB==>fad¢fA
apply (unfold inj-on-def)
apply auto
done

lemma inj-func-bijR-auz2:
Va.a € A ——> Pa (fa) ==> inj-on f A ==> finite A ==> F <= A
==>(F,f‘F) € byR P
apply (rule-tac F = F and A = A in auz-induct)
apply (rule finite-subset)
apply auto
apply (rule bijR.insert)
apply (rule-tac [3] inj-func-bijR-auxl)
apply auto
done

lemma inj-func-bijR:
Va. a € A ——> Pa (fa) ==> inj-on f A ==> finite A
==> (A, f“A) € byR P
apply (rule inj-func-bijR-auz2)
apply auto
done

byyER
lemma fin-bijER: A € bijER P ==> finite A
apply (erule bijER.induct)

apply auto
done
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lemma auzl:
a¢ A==>a¢ B==>F Cinserta A==>F Cinserta B==>a¢cF
==>3C. F=insertaCNag¢ CNC<=ANC<=B
apply (rule-tac x = F — {a} in exl)
apply auto
done

lemma auz2: a #b==>a¢ A==>b¢ B==>a€ F==>beF
==> F Cinsert a A ==> F C insert b B
==>3C. F =insert a (insert b C) Na¢ CANb¢ CNCCANCCB
apply (rule-tac x = F — {a, b} in exl)
apply auto
done

lemma auz-uniq: unigP P ==> Pab==>Pcd==> (a=c¢)=(b=4d)
apply (unfold uniqP-def)
apply auto
done

lemma auz-sym: symP P ==> Pab=Pba
apply (unfold symP-def)
apply auto
done

lemma auz-ini:
unigP P ==> b ¢ C ==> P b b ==> bijP P (insert b C) ==> bijP P C
apply (unfold bijP-def)
apply auto
apply (subgoal-tac b # a)
prefer 2
apply clarify
apply (simp add: auz-uniq)
apply auto
done

lemma auz-in2:
symP P ==> unigP P ==>a ¢ C ==>b¢ C ==>a #b==>Pabd
==> bijP P (insert a (insert b C)) ==> biyyP P C
apply (unfold bijP-def)
apply auto
apply (subgoal-tac aa # a)
prefer 2
apply clarify
apply (subgoal-tac aa # b)
prefer 2
apply clarify
apply (simp add: auz-uniq)
apply (subgoal-tac ba # a)
apply auto
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apply (subgoal-tac P a aa)
prefer 2
apply (simp add: aux-sym)
apply (subgoal-tac b = aa)
apply (rule-tac [2] iffD1)
apply (rule-tac [2] a = a and ¢ = a and P = P in auz-uniq)
apply auto
done

lemma auz-foo: Vab. Qa AN Pab——>Rb==>Pab==>Qa==>R5b
apply auto
done

lemma auz-bij: bijP P F ==> symP P ==> Pab==>(a € F) = (b e F)
apply (unfold bijP-def)
apply (rule iffI)
apply (erule-tac [!] auz-foo)
apply simp-all
apply (rule iffD2)
apply (rule-tac P = P in auz-sym)
apply simp-all
done

lemma auz-bijRER:
(A, B) € bijR P ==> unigP P ==> symP P
—=>VF.0ijPPFANFCANFCB ——>F € bijER P
apply (erule bijR.induct)
apply simp
apply (case-tac a = b)
apply clarify
apply (case-tac b € F)
prefer 2
apply (simp add: subset-insert)
apply (cut-tac F = F and a = b and A = A and B = B in auzl)
prefer 6
apply clarify
apply (rule bijER.insert1)
apply simp-all
apply (subgoal-tac bijP P ()
apply simp
apply (rule auz-inl)
apply simp-all
apply clarify
apply (case-tac a € F)
apply (case-tac [!] b € F)
apply (cut-tac F = F and a = aand b = band A = A and B =B
in auz2)
apply (simp-all add: subset-insert)
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apply clarify
apply (rule bijER.insert2)
apply simp-all
apply (subgoal-tac bijP P C)
apply simp
apply (rule auz-in2)
apply simp-all
apply (subgoal-tac b € F)
apply (rule-tac [2] iffD1)
apply (rule-tac [2] a = a and F = F and P = P in auz-bij)
apply (simp-all (no-asm-simp))
apply (subgoal-tac [2] a € F)
apply (rule-tac [3] iffD2)
apply (rule-tac [3] b =band F = F and P = P in auz-bij)
apply auto
done

lemma bijR-bijER:
(A, A) € biyR P ==>
bijP P A ==> uniqgP P ==> symP P ==> A € biyjER P
apply (cut-tac A= Aand B = A and P = P in auz-bijRER)
apply auto
done

end

8 Factorial on integers
theory IntFact imports IntPrimes begin

Factorial on integers and recursively defined set including all Integers from
2 up to a. Plus definition of product of finite set.

fun
zfact 2 int => int
where
zfact n = (if n < 0 then 1 else n * zfact (n — 1))

fun
d22set :: int => int set
where
d22set a = (if 1 < a then insert a (d22set (a — 1)) else {})

d22set — recursively defined set including all integers from 2 up to a

declare d22set.simps [simp del]
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lemma d22set-induct:
assumes !la. P {} a
and la. 1 < (a:int) ==> P (d22set (a — 1)) (a — 1) ==> P (d22set a) a
shows P (d22set u) u
apply (rule d22set.induct)
apply (case-tac 1 < a)
apply (rule-tac assms)
apply (simp-all (no-asm-simp))
apply (simp-all (no-asm-simp) add: d22set.simps assms)
done

lemma d22set-g-1 [rule-format]: b € d22set a ——> 1 < b
apply (induct a rule: d22set-induct)
apply simp
apply (subst d22set.simps)
apply auto
done

lemma d22set-le [rule-format]: b € d22set a ——> b < a
apply (induct a rule: d22set-induct)
apply simp
apply (subst d22set.simps)
apply auto
done

lemma d22set-le-swap: a < b ==> b ¢ d22set a
by (auto dest: d22set-le)

lemma d22set-mem: 1 < b — b < a — b € d22set a
apply (induct a rule: d22set.induct)
apply auto
apply (subst d22set.simps)
apply (case-tac b < a, auto)
done

lemma d22set-fin: finite (d22set a)
apply (induct a rule: d22set-induct)
prefer 2
apply (subst d22set.simps)
apply auto
done

declare zfact.simps [simp del]
lemma d22set-prod-zfact: ] (d22set a) = zfact a
apply (induct a rule: d22set.induct)

apply (subst d22set.simps)
apply (subst zfact.simps)
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apply (case-tac 1 < a)

prefer 2

apply (simp add: d22set.simps zfact.simps)
apply (simp add: d22set-fin d22set-le-swap)
done

end

9 Fermat’s Little Theorem extended to Euler’s To-

tient function

theory FulerFermat
imports BijectionRel IntFact
begin

Fermat’s Little Theorem extended to Euler’s Totient function. More ab-
stract approach than Boyer-Moore (which seems necessary to achieve the
extended version).

9.1 Definitions and lemmas

inductive-set
RsetR :: int => int set set
for m :: int
where
empty [simp]: {} € RsetR m
| insert: A € RsetR m ==> zgcd a m = 1 ==>
Va'. a’ € A ——> = zcong a a’ m ==> insert a A € RsetR m

fun
BnorRset :: int = int => int set
where
BnorRset a m =
(if 0 < a then
let na = BnorRset (a — 1) m
in (if zged a m = 1 then insert a na else na)

else {})

definition
norRRset :: int => int set where
norRRset m = BnorRset (m — 1) m

definition
noXRRset :: int => int => int set where
noXRRset m x = (Aa. a x ) ‘ norRRset m

definition
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phi i int => nat where
phi m = card (norRRset m)

definition
is-RRset :: int set => int => bool where
is-RRset A m = (A € RsetR m A card A = phi m)

definition
RRset2norRR :: int set => int => int => int where
RRset2norRR A m a =
(if 1 < m A is-RRset A m A a € A then
SOME b. zcong a b m A b € norRRset m
else 0)

definition
zeongm i int => int => int => bool where
zcongm m = (Aa b. zcong a b m)

lemma abs-eq-1-iff [iff]: (abs z = (1:int)) = (z =1V z = —1)
— LCP: not sure why this lemma is needed now
by (auto simp add: abs-if)

norRRset

declare BnorRset.simps [simp del]

lemma BnorRset-induct:
assumes !lam. P {} am
and !la m :: int. 0 < a ==> P (BnorRset (a — 1) m) (a — 1) m
==> P (BnorRset a m) a m
shows P (BnorRset u v) u v
apply (rule BnorRset.induct)
apply (case-tac 0 < a)
apply (rule-tac assms)
apply simp-all
apply (simp-all add: BnorRset.simps assms)
done

lemma Bnor-mem-zle [rule-format]: b € BnorRset am — b < a
apply (induct a m rule: BnorRset-induct)
apply simp
apply (subst BnorRset.simps)
apply (unfold Let-def, auto)
done

lemma Bnor-mem-zle-swap: a < b ==> b ¢ BnorRset a m
by (auto dest: Bnor-mem-zle)

lemma Bnor-mem-zg [rule-format]: b € BnorRset a m ——> 0 < b
apply (induct a m rule: BnorRset-induct)
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prefer 2

apply (subst BnorRset.simps)
apply (unfold Let-def, auto)
done

lemma Bnor-mem-if [rule-format]:
zgedbm=1——>0<b—-——>b<a——>0b¢c BnorRset am
apply (induct a m rule: BnorRset.induct, auto)
apply (subst BnorRset.simps)
defer
apply (subst BnorRset.simps)
apply (unfold Let-def, auto)
done

lemma Bnor-in-RsetR [rule-format]: a < m ——> BnorRset a m € RsetR m
apply (induct a m rule: BnorRset-induct, simp)
apply (subst BnorRset.simps)
apply (unfold Let-def, auto)
apply (rule RsetR.insert)

apply (rule-tac [3] alll)
apply (rule-tac [3] impl)
apply (rule-tac [3] zcong-not)
apply (subgoal-tac [6] o’ < a — 1)
apply (rule-tac [7] Bnor-mem-zle)
apply (rule-tac [5] Bnor-mem-zg, auto)
done

lemma Bnor-fin: finite (BnorRset a m)
apply (induct a m rule: BnorRset-induct)
prefer 2
apply (subst BnorRset.simps)
apply (unfold Let-def, auto)
done

lemma norR-mem-unique-auz: a < b — 1 ==> a < (b:int)
apply auto
done

lemma norR-mem-unique:

1 <m==>

zged a m = 1 ==> 31b. [a = b] (mod m) A b € norRRset m
apply (unfold norRRset-def)
apply (cut-tac a = a and m = m in zcong-zless-unique, auto)
apply (rule-tac [2] m = m in zcong-zless-imp-eq)

apply (auto intro: Bnor-mem-zle Bnor-mem-zg zcong-trans
order-less-imp-le norR-mem-unique-auz simp add: zcong-sym)

apply (rule-tac x = b in exl, safe)
apply (rule Bnor-mem-if )

apply (case-tac [2] b = 0)
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apply (auto intro: order-less-le [THEN iffD2])
prefer 2
apply (simp only: zcong-def)
apply (subgoal-tac zged a m = m)

prefer 2

apply (subst zdvd-iff-zgcd [symmetric))

apply (rule-tac [4] zgcd-zcong-zged)

apply (simp-all add: zcong-sym)

done

noXRRset

lemma RRset-ged [rule-format]:
is-RRset Am ==>a € A ——> zgcdam = 1
apply (unfold is-RRset-def )
apply (rule RsetR.induct [where P=%A. a € A ——> zgcd a m = 1], auto)
done

lemma RsetR-zmult-mono:
A € RsetR m ==>
0<m==>zgecdxm=1==>(Aa. axz) ‘Ac RsetR m
apply (erule RsetR.induct, simp-all)
apply (rule RsetR.insert, auto)
apply (blast intro: zgcd-zged-zmult)
apply (simp add: zcong-cancel)
done

lemma card-nor-eq-noX:
0 <m==>
zged x m = 1 ==> card (noXRRset m z) = card (norRRset m)
apply (unfold norRRset-def noXRRset-def )
apply (rule card-image)
apply (auto simp add: inj-on-def Bnor-fin)
apply (simp add: BnorRset.simps)
done

lemma noX-is-RRset:
0 <m==> zgcd x m = 1 ==> is-RRset (noXRRset m z) m
apply (unfold is-RRset-def phi-def)
apply (auto simp add: card-nor-eqg-noX)
apply (unfold noXRRset-def norRRset-def )
apply (rule RsetR-zmult-mono)
apply (rule Bnor-in-RsetR, simp-all)
done

lemma auz-some:
1 <m==>is-RRset Am ==>a€ A
==> zcong a (SOME b. [a = b] (mod m) A b € norRRset m) m A
(SOME b. [a = b] (mod m) A b € norRRset m) € norRRset m
apply (rule norR-mem-unique [THEN ex1-implies-ex, THEN somel-ezx))

70



apply (rule-tac [2] RRset-ged, simp-all)
done

lemma RRset2norRR-correct:
1 <m==>1is-RRset Am ==>a € A ==>
[a = RRset2norRR A m a] (mod m) A RRset2norRR A m a € norRRset m
apply (unfold RRset2norRR-def, simp)
apply (rule auz-some, simp-all)
done

lemmas RRset2norRR-correct] =
RRset2norRR-correct [THEN conjunctl, standard)

lemmas RRset2norRR-correct? =
RRset2norRR-correct [THEN conjunct2, standard)

lemma RsetR-fin: A € RsetR m ==> finite A
by (induct set: RsetR) auto

lemma RRset-zcong-eq [rule-format):
1 <m==>
is-RRset Am ==> [a =0b] (modm)==>a€A—>becAd——>a=0b
apply (unfold is-RRset-def )
apply (rule RsetR.induct [where P=%A. a € A ——> b€ A ——> a = b))
apply (auto simp add: zcong-sym)
done

lemma auz:
P (SOME a. P a) ==> @ (SOME a. Q a) ==>
(SOME a. P a) = (SOME a. Q o) ==>3a. Pa A Qa
apply auto
done

lemma RRset2norRR-inj:
1 < m ==> is-RRset A m ==> inj-on (RRset2norRR A m) A
apply (unfold RRset2norRR-def inj-on-def, auto)
apply (subgoal-tac 3b. ([z = b] (mod m) A b € norRRset m) A
([y = b] (mod m) A b € norRRset m))
apply (rule-tac [2] auzx)
apply (rule-tac [3] auz-some)
apply (rule-tac [2] auz-some)
apply (rule RRset-zcong-eq, auto)
apply (rule-tac b = b in zcong-trans)
apply (simp-all add: zcong-sym)
done

lemma RRset2norRR-eq-norR:
1 < m ==> is-RRset A m ==> RRset2norRR A m ‘ A = norRRset m

apply (rule card-seteq)
prefer 3
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apply (subst card-image)
apply (rule-tac RRset2norRR-inj, auto)
apply (rule-tac [3] RRset2norRR-correct2, auto)
apply (unfold is-RRset-def phi-def norRRset-def )
apply (auto simp add: Bnor-fin)
done

lemma Bnor-prod-power-aux: a ¢ A ==> injf ==> fa ¢ f A
by (unfold inj-on-def, auto)

lemma Bnor-prod-power [rule-format|:
z# 0==>a<m——>][((Aa. a xx) BnorRset a m) =
[1 (BnorRset a m) * z"card (BnorRset a m)
apply (induct a m rule: BnorRset-induct)
prefer 2
apply (simplesubst BnorRset.simps) — multiple redexes
apply (unfold Let-def, auto)
apply (simp add: Bnor-fin Bnor-mem-zle-swap)
apply (subst setprod-insert)
apply (rule-tac [2] Bnor-prod-power-auz)
apply (unfold inj-on-def)
apply (simp-all add: zmult-ac Bnor-fin finite-imagel
Bnor-mem-zle-swap)
done

9.2 Fermat

lemma bijzcong-zcong-prod:
(A, B) € bijR (zcongm m) ==> [[[ A = [[ B] (mod m)
apply (unfold zcongm-def)
apply (erule bijR.induct)
apply (subgoal-tac [2] a ¢ ANb ¢ B A finite A A\ finite B)
apply (auto intro: fin-bijRI fin-bijRr zcong-zmult)
done

lemma Bnor-prod-zgcd [rule-format]:
a < m ——> zgcd ([] (BnorRset a m)) m = 1
apply (induct a m rule: BnorRset-induct)
prefer 2
apply (subst BnorRset.simps)
apply (unfold Let-def, auto)
apply (simp add: Bnor-fin Bnor-mem-zle-swap)
apply (blast intro: zgcd-zged-zmult)
done

theorem Euler-Fermat:

0 <m==>zgcdxm =1 ==> [z"(phi m) = 1] (mod m)
apply (unfold norRRset-def phi-def)
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apply (case-tac z = 0)
apply (case-tac [2) m = 1)
apply (rule-tac [3] iffD1)
apply (rule-tac [3] k = [] (BnorRset (m — 1) m)
in zcong-cancel?)
prefer 5
apply (subst Bnor-prod-power [symmetric])
apply (rule-tac [7] Bnor-prod-zged, simp-all)
apply (rule bijzcong-zcong-prod)
apply (fold norRRset-def, fold noXRRset-def)
apply (subst RRset2norRR-eg-norR [symmetric])
apply (rule-tac [3] inj-func-bijR, auto)
apply (unfold zcongm-def)
apply (rule-tac [2] RRset2norRR-correctl)
apply (rule-tac [5] RRset2norRR-inj)
apply (auto intro: order-less-le [THEN iffD2]
simp add: noX-is-RRset)
apply (unfold noXRRset-def norRRset-def )
apply (rule finite-imagel)
apply (rule Bnor-fin)
done

lemma Bnor-prime:
[ zprime p; a < p | = card (BnorRset a p) = nat a
apply (induct a p rule: BnorRset.induct)
apply (subst BnorRset.simps)
apply (unfold Let-def , auto simp add:zless-zprime-imp-zrelprime)
apply (subgoal-tac finite (BnorRset (a — 1) m))
apply (subgoal-tac a ~: BnorRset (a — 1) m)
apply (auto simp add: card-insert-disjoint Suc-nat-eg-nat-zadd1)
apply (frule Bnor-mem-zle, arith)

apply (frule Bnor-fin)
done

lemma phi-prime: zprime p ==> phi p = nat (p — 1)
apply (unfold phi-def norRRset-def)
apply (rule Bnor-prime, auto)
done

theorem Little-Fermat:
zprime p ==> - p dvd x ==> [z"(nat (p — 1)) = 1] (mod p)
apply (subst phi-prime [symmetric))
apply (rule-tac [2] Euler-Fermat)
apply (erule-tac [3] zprime-imp-zrelprime)
apply (unfold zprime-def, auto)
done

end
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10 Wilson’s Theorem according to Russinoff
theory WilsonRuss imports FulerFermat begin

Wilson’s Theorem following quite closely Russinoff’s approach using Boyer-
Moore (using finite sets instead of lists, though).

10.1 Definitions and lemmas
definition
mo i int => int => int where
invpa= (a"(nat (p — 2))) mod p

fun

wset :: int = int => nt set
where

wset a p =

(if 1 < a then
let ws = wset (a — 1) p
in (if a € ws then ws else insert a (insert (inv p a) ws)) else {})

nu
lemma inv-is-inv-auz: 1 < m ==> Suc (nat (m — 2)) = nat (m — 1)
by (subst int-int-eq [symmetric], auto)

lemma inv-is-inv:
zprime p = 0 < a = a < p ==> [a * inv p a = 1] (mod p)

apply (unfold inv-def)

apply (subst zcong-zmod)

apply (subst zmod-zmultl-eq [symmetric])

apply (subst zcong-zmod [symmetric])

apply (subst power-Suc [symmetric])

apply (subst inv-is-inv-auz)

apply (erule-tac [2] Little-Fermat)
apply (erule-tac [2] zdvd-not-zless)
apply (unfold zprime-def, auto)
done

lemma inv-distinct:
zprimep = 1 <a=a<p—1==>a#imvpa
apply safe
apply (cut-tac a = a and p = p in zcong-square)
apply (cut-tac [3] a = a and p = p in inv-is-inv, auto)
apply (subgoal-tac a = 1)
apply (rule-tac [2] m = p in zcong-zless-imp-eq)
apply (subgoal-tac [7] a = p — 1)
apply (rule-tac [8] m = p in zcong-zless-imp-eq, auto)
done
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lemma inv-not-0:
zprimep = 1 < a= a<p—1==>inwpa#0
apply safe
apply (cut-tac a = a and p = p in inv-is-inv)
apply (unfold zcong-def, auto)
apply (subgoal-tac — p dvd 1)
apply (rule-tac [2] zdvd-not-zless)
apply (subgoal-tac p dvd 1)
prefer 2
apply (subst dvd-minus-iff [symmetric], auto)
done

lemma inv-not-1:
zprimep = 1 < a = a<p—1==>inwpa#1
apply safe
apply (cut-tac a = a and p = p in inv-is-inv)
prefer j
apply simp
apply (subgoal-tac a = 1)
apply (rule-tac [2] zcong-zless-imp-eq, auto)
done

lemma inv-not-p-minus-1-aux:
la * (p — 1) = 1] (mod p) = [a = p — 1] (mod p)
apply (unfold zcong-def)
apply (simp add: diff-diff-eq diff-diff-eq2 zdiff-zmult-distrib2)
apply (rule-tac s = p dvd —((a + 1) + (p * —a)) in trans)
apply (simp add: algebra-simps)
apply (subst dvd-minus-iff)
apply (subst zdvd-reduce)
apply (rule-tac s = p dvd (a + 1) + (p * —1) in trans)
apply (subst zdvd-reduce, auto)
done

lemma inv-not-p-minus-1:
zprimep = 1 <a=—=a<p—1==>imwpa#p—1
apply safe
apply (cut-tac a = a and p = p in inv-is-inv, auto)
apply (simp add: inv-not-p-minus-1-auz)
apply (subgoal-tac a = p — 1)
apply (rule-tac [2] zcong-zless-imp-eq, auto)
done

lemma inv-g-1:
wrimep —= 1 <a=—=a<p—1==>1<imvpa
apply (case-tac 0< inv p a)
apply (subgoal-tac inv p a # 1)
apply (subgoal-tac inv p a # 0)
apply (subst order-less-le)
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apply (subst zle-add1-eq-le [symmetric])
apply (subst order-less-le)
apply (rule-tac [2] inv-not-0)
apply (rule-tac [5] inv-not-1, auto)
apply (unfold inv-def zprime-def, simp)
done

lemma inv-less-p-minus-1:
zprimep = 1 <a=a<p—1==>imvpa<p—1
apply (case-tac inv p a < p)
apply (subst order-less-le)
apply (simp add: inv-not-p-minus-1, auto)
apply (unfold inv-def zprime-def, simp)
done

lemma inv-inv-auz: 5§ < p ==>
nat (p — 2) * nat (p — 2) = Suc (nat (p — 1) * nat (p — 3))
apply (subst int-int-eq [symmetric])
apply (simp add: zmult-int [symmetric])
apply (simp add: zdiff-zmult-distrib zdiff-zmult-distrib2)
done

lemma zcong-zpower-zmult:
["y = 1] (mod p) = [z"(y * z) = 1] (mod p)
apply (induct z)
apply (auto simp add: zpower-zadd-distrib)
apply (subgoal-tac zcong (z"y * x"(y x 2)) (I = 1) p)
apply (rule-tac [2] zcong-zmult, simp-all)
done

lemma inv-inv: zprime p =
S5<p=0<a=a<p==>iwp (invpa) =a
apply (unfold inv-def)
apply (subst zpower-zmod)
apply (subst zpower-zpower)
apply (rule zcong-zless-imp-eq)
prefer 5
apply (subst zcong-zmod)
apply (subst mod-mod-trivial)
apply (subst zcong-zmod [symmetric])
apply (subst inv-inv-aux)
apply (subgoal-tac [2]
zcong (a * a”(nat (p — 1) * nat (p — 3))) (a * 1) p)
apply (rule-tac [3] zcong-zmult)
apply (rule-tac [4] zcong-zpower-zmult)
apply (erule-tac [4] Little-Fermat)
apply (rule-tac [4] zdvd-not-zless, simp-all)
done
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wset

declare wset.simps [simp del]

lemma wset-induct:

assumes la p. P {} ap

and 'a p. 1 < (auint) =

P (wset (a — 1) p) (a — 1) p==> P (wset ap) ap

shows P (wset u v) u v
apply (rule wset.induct)
apply (case-tac 1 < a)

apply (rule assms)

apply (simp-all add: wset.simps assms)
done

lemma wset-mem-imp-or [rule-format):
I <a=b¢ wset (a—1)p
==>becwsetap —>b=aVb=1invpa
apply (subst wset.simps)
apply (unfold Let-def, simp)
done

lemma wset-mem-mem [simp]: 1 < a ==> a € wset a p
apply (subst wset.simps)
apply (unfold Let-def, simp)
done

lemma wset-subset: 1 < a = b € wset (a — 1) p==>b € wset a p
apply (subst wset.simps)
apply (unfold Let-def, auto)
done

lemma wset-g-1 [rule-format):
zprimep ——>a < p— 1 —>becwsetap ——>1<b
apply (induct a p rule: wset-induct, auto)
apply (case-tac b = a)
apply (case-tac [2] b = inv p a)
apply (subgoal-tac [3] b = a V b = inv p a)
apply (rule-tac [4] wset-mem-imp-or)
prefer 2
apply simp
apply (rule inv-g-1, auto)
done

lemma wset-less [rule-format]:
zprimep ——>a < p—1—>b¢cwsetap —>b<p— 1
apply (induct a p rule: wset-induct, auto)
apply (case-tac b = a)
apply (case-tac [2] b = inv p a)
apply (subgoal-tac [3] b = a V b = inv p a)
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apply (rule-tac [4] wset-mem-imp-or)
prefer 2
apply simp
apply (rule inv-less-p-minus-1, auto)
done

lemma wset-mem [rule-format]:
Zprime p ——>
a<p—1—-—>1<b—->b<La——>bcwsetap
apply (induct a p rule: wset.induct, auto)
apply (rule-tac wset-subset)
apply (simp (no-asm-simp))
apply auto
done

lemma wset-mem-inv-mem [rule-format]:
zprimep ——> 5 < p——>a<p—1——>b¢c wsetap
——>imvpbe& wsetap
apply (induct a p rule: wset-induct, auto)
apply (case-tac b = a)
apply (subst wset.simps)
apply (unfold Let-def)
apply (rule-tac [3] wset-subset, auto)
apply (case-tac b = inv p a)
apply (simp (no-asm-simp))
apply (subst inv-inv)
apply (subgoal-tac [6] b = a V b = invp a)
apply (rule-tac [7] wset-mem-imp-or, auto)
done

lemma wset-inv-mem-mem:
primep — S <p—=a<p-—-1—=1<b=—=b<p-—1
— inuvpb €& wsetap = b€ wsetap
apply (rule-tac s = inv p (inv p b) and ¢t = b in subst)
apply (rule-tac [2] wset-mem-inv-mem,)
apply (rule inv-inv, simp-all)
done

lemma wset-fin: finite (wset a p)
apply (induct a p rule: wset-induct)
prefer 2
apply (subst wset.simps)
apply (unfold Let-def, auto)
done

lemma wset-zcong-prod-1 [rule-format]:
zprime p ——>
5<p—>a<p—1—>|[J]zcwset a p. z) = 1] (mod p)
apply (induct a p rule: wset-induct)
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prefer 2
apply (subst wset.simps)
apply (auto, unfold Let-def, auto)
apply (subst setprod-insert)
apply (tactic { stac (thm setprod-insert) 3 )
apply (subgoal-tac [5]
zeong (a * invp a * ([[ecwset (a — 1) p. x)) (I % 1) p)
prefer 5
apply (simp add: zmult-assoc)
apply (rule-tac [5] zcong-zmult)
apply (rule-tac [5] inv-is-inv)
apply (tactic clarify-tac @{claset} 4)
apply (subgoal-tac [4] a € wset (a — 1) p)
apply (rule-tac [5] wset-inv-mem-mem)
apply (simp-all add: wset-fin)
apply (rule inv-distinct, auto)
done

lemma d22set-eq-wset: zprime p ==> d22set (p — 2) = wset (p — 2) p
apply safe
apply (erule wset-mem)
apply (rule-tac [2] d22set-g-1)
apply (rule-tac [3] d22set-le)
apply (rule-tac [4] d22set-mem)
apply (erule-tac [4] wset-g-1)
prefer 6
apply (subst zle-add1-eg-le [symmetric])
apply (subgoal-tacp — 2+ 1 =p — 1)
apply (simp (no-asm-simp))
apply (erule wset-less, auto)
done

10.2 Wilson

lemma prime-g-5: zprime p = p £ 2 = p £ 38 ==> 5 <p
apply (unfold zprime-def dvd-def)
apply (case-tac p = 4, auto)
apply (rule notE)
prefer 2
apply assumption
apply (simp (no-asm))
apply (rule-tac z = 2 in exl)
apply (safe, arith)
apply (rule-tac x = 2 in ezl, auto)
done

theorem Wilson-Russ:

zprime p ==> [zfact (p — 1) = —1] (mod p)
apply (subgoal-tac [(p — 1) * zfact (p — 2) = —1 * 1] (mod p))
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apply (rule-tac [2] zcong-zmult)
apply (simp only: zprime-def)
apply (subst zfact.simps)
apply (rule-tact =p — 1 — 1 and s = p — 2 in subst, auto)
apply (simp only: zcong-def)
apply (simp (no-asm-simp))
apply (case-tac p = 2)
apply (simp add: zfact.simps)
apply (case-tac p = 3)
apply (simp add: zfact.simps)
apply (subgoal-tac 5 < p)
apply (erule-tac [2] prime-g-5)
apply (subst d22set-prod-zfact [symmetric])
apply (subst d22set-eq-wset)
apply (rule-tac [2] wset-zcong-prod-1, auto)
done

end

11 Wilson’s Theorem using a more abstract ap-
proach

theory WilsonBij imports BijectionRel IntFact begin

Wilson’s Theorem using a more “abstract” approach based on bijections
between sets. Does not use Fermat’s Little Theorem (unlike Russinoff).

11.1 Definitions and lemmas

definition
reciR :: int => int => int => bool where
reciRp = (Aab. zcong (axb) IpANl <aNha<p—1ANI<bAb<p-—1)

definition
inv :int => int => int where
mupa=
(if zprime p A 0 < a A a < p then
(SOMEz. 0 <z ANz <pA zcong (a * z) I p)
else 0)

Inverse

lemma inv-correct:
prime p ==> 0 < a==>a <7D
==>0<imvpaAinvpa<pAl[axinwpa= 1] (modp)
apply (unfold inv-def)
apply (simp (no-asm-simp))

80



apply (rule zcong-lineg-unique [THEN ex1-implies-ex, THEN somel-ex])
apply (erule-tac [2] zless-zprime-imp-zrelprime)

apply (unfold zprime-def)

apply auto
done

lemmas inv-ge = inv-correct [THEN conjunct!, standard)]
lemmas inv-less = inv-correct [THEN conjunct2, THEN conjunctl, standard)
lemmas inv-is-inv = inv-correct [THEN conjunct2, THEN conjunct2, standard)

lemma inv-not-0:

zprimep ==> 1 <a==>a<p—1==>invpa#0

— same as WilsonRuss

apply safe

apply (cut-tac a = a and p = p in inv-is-inv)
apply (unfold zcong-def)
apply auto

apply (subgoal-tac — p dvd 1)

apply (rule-tac [2] zdvd-not-zless)
apply (subgoal-tac p dvd 1)
prefer 2
apply (subst dvd-minus-iff [symmetric])
apply auto

done

lemma inv-not-1:
zprimep ==> 1 <a==>a<p—1==>invpa#1
— same as WilsonRuss
apply safe
apply (cut-tac a = a and p = p in inv-is-inv)
prefer 4
apply simp
apply (subgoal-tac a = 1)
apply (rule-tac [2] zcong-zless-imp-eq)
apply auto
done

lemma auz: [a x (p — 1) = 1] (mod p) = [a = p — 1] (mod p)
— same as WilsonRuss
apply (unfold zcong-def)
apply (simp add: diff-diff-eq diff-diff-eq2 zdiff-zmult-distrib2)
apply (rule-tac s = p dvd —((a + 1) + (p * —a)) in trans)
apply (simp add: algebra-simps)
apply (subst dvd-minus-iff)
apply (subst zdvd-reduce)
apply (rule-tac s = p dvd (a + 1) + (p * —1) in trans)
apply (subst zdvd-reduce)
apply auto
done
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lemma inv-not-p-minus-1:
zprime p ==> 1 < a==>a<p—1==>invpa#p—1
— same as WilsonRuss
apply safe
apply (cut-tac a = a and p = p in inv-is-inv)
apply auto
apply (simp add: auzx)
apply (subgoal-tac a = p — 1)
apply (rule-tac [2] zcong-zless-imp-eq)
apply auto
done

Below is slightly different as we don’t expand inv but use “correct” theorems.

lemma inv-g-1: zprime p ==> 1 < a==>a<p—1==>1<invpa
apply (subgoal-tac inv p a # 1)
apply (subgoal-tac inv p a # 0)
apply (subst order-less-le)
apply (subst zle-add1-eq-le [symmetric])
apply (subst order-less-le)
apply (rule-tac [2] inv-not-0)
apply (rule-tac [5] inv-not-1)
apply auto
apply (rule inv-ge)
apply auto
done

lemma inv-less-p-minus-1:
primep ==> 1 < a==>a<p—1==>wmvpa<p—1
— ditto
apply (subst order-less-le)
apply (simp add: inv-not-p-minus-1 inv-less)
done

Bijection
lemma auzl: 1 < z ==> 0 < (z:int)

apply auto
done

lemma auz2: 1 < z ==> 0 < (z::int)
apply auto
done

lemma aux3: © < p — 2 ==> z < (p:uint)
apply auto

done

lemma auzj: z < p — 2 ==> z < (puint) — 1
apply auto
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done

lemma inv-ing: zprime p ==> inj-on (inv p) (d22set (p — 2))
apply (unfold inj-on-def)
apply auto
apply (rule zcong-zless-imp-eq)
apply (tactic { stac (thm zcong-cancel RS sym) 5 )))
apply (rule-tac [7] zcong-trans)
apply (tactic { stac (thm zcong-sym) 8 )))
apply (erule-tac [7] inv-is-inv)
apply (tactic asm-simp-tac Q{simpset} 9)
apply (erule-tac [9] inv-is-inv)
apply (rule-tac [6] zless-zprime-imp-zrelprime)
apply (rule-tac [8] inv-less)
apply (rule-tac [7] inv-g-1 [THEN auz2))
apply (unfold zprime-def)
apply (auto intro: d22set-g-1 d22set-le
aurl auz? auxrs auxs)
done

lemma inv-d22set-d22set:
zprime p ==> inv p ‘ d22set (p — 2) = d22set (p — 2)
apply (rule endo-inj-sury)
apply (rule d22set-fin)
apply (erule-tac [2] inv-ing)
apply auto
apply (rule d22set-mem)
apply (erule inv-g-1)
apply (subgoal-tac [3] invp za < p — 1)
apply (erule-tac [4] inv-less-p-minus-1)
apply (auto intro: d22set-g-1 d22set-le auxj)
done

lemma d22set-d22set-bij:
zprime p ==> (d22set (p — 2), d22set (p — 2)) € biyR (reciR p)
apply (unfold reciR-def)
apply (rule-tac s = (d22set (p — 2), inv p ‘ d22set (p — 2)) in subst)
apply (simp add: inv-d22set-d22set)
apply (rule inj-func-bijR)
apply (rule-tac [3] d22set-fin)
apply (erule-tac [2] inv-ing)
apply auto
apply (erule inv-is-inv)
apply (erule-tac [5] inv-g-1)
apply (erule-tac [7] inv-less-p-minus-1)
apply (auto intro: d22set-g-1 d22set-le auz2 auz3 auxs)
done

lemma reciP-bijP: zprime p ==> bijP (reciR p) (d22set (p — 2))
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apply (unfold reciR-def bijP-def)
apply auto

apply (rule d22set-mem)

apply auto

done

lemma reciP-uniq: zprime p ==> uniqgP (reciR p)
apply (unfold reciR-def unigP-def)
apply auto
apply (rule zcong-zless-imp-eq)
apply (tactic { stac (thm zcong-cancel2 RS sym) 5 )))
apply (rule-tac [7] zcong-trans)
apply (tactic {( stac (thm zcong-sym) 8 )))
apply (rule-tac [6] zless-zprime-imp-zrelprime)
apply auto
apply (rule zcong-zless-imp-eq)
apply (tactic { stac (thm zcong-cancel RS sym) 5 )
apply (rule-tac [7] zcong-trans)
apply (tactic {( stac (thm zcong-sym) 8 )
apply (rule-tac [6] zless-zprime-imp-zrelprime)
apply auto
done

lemma reciP-sym: zprime p ==> symP (reciR p)
apply (unfold reciR-def symP-def)
apply (simp add: zmult-commute)
apply auto
done

lemma bijER-d22set: zprime p ==> d22set (p — 2) € bijER (reciR p)
apply (rule bijR-bijER)
apply (erule d22set-d22set-bij)
apply (erule reciP-bijP)
apply (erule reciP-uniq)
apply (erule reciP-sym)
done

11.2 Wilson

lemma bijER-zcong-prod-1:
zprime p ==> A € bijER (reciR p) ==> [[[ A = 1] (mod p)
apply (unfold reciR-def)
apply (erule bijER.induct)
apply (subgoal-tac [2] a =1V a=p — 1)
apply (rule-tac [3] zcong-square-zless)
apply auto
apply (subst setprod-insert)
prefer 3
apply (subst setprod-insert)
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apply (auto simp add: fin-bijER)
apply (subgoal-tac zcong ((a * b) x [[A) (1 * 1) p)
apply (simp add: zmult-assoc)
apply (rule zcong-zmult)
apply auto
done

theorem Wilson-Bij: zprime p ==> [zfact (p — 1) = —1] (mod p)
apply (subgoal-tac zcong ((p — 1) * zfact (p — 2)) (—1 % 1) p)
apply (rule-tac [2] zcong-zmult)

apply (simp add: zprime-def)
apply (subst zfact.simps)
apply (rule-tact =p — 1 — 1 and s = p — 2 in subst)
apply auto
apply (simp add: zcong-def)
apply (subst d22set-prod-zfact [symmetric])
apply (rule bijER-zcong-prod-1)
apply (rule-tac [2] bijER-d22set)
apply auto
done

end

12 Finite Sets and Finite Sums

theory Finite2
imports Main IntFact Infinite-Set
begin

These are useful for combinatorial and number-theoretic counting argu-
ments.

12.1 Useful properties of sums and products

lemma setsum-same-function-zcong:

assumes a: Vz € S. [fz = g z](mod m)

shows [setsum f S = setsum g S] (mod m)
proof cases

assume finite S

thus ?thesis using a by induct (simp-all add: zcong-zadd)
next

assume infinite S thus ?thesis by(simp add:setsum-def)
qed

lemma setprod-same-function-zcong:
assumes a: Vz € S. [fz = g z](mod m)
shows [setprod f S = setprod g S] (mod m)
proof cases
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assume finite S

thus ?thesis using a by induct (simp-all add: zcong-zmult)
next

assume infinite S thus ?thesis by (simp add:setprod-def)
qed

lemma setsum-const: finite X ==> setsum (%z. (¢ = int)) X = ¢ * int(card X)
apply (induct set: finite)
apply (auto simp add: left-distrib right-distrib int-eq-of-nat)
done

lemma setsum-const2: finite X ==> int (setsum (%z. (c :: nat)) X) =
int(c) * int(card X)
apply (induct set: finite)
apply (auto simp add: zadd-zmult-distrib2)
done

lemma setsum-const-mult: finite A ==> setsum (%x. ¢ * ((f z)int)) A =
c x setsum f A
by (induct set: finite) (auto simp add: zadd-zmult-distrib2)

12.2 Cardinality of explicit finite sets

lemma finite-surjl: [| B C f < A; finite A || ==> finite B
by (simp add: finite-subset finite-imagel)

lemma bdd-nat-set-I-finite: finite {y::nat . y < z}
by (rule bounded-nat-set-is-finite) blast

lemma bdd-nat-set-le-finite: finite {y::nat . y < z}
proof —
have {y:nat . y < z} = {y:nat . y < Suc z} by auto
then show %thesis by (auto simp add: bdd-nat-set-I-finite)
qed

lemma bdd-int-set-I-finite: finite {z:int. 0 < z & = < n}
apply (subgoal-tac {(z ::int). 0 <z & z < n} C
int  {(x :: nat). z < nat n})
apply (erule finite-surjl)
apply (auto simp add: bdd-nat-set-lI-finite image-def)
apply (rule-tac z = nat z in exl, simp)
done

lemma bdd-int-set-le-finite: finite {z::int. 0 < z & = < n}
apply (subgoal-tac {z. 0 <z &z <n}={z. 0 <z &z <n+1})
apply (erule ssubst)
apply (rule bdd-int-set-l-finite)
apply auto
done
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lemma bdd-int-set-lI-I-finite: finite {z::int. 0 < z & = < n}
proof —
have {z:int. 0 <z & z < n} C{zzint. 0 <z & z < n}
by auto
then show %thesis by (auto simp add: bdd-int-set-I-finite finite-subset)
qed

lemma bdd-int-set-l-le-finite: finite {x:int. 0 < z & z < n}
proof —
have {z:int. 0 < 2z & z < n} C{zuint. 0 <z & z < n}
by auto
then show %thesis by (auto simp add: bdd-int-set-le-finite finite-subset)
qed

lemma card-bdd-nat-set-l: card {y:nat . y < z} = =
proof (induct x)
case (
show card {y::nat . y < 0} = 0 by simp
next
case (Suc n)
have {y. y < Suc n} = insert n {y. y < n}
by auto
then have card {y. y < Suc n} = card (insert n {y. y < n})
by auto
also have ... = Suc (card {y. y < n})
by (rule card-insert-disjoint) (auto simp add: bdd-nat-set-l-finite)
finally show card {y. y < Suc n} = Suc n
using (card {y. y < n} = n by simp

qed
lemma card-bdd-nat-set-le: card { y:nat. y < z} = Suc z
proof —
have {y:nat. y < z} = { yunat. y < Suc z}
by auto
then show ?thesis by (auto simp add: card-bdd-nat-set-1)
qed

lemma card-bdd-int-set-l: 0 < (n:int) ==> card {y. 0 <y & y < n} = nat n
proof —
assume 0 < n
have inj-on (%y. int y) {y. y < nat n}
by (auto simp add: inj-on-def)
hence card (int ‘ {y. y < nat n}) = card {y. y < nat n}
by (rule card-image)
also from 0 < m) have int “ {y. y < natn} = {y. 0 <y & y < n}
apply (auto simp add: zless-nat-eg-int-zless image-def)
apply (rule-tac © = nat z in exl)
apply (auto simp add: nat-0-le)

87



done
also have card {y. y < nat n} = nat n
by (rule card-bdd-nat-set-l)
finally show card {y. 0 < y & y < n} = nat n .
qed

lemma card-bdd-int-set-le: 0 < (n:int) ==> card {y. 0 < y & y < n} =
nat n + 1
proof —
assume 0 < n
moreover have {y. 0 < y & y < n} ={y. 0 <y & y < n+1} by auto
ultimately show ?thesis
using card-bdd-int-set-l [of n + 1]
by (auto simp add: nat-add-distrib)
qed

lemma card-bdd-int-set-I-le: 0 < (n:int) ==>
card {z. 0 <z & x < n} = nat n
proof —
assume 0 < n
have inj-on (%z. z+1) {z. 0 <z & = < n}
by (auto simp add: inj-on-def)
hence card ((%z. z+1) ‘{z. 0 <z & z < n}) =
card {z. 0 < z & z < n}
by (rule card-image)
also from (0 < n) have ... = nat n
by (rule card-bdd-int-set-1)
also have (%z. 2 + 1) ‘{z. 0 <z &z <n}={z. 0 <z & z<= n}
apply (auto simp add: image-def)
apply (rule-tac ¢ = ¢ — 1 in exl)
apply arith
done
finally show card {z. 0 < z & z < n} = nat n .
qed

lemma card-bdd-int-set-I-l: 0 < (n::int) ==>
card {z. 0 <z & v < n} =natn — 1
proof —
assume (0 < n
moreover have {z. 0 <z &z <n}={zr. 0 <z &z <n—-1}
by simp
ultimately show ?thesis
using insert card-bdd-int-set-l-le [of n — 1]
by (auto simp add: nat-diff-distrib)
qed

lemma int-card-bdd-int-set-I-1: 0 < n ==>

int(card {z. 0 <z & z < n})=n— 1
apply (auto simp add: card-bdd-int-set-I-1)
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done

lemma int-card-bdd-int-set-l-le: 0 < n ==>
int(card {z. 0 <z & x < n})=n
by (auto simp add: card-bdd-int-set-I-le)

12.3 Cardinality of finite cartesian products

Lemmas for counting arguments.

lemma setsum-bij-eq: [| finite A; finite B; f * A C B; inj-on f A4;
g ‘B C A; inj-on g B || ==> setsum g B = setsum (g o f) A
apply (frule-tac h = g and f = f in setsum-reindex)
apply (subgoal-tac setsum g B = setsum g (f < A))
apply (simp add: inj-on-def)
apply (subgoal-tac card A = card B)
apply (drule-tac A= f ‘A and B = B in card-seteq)
apply (auto simp add: card-image)
apply (frule-tac A= A and B = B and [ = f in card-inj-on-le, auto)
apply (frule-tac A = B and B = A and [ = g in card-inj-on-le)
apply auto
done

lemma setprod-bij-eq: [| finite A; finite B; f ¢ A C Bj; inj-on f A;
g ‘B C A; inj-on g B || ==> setprod g B = setprod (g o f) A
apply (frule-tac h = g and f = f in setprod-reindex)
apply (subgoal-tac setprod g B = setprod g (f < A))
apply (simp add: inj-on-def)
apply (subgoal-tac card A = card B)
apply (drule-tac A= f ‘A and B = B in card-seteq)
apply (auto simp add: card-image)
apply (frule-tac A= A and B = B and f = f in card-inj-on-le, auto)
apply (frule-tac A= B and B = A and [ = g in card-inj-on-le, auto)
done

end

13 Integers: Divisibility and Congruences

theory Int2
imports Finite2 WilsonRuss
begin

definition

MultInv :: int => int => int where
Multlnv p x =z " nat (p — 2)
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13.1 Useful lemmas about dvd and powers

lemma zpower-zdvd-prop1:
0<n= pdvdy = pdvd ((y::int) " n)
by (induct n) (auto simp add: dvd-mult2 [of p y])

lemma zdvd-bounds: n dvd m ==> m < (0::int) | n < m
proof —
assume n dvd m
then have ~(0 < m & m < n)
using zdvd-not-zless [of m n] by auto
then show ?thesis by auto
qed

lemma zprime-zdvd-zmult-better: || zprime p; p dvd (m * n) || ==>
(p dvd m) | (p dvd n)
apply (cases 0 < m)
apply (simp add: zprime-zdvd-zmult)
apply (insert zprime-zdvd-zmult [of —m p n])
apply auto
done

lemma zpower-zdvd-prop2:
zprime p = p dvd ((y:int) "n) = 0 < n = p dvd y
apply (induct n)
apply simp
apply (frule zprime-zdvd-zmult-better)
apply simp
apply (force simp del:dvd-mult)
done

lemma div-propl: [| 0 < z; (zint) < y x z || ==>z divz < y
proof —
assume (0 < z then have modth: x mod z > 0 by simp
have (z div z) * z < (z div z) * z by simp
then have (z div z) * z < (z div 2) * z +  mod z using modth by arith
also have ... =z
by (auto simp add: zmod-zdiv-equality [symmetric] zmult-ac)
also assume z < y x z
finally show ?thesis
by (auto simp add: prems mult-less-cancel-right, insert prems, arith)
qed

lemma div-prop2: [| 0 < z; (zz:int) < (y*x 2) + z || ==> 2z divz <y
proof —
assume 0 < zand z < (y * 2) + 2
then have © < (y + 1) * z by (auto simp add: int-distrib)
then have z div z < y + 1
apply —
apply (rule-tac y = y + 1 in div-propl)
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apply (auto simp add: prems)

done
then show ?thesis by auto
qed
lemma zdiv-leg-prop: [| 0 < y || ==> y * (z div y) < (z::int)
proof—

assume (0 < y
from zmod-zdiv-equality have © = y * (z div y) + = mod y by auto
moreover have 0 < z mod y
by (auto simp add: prems pos-mod-sign)
ultimately show ?thesis
by arith
qed

13.2 Useful properties of congruences

lemma zcong-eg-zdvd-prop: [z = 0](mod p) = (p dvd x)
by (auto simp add: zcong-def)

lemma zcong-id: [m = 0] (mod m)
by (auto simp add: zcong-def)

lemma zcong-shift: [a = b] (mod m) ==> [a + ¢ = b + ¢]| (mod m)
by (auto simp add: zcong-refl zcong-zadd)

lemma zcong-zpower: [z = y](mod m) ==> [z"z = y z](mod m)
by (induct z) (auto simp add: zcong-zmult)

lemma zcong-eg-trans: [| [a = b](mod m); b = ¢; [¢ = d](mod m) |] ==>
[a = d](mod m)
apply (erule zcong-trans)
apply simp
done

lemma auzl: a — b = (cint) ==>a=c+ b
by auto

lemma zcong-zmult-propl: [a = b](mod m) ==> ([¢c = a * d](mod m) =
[c = b x d] (mod m))
apply (auto simp add: zcong-def dvd-def)
apply (rule-tac z = ka + k = d in exl)
apply (drule auzl)+
apply (auto simp add: int-distrib)
apply (rule-tac z = ka — k = d in exl)
apply (drule auzl)+
apply (auto simp add: int-distrib)
done
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lemma zcong-zmult-prop2: [a = b](mod m) ==>
([c = d = a](mod m) = [¢ = d * b] (mod m))
by (auto simp add: zmult-ac zcong-zmult-propl1)

lemma zcong-zmult-prop3: || zprime p; ~[z = 0] (mod p);
~ly = 0] (mod p) || ==> ~[z x y = 0] (mod p)
apply (auto simp add: zcong-def)
apply (drule zprime-zdvd-zmult-better, auto)
done

lemma zcong-less-eq: [| 0 < z; 0 < y; 0 < m; [z = y] (mod m);
r<myy<ml|=>z=y
by (metis zcong-not zcong-sym zless-linear)

lemma zcong-neg-1-impl-ne-1: [| 2 < p; [x = —1] (mod p) || ==>
~([x = 1] (mod p))
proof
assume 2 < p and [z = ] (mod p) and [z = —1] (mod p)

then have [ = —1] (mod p)
apply (auto simp add: zcong-sym)
apply (drule zcong-trans, auto)
done
then have [1 + 1 = —1 + 1] (mod p)
by (simp only: zcong-shift)
then have [2 = 0] (mod p)
by auto
then have p dvd 2
by (auto simp add: dvd-def zcong-def)
with prems show Fulse
by (auto simp add: zdvd-not-zless)
qed

lemma zcong-zero-equiv-div: [a = 0] (mod m) = (m dvd a)
by (auto simp add: zcong-def)

lemma zcong-zprime-prod-zero: [| zprime p; 0 < a || ==>
[a * b = 0] (mod p) ==> [a = 0] (mod p) | [b = 0] (mod p)
by (auto simp add: zcong-zero-equiv-div zprime-zdvd-zmult)

lemma zcong-zprime-prod-zero-contra: || zprime p; 0 < a |] ==>
~la = 0](mod p) & ~[b = 0](mod p) ==> ~[a * b = 0] (mod p)
apply auto
apply (frule-tac a = a and b = b and p = p in zcong-zprime-prod-zero)
apply auto
done

lemma zcong-not-zero: [| 0 < z; x < m || ==> ~[z = 0] (mod m)
by (auto simp add: zcong-zero-equiv-div zdvd-not-zless)
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lemma zcong-zero: [| 0 < z; z < m; [x = 0](mod m) || ==>z = 0
apply (drule order-le-imp-less-or-eq, auto)
apply (frule-tac m = m in zcong-not-zero)
apply auto
done

lemma all-relprime-prod-relprime: || finite A; Vo € A. zged x y = 1 |]
==> zgcd (setprod id A) y = 1
by (induct set: finite) (auto simp add: zged-zged-zmult)

13.3 Some properties of MultInv

lemma MultInv-propl: [| 2 < p; [x = y] (mod p) || ==>
[(MultInv p ) = (MultInv p y)] (mod p)
by (auto simp add: MultInv-def zcong-zpower)

lemma MultInv-prop2: [| 2 < p; zprime p; ~([z = 0](mod p)) || ==>
[(z * (MultInv p x)) = 1] (mod p)
proof (simp add: MultInv-def zcong-eq-zdvd-prop)
assume 2 < p and zprime p and ~ p dvd x
have z x z “nat (p — 2) =2 "~ (nat (p — 2) + 1)
by auto
also from prems have nat (p — 2) + 1 =nat (p — 2 + 1)
by (simp only: nat-add-distrib)
also have p — 2 + 1 = p — 1 by arith
finally have [z x = “nat (p — 2) =z “nat (p — 1)] (mod p)
by (rule ssubst, auto)
also from prems have [z " nat (p — 1) = 1] (mod p)
by (auto simp add: Little-Fermat)
finally (zcong-trans) show [z x " nat (p — 2) = 1] (mod p) .
qed

lemma MultInv-prop2a: [| 2 < p; zprime p; ~([z = 0](mod p)) || ==>
[(MultInv p z) * x = 1] (mod p)
by (auto simp add: MultInv-prop2 zmult-ac)

lemma auz-1: 2 < p ==> ((nat p) — 2) = (nat (p — 2))
by (simp add: nat-diff-distrib)

lemma auz-2: 2 < p ==> 0 < nat (p — 2)
by auto

lemma MultInv-prop3: [| 2 < p; zprime p; ~([z = 0](mod p)) || ==>
~([MultInv p z = 0](mod p))
apply (auto simp add: MultInv-def zcong-eq-zdvd-prop auz-1)
apply (drule auz-2)
apply (drule zpower-zdvd-prop2, auto)
done
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lemma aux--1: [| 2 < p; zprime p; ~([x = 0](mod p))|] ==>
[(MultInv p (MultInv p z)) = (z * (Multlnv p x) *
(MultInv p (MultInv p x)))] (mod p)
apply (drule MultInv-prop2, auto)
apply (drule-tac k = MultInv p (MultInv p x) in zcong-scalar, auto)
apply (auto simp add: zcong-sym)
done

lemma aux--2: [| 2 < p; zprime p; ~([z = 0](mod p))|] ==>
[(z % (MultInv p ) * (MultInv p (MultInv p x))) = z] (mod p)
apply (frule MultInv-prop3, auto)
apply (insert MultInv-prop2 [of p MultInv p z], auto)
apply (drule MultInv-prop2, auto)
apply (drule-tac k = z in zcong-scalar2, auto)
apply (auto simp add: zmult-ac)
done

lemma MultInv-prop4: [| 2 < p; zprime p; ~([z = 0](mod p)) || ==>
[(MultInv p (MultInv p z)) = z] (mod p)
apply (frule auz--1, auto)
apply (drule auz--2, auto)
apply (drule zcong-trans, auto)
done

lemma MultInv-prop5: [| 2 < p; zprime p; ~([z = 0](mod p));
~(ly = 0)(mod p)); [(Multinv p z) = (MultInv p y)] (mod p) || ==>
[z = y] (mod p)
apply (drule-tac a = MultInv p z and b = MultInv p y and
m = p and k = z in zcong-scalar)
apply (insert MultInv-prop2 [of p z], simp)
apply (auto simp only: zcong-sym [of MultInv p x * x])
apply (auto simp add: zmult-ac)
apply (drule zcong-trans, auto)
apply (drule-tac a = z * MultInv p y and k = y in zcong-scalar, auto)
apply (insert MultInv-prop2a [of p y], auto simp add: zmult-ac)
apply (insert zcong-zmult-prop2 [of y * Multlnvp y 1 p y z])
apply (auto simp add: zcong-sym)
done

lemma MultInv-zcong-propl: [| 2 < p; [j = k] (mod p) || ==>
[a * MultInv p j = a * MultInv p k] (mod p)
by (drule MultInv-prop1, auto simp add: zcong-scalar2)

lemma auz---1: [j = a * Multlnv p k] (mod p) ==>
[/ * k= ax Multlnu p k * k] (mod p)
by (auto simp add: zcong-scalar)
lemma auz---2: [|2 < p; zprime p; ~([k = 0](mod p));
[j x k = a* Multlnu p k * k] (mod p) || ==> [j * k = a] (mod p)
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apply (insert MultInv-prop2a [of p k] zcong-zmult-prop2
[of Multlnvp k * k 1 pj * k a])

apply (auto simp add: zmult-ac)

done

lemma auz---8: [j * k = a] (mod p) ==> [(MultInvp j) * j * k =
(MultInv p j) * a] (mod p)
by (auto simp add: zmult-assoc zcong-scalar2)

lemma aux---4: [|2 < p; zprime p; ~([j = 0](mod p));
[(MultInv p §) % j * k = (MultInv p 7) * a] (mod p) |]
==> [k = a * (MultInv p j)] (mod p)
apply (insert MultInv-prop2a [of p j] zcong-zmult-prop1
[of MultInvp j % j 1 p Multlnvp j % a k])
apply (auto simp add: zmult-ac zcong-sym)
done

lemma Multinv-zcong-prop2: [| 2 < p; zprime p; ~([k = 0](mod p));
~(lj = 0)(mod p)); [j = a + MultTno p k) (mod p) || ==>
[k = a x MultInv p j] (mod p)
apply (drule aux---1)
apply (frule auz---2, auto)
by (drule auz---3, drule aux---4, auto)

lemma MultInv-zcong-prop3: [| 2 < p; zprime p; ~([a = 0](mod p));

~([k = 0](mod p)); ~([j = 0](mod p));
[a * MultInv p j = a * MultInv p k] (mod p) || ==>
[j = k] (mod p)

apply (auto simp add: zcong-eq-zdvd-prop [of a p))
apply (frule zprime-imp-zrelprime, auto)
apply (insert zcong-cancel2 [of p a MultInv p j MultInv p k|, auto)
apply (drule MultInv-prop5, auto)
done

end

14 Residue Sets

theory Residues imports Int2 begin

Define the residue of a set, the standard residue, quadratic residues, and
prove some basic properties.

definition

ResSet ;i ant => int set => bool where

ResSet m X = (Vyl y2. (yl € X & y2 € X & [yl = y2] (mod m) ——> yl =
y2))
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definition
StandardRes :: int => int => int where
StandardRes m © = x mod m

definition
QuadRes = ant => int => bool where
QuadRes m z = (y. ([(y ~ 2) = z] (mod m)))

definition
Legendre  :: int => int => int where
Legendre a p = (if ([a = 0] (mod p)) then 0
else if (QuadRes p a) then 1
else —1)

definition
SR it int => int set where
SRp={z. (0 <z)& (z < p)}

definition
SRStar :tint => int set where
SRStar p = {z. (0 < z) & (z < p)}

14.1 Some useful properties of StandardRes

lemma StandardRes-propl: [z = StandardRes m ] (mod m)
by (auto simp add: StandardRes-def zcong-zmod)

lemma StandardRes-prop2: 0 < m ==> (StandardRes m z1 = StandardRes m
x2)
= ([z1 = z2] (mod m))
by (auto simp add: StandardRes-def zcong-zmod-eq)

lemma StandardRes-prop3: (Y[ = 0] (mod p)) = (~(StandardRes p x = 0))
by (auto simp add: StandardRes-def zcong-def dvd-eq-mod-eq-0)

lemma StandardRes-prop4: 2 < m
==> [StandardRes m z x StandardRes m y = (z * y)] (mod m)
by (auto simp add: StandardRes-def zcong-zmod-eq
mod-mult-eq [of © y m])

lemma StandardRes-lbound: 0 < p ==> 0 < StandardRes p ©
by (auto simp add: StandardRes-def pos-mod-sign)

lemma StandardRes-ubound: 0 < p ==> StandardRes p x < p
by (auto simp add: StandardRes-def pos-mod-bound)

lemma StandardRes-eq-zcong:

(StandardRes m z = 0) = ([x = 0](mod m))
by (auto simp add: StandardRes-def zcong-eq-zdvd-prop dvd-def)
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14.2 Relations between StandardRes, SRStar, and SR

lemma SRStar-SR-prop: x € SRStar p ==>z € SR p
by (auto simp add: SRStar-def SR-def)

lemma StandardRes-SR-prop: © € SR p ==> StandardRes p x = ©
by (auto simp add: SR-def StandardRes-def mod-pos-pos-trivial)

lemma StandardRes-SRStar-propl: 2 < p ==> (StandardRes p x € SRStar p)
= (%[z = 0] (mod p))
apply (auto simp add: StandardRes-prop3 StandardRes-def
SRStar-def pos-mod-bound)
apply (subgoal-tac 0 < p)
apply (drule-tac a = z in pos-mod-sign, arith, simp)
done

lemma StandardRes-SRStar-propla: x € SRStar p ==> ~([z = 0] (mod p))
by (auto simp add: SRStar-def zcong-def zdvd-not-zless)

lemma StandardRes-SRStar-prop2: [| 2 < p; zprime p; © € SRStar p |]
==> StandardRes p (MultInv p ) € SRStar p
apply (frule-tac z = (Multlnv p x) in StandardRes-SRStar-propl, simp)
apply (rule MultInv-prop3)
apply (auto simp add: SRStar-def zcong-def zdvd-not-zless)
done

lemma StandardRes-SRStar-prop3: x € SRStar p ==> StandardRes p © = «
by (auto simp add: SRStar-SR-prop StandardRes-SR-prop)

lemma StandardRes-SRStar-prop4: || zprime p; 2 < p; € SRStar p |]
==> StandardRes p x € SRStar p
by (frule StandardRes-SRStar-prop3, auto)

lemma SRStar-mult-propl: || zprime p; 2 < p; © € SRStar p; y € SRStar p|]
==> (StandardRes p (z * y)):SRStar p
apply (frule-tac x = = in StandardRes-SRStar-prop/, auto)
apply (frule-tac z = y in StandardRes-SRStar-prop4, auto)
apply (auto simp add: StandardRes-SRStar-propl zcong-zmult-prop3)
done

lemma SRStar-mult-prop2: [| zprime p; 2 < p; ~([a = 0](mod p));
z € SRStar p |]
==> StandardRes p (a x Multlnv p x) € SRStar p
apply (frule-tac x = z in StandardRes-SRStar-prop2, auto)
apply (frule-tac x = MultInv p x in StandardRes-SRStar-prop1)
apply (auto simp add: StandardRes-SRStar-propl zcong-zmult-prop3)
done

lemma SRStar-card: 2 < p ==> int(card(SRStar p)) = p — 1
by (auto simp add: SRStar-def int-card-bdd-int-set-1-1)
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lemma SRStar-finite: 2 < p ==> finite( SRStar p)
by (auto simp add: SRStar-def bdd-int-set-I-I-finite)

14.3 Properties relating ResSets with StandardRes

lemma auz: x mod m = y mod m ==> [z = y] (mod m)
apply (subgoal-tac © = y ==> [z = y](mod m))
apply (subgoal-tac [x mod m = y mod m] (mod m) ==> [z = y| (mod m))
apply (auto simp add: zcong-zmod [of x y m])
done

lemma StandardRes-inj-on-ResSet: ResSet m X ==> (inj-on (StandardRes m)
X)

apply (auto simp add: ResSet-def StandardRes-def inj-on-def)

apply (drule-tac m = m in auz, auto)

done

lemma StandardRes-Sum: || finite X; 0 < m |
==> [setsum f X = setsum (StandardRes m o f) X](mod m)
apply (rule-tac F = X in finite-induct)
apply (auto introl: zcong-zadd simp add: StandardRes-prop1)
done

lemma SR-pos: 0 < m ==> (StandardRes m ‘ X) C {z. 0 <z & x < m}
by (auto simp add: StandardRes-ubound StandardRes-lbound)

lemma ResSet-finite: 0 < m ==> ResSet m X ==> finite X
apply (rule-tac f = StandardRes m in finite-imageD)
apply (rule-tac B = {z. (0 :: int) < z & = < m} in finite-subset)
apply (auto simp add: StandardRes-inj-on-ResSet bdd-int-set-I-finite SR-pos)
done

lemma mod-mod-is-mod: [x = x mod m](mod m)
by (auto simp add: zcong-zmod)

lemma StandardRes-prod: [| finite X; 0 < m |]
==> [setprod f X = setprod (StandardRes m o f) X]| (mod m)
apply (rule-tac F = X in finite-induct)
apply (auto introl: zcong-zmult simp add: StandardRes-propl)
done

lemma ResSet-image:
[| 0 < m; ResSet m A; Vo € A Vy € A. ([fz = fyl(lmod m) ——> z = y) ||
==>
ResSet m (f < A)
by (auto simp add: ResSet-def)
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14.4 Property for SRStar

lemma ResSet-SRStar-prop: ResSet p (SRStar p)
by (auto simp add: SRStar-def ResSet-def zcong-zless-imp-eq)

end

15 Parity: Even and Odd Integers

theory FvenOdd
imports Int2
begin

definition
20dd  :: int set where
20dd ={z. 3k. 2 =2 xk + 1}

definition
zFEven :: int set where
zEBven = {z. 3k. 2 = 2 = k}

15.1 Some useful properties about even and odd

lemma 20ddI [intro?]: c = 2 x k + 1 = z € 20dd
and z0ddE [elim?]: z € 20dd = (Mk. 2 =2k + 1 = (C) = C
by (auto simp add: 20dd-def)

lemma zEvenI [intro?]: x = 2 x k = x € zEven
and zEvenE [elim?]: © € zEBven = (k.2 =2+« k = () = C
by (auto simp add: zEven-def)

lemma one-not-even: ~(1 € zEven)
proof
assume 1 € zFEven
then obtain £ :: int where 1 = 2 x k ..
then show Fulse by arith
qed

lemma even-odd-conj: ~(z € 20dd & x € zEven)
proof —
{
fix a b
assume 2 x (a:int) = 2  (b:int) + 1
then have 2 * (a:int) — 2 x (b :: int) = 1
by arith
then have 2 x (a — b) = 1
by (auto simp add: zdiff-zmult-distrib)
moreover have (2 x (a — b)):zEven
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by (auto simp only: zEven-def)
ultimately have Fulse
by (auto simp add: one-not-even)

then show ?thesis
by (auto simp add: 20dd-def zEven-def)
qed

lemma even-odd-disj: (z € z0dd | € zEven)
by (simp add: zOdd-def zEven-def) arith

lemma not-odd-impl-even: ~(xz € 20dd) ==> x € zEven
using even-odd-disj by auto

lemma odd-mult-odd-prop: (xxy):20dd ==> z € 20dd
proof (rule classical)
assume — ?thesis
then have z € zEven by (rule not-odd-impl-even)
then obtain a« where a: 2 = 2 % a ..
assume z x y : 20dd
then obtain b where z * y = 2 x b + 1 ..
with ¢ have 2 x a x y = 2 x b + 1 by simp
then have 2 x a xy — 2 x b = 1
by arith
then have 2 x (a x y — b) = 1
by (auto simp add: zdiff-zmult-distrib)
moreover have (2 x (a x y — b)):zFEven
by (auto simp only: zEven-def)
ultimately have Fulse
by (auto simp add: one-not-even)
then show ?thesis ..
qed

lemma odd-minus-one-even: x € z0dd ==> (z — 1):zEven
by (auto simp add: z0dd-def zEven-def)

lemma even-div-2-propl: x € zEven ==> (z mod 2) = 0
by (auto simp add: zEven-def)

lemma even-div-2-prop2: © € zEven ==> (2 x (z div 2)) = z
by (auto simp add: zEven-def)

lemma even-plus-even: [| © € zEven; y € zEven || ==> = + y € zEven
apply (auto simp add: zFEven-def)
apply (auto simp only: zadd-zmult-distrib2 [symmetric])
done

lemma even-times-either: x € zEven ==> z * y € zFven
by (auto simp add: zEven-def)
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lemma even-minus-even: [| © € zEven; y € zEven || ==> z — y € zEven
apply (auto simp add: zEven-def)
apply (auto simp only: zdiff-zmult-distrib2 [symmetric])
done

lemma odd-minus-odd: [| x € 20dd; y € 20dd || ==> © — y € zEven
apply (auto simp add: zOdd-def zEven-def)
apply (auto simp only: zdiff-zmult-distrib2 [symmetric])
done

lemma even-minus-odd: [| x € zEven; y € 20dd || ==> x — y € 20dd
apply (auto simp add: zOdd-def zEven-def)
apply (rule-tac x = k — ka — 1 in exl)
apply auto
done

lemma odd-minus-even: [| x € z0dd; y € zEven || ==>z — y € 20dd
apply (auto simp add: zOdd-def zEven-def)
apply (auto simp only: zdiff-zmult-distrib2 [symmetric])
done

lemma odd-times-odd: [| x € z0dd; y € 20dd || ==> z *x y € 20dd
apply (auto simp add: zOdd-def zadd-zmult-distrib zadd-zmult-distrib2)
apply (rule-tac x = 2 x ka * k + ka + k in exl)
apply (auto simp add: zadd-zmult-distrib)
done

lemma odd-iff-not-even: (z € 20dd) = (~ (z € zEven))
using even-odd-conj even-odd-disj by auto

lemma even-product: © x y € zEven ==> & € zFEven | y € zEven
using odd-iff-not-even odd-times-odd by auto

lemma even-diff: + — y € zEven = ((zv € zEven) = (y € zEven))
proof
assume zy: ¢ — y € zFEven
{
assume z: ¢ € zEven
have y € zEven
proof (rule classical)
assume — ?thesis
then have y € 20dd
by (simp add: odd-iff-not-even)
with z have =z — y € 20dd
by (simp add: even-minus-odd)
with zy have False
by (auto simp add: odd-iff-not-even)
then show ?thesis ..
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qed
} moreover {
assume y: y € zFven
have z € zFven
proof (rule classical)
assume — ?thesis
then have z € 20dd
by (auto simp add: odd-iff-not-even)
with y have z — y € 20dd
by (simp add: odd-minus-even)
with zy have False
by (auto simp add: odd-iff-not-even)
then show ?thesis ..
qed
}
ultimately show (z € zFven) = (y € zEven)
by (auto simp add: odd-iff-not-even even-minus-even odd-minus-odd
even-minus-odd odd-minus-even)
next
assume (z € zEven) = (y € zFven)
then show z — y € zFEven
by (auto simp add: odd-iff-not-even even-minus-even odd-minus-odd
even-minus-odd odd-minus-even)
qed

lemma neg-one-even-power: [| x € zEven; 0 < z || ==> (—1:int) "(nat ) = 1
proof —
assume z € zFEven and 0 < z
from (x € zEven) obtain a where z = 2 % a ..
with <0 < 2) have 0 < a by simp
from (0 < 2 and ¢ = 2 * a» have nat x = nat (2 % a)
by simp
also from z = 2 * a> have nat (2 * a) = 2 * nat a
by (simp add: nat-mult-distrib)
finally have (—1::int) "nat z = (—1) (2 * nat a)
by simp
also have ... = ((—1:int) "2) " (nat a)
by (simp add: zpower-zpower [symmetric])
also have (—1:int) "2 = 1
by simp
finally show ?thesis
by simp
qed

lemma neg-one-odd-power: [| x € 20dd; 0 < z || ==> (—1:int) "(nat x) = —1
proof —

assume z € 20dd and 0 < z

from (x € 20dd> obtain ¢ where r = 2 x a + 1 ..

with <0 < z) have a: 0 < a by simp
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with (0 < 2 and <x = 2 x a + 1> have nat t = nat (2 * a + 1)
by simp
also from a have nat (2 x a + 1) = 2 x nat a + 1
by (auto simp add: nat-mult-distrib nat-add-distrib)
finally have (—1:int) "nat x = (—1) (2 x nat a + 1)
by simp
also have ... = ((—1:int) "2) " (nat a) * (—1) "1
by (auto simp add: zpower-zpower [symmetric] zpower-zadd-distrib)
also have (—1:int) "2 = 1
by simp
finally show ?thesis
by simp
qed

lemma neg-one-power-parity: [| 0 < z; 0 < y; (z € zEven) = (y € zEven) || ==>
(—1:int) “(nat ) = (—1::int) “(nat y)
using even-odd-disj [of x] even-odd-disj [of y]
by (auto simp add: neg-one-even-power neg-one-odd-power)

lemma one-not-neg-one-mod-m: 2 < m ==> ~([1 = —1] (mod m))
by (auto simp add: zcong-def zdvd-not-zless)

lemma even-div-2-l: [| y € zEven; z < y || ==> z div 2 < y div 2
proof —

assume y € zFven and z < y

from (y € zEven> obtain k where k: y = 2 x k ..

with ¢z < » have z < 2 % k by simp

then have z div 2 < k by (auto simp add: div-propl1)

also have k = (2 % k) div 2 by simp

finally have z div 2 < 2 x k div 2 by simp

with k& show %thesis by simp
qed

lemma even-sum-div-2: || x € zEven; y € zFven || ==> (z + y) div 2 = z div 2
+ y div 2
by (auto simp add: zEven-def)

lemma even-prod-div-2: [| © € zEven || ==> (z x y) div 2 = (z div 2) x y
by (auto simp add: zEven-def)

lemma zprime-z0dd-eq-grt-2: zprime p ==> (p € 20dd) = (2 < p)
apply (auto simp add: zOdd-def zprime-def)
apply (drule-tac x = 2 in allE)
using odd-iff-not-even [of p]
apply (auto simp add: 20dd-def zEven-def)
done
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lemma neg-one-special: finite A ==>
((—1 ::int) “card A) * (—1 " card A) = 1
by (induct set: finite) auto

lemma neg-one-power: (—1::int) 'n = 1 | (—1:int) 'n = —1
by (induct n) auto

lemma neg-one-power-eqg-mod-m: [| 2 < m; [(—1::int) "j = (—1::int) k] (mod m)
]
==> ((—1:int)j = (—1:int) k)
using neg-one-power [of j] and ListMem.insert neg-one-power [of k|

by (auto simp add: one-not-neg-one-mod-m zcong-sym)

end

16 Euler’s criterion

theory Fuler imports Residues EvenOdd begin

definition
MultInvPair :: int => int => int => int set where
MultInvPair a p j = {StandardRes p j, StandardRes p (a * (MultInv p 7))}

definition
SetS :ant => int => int set set where
SetS ap = (MultInvPair a p * SRStar p)

16.1 Property for MultInvPair

lemma MultInvPair-propla:

[| zprime p; 2 < p; ~([a = 0](mod p));

X € (SetS ap); Y € (SetS a p);

(XN Y)={}) | ==>X =Y
apply (auto simp add: SetS-def)
apply (drule StandardRes-SRStar-propla)+ defer 1
apply (drule StandardRes-SRStar-propla)+
apply (auto simp add: MultInvPair-def StandardRes-prop2 zcong-sym)
apply (drule notE, rule MultInv-zcong-propl, auto)|]
apply (drule notE, rule MultInv-zcong-prop2, auto simp add: zcong-sym)][]
apply (drule MultInv-zcong-prop2, auto simp add: zcong-sym)|]
apply (drule MultInv-zcong-prop3, auto simp add: zcong-sym)|]
apply (drule MultInv-zcong-propl, auto)]]
apply (drule MultInv-zcong-prop2, auto simp add: zcong-sym)|]
apply (drule MultInv-zcong-prop2, auto simp add: zcong-sym)]]
apply (drule MultInv-zcong-prop3, auto simp add: zcong-sym)|]
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done

lemma MultInvPair-prop1b:

[| zprime p; 2 < p; ~([a = 0](mod p));
X € (SetS ap); Y € (SetS a p);
X#A£Y||=>XnNnY={}

apply (rule notnotD)

apply (rule notl)

apply (drule MultInvPair-propla, auto)

done

lemma MultIinvPair-proplc: [| zprime p; 2 < p; ~(la = 0](mod p)) |] ==>
VX eSetSap VY € SetSap. X #Y —> XnY = {}
by (auto simp add: MultInvPair-prop1b)

lemma MultInvPair-prop2: || zprime p; 2 < p; ~([a = 0](mod p)) |] ==>
Union ( SetS a p) = SRStar p
apply (auto simp add: SetS-def MultInvPair-def StandardRes-SRStar-prop/
SRStar-mult-prop2)
apply (frule StandardRes-SRStar-prop3)
apply (rule bexl, auto)
done

lemma MultInvPair-distinct: [| zprime p; 2 < p; ~([a = 0] (mod p));
~([j = 0] (mod p));
~(QuadRes p a) || ==>
~([j = a * MultInv p j] (mod p))
proof
assume zprime p and 2 < p and ~([a = 0] (mod p)) and
~([j = 0] (mod p)) and ~(QuadRes p a)
assume [j = a x MultInv p j] (mod p)
then have [j * j = (a x MultInv p j) * j] (mod p)
by (auto simp add: zcong-scalar)
then have a:[j *x j = a *x (MultInv p j x j)] (mod p)
by (auto simp add: zmult-ac)
have [j * j = a] (mod p)
proof —
from prems have b: [MultInv p j x j = 1] (mod p)
by (simp add: MultInv-prop2a)
from b a show ?thesis
by (auto simp add: zcong-zmult-prop2)
qged
then have [j°2 = a] (mod p)
by (metis number-of-is-id power2-eq-square succ-bin-simps)
with prems show Fulse
by (simp add: QuadRes-def)
qed

lemma MultInvPair-card-two: [| zprime p; 2 < p; ~([a = 0] (mod p));
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~(QuadRes p a); ~([j = 0] (mod p)) [] ==>
card (MultInvPair a p j) = 2
apply (auto simp add: MultInvPair-def)
apply (subgoal-tac ~ (StandardRes p j = StandardRes p (a x MultInv p j)))
apply auto
apply (metis MultInvPair-distinct Pls-def StandardRes-def aux number-of-is-id
one-is-num-one)
done

16.2 Properties of SetS

lemma SetS-finite: 2 < p ==> finite (SetS a p)
by (auto simp add: SetS-def SRStar-finite [of p| finite-imagel)

lemma SetS-elems-finite: ¥V X € SetS a p. finite X
by (auto simp add: SetS-def MultInvPair-def)

lemma SetS-elems-card: [| zprime p; 2 < p; ~([a = 0] (mod p));
~(QuadRes p a) || ==>
VX € SetSap. card X = 2
apply (auto simp add: SetS-def)
apply (frule StandardRes-SRStar-propla)
apply (rule MultInvPair-card-two, auto)
done

lemma Union-SetS-finite: 2 < p ==> finite (Union (SetS a p))
by (auto simp add: SetS-finite SetS-elems-finite finite-Union)

lemma card-setsum-auz: [| finite S; VX € S. finite (X::int set);
VX €8 card X = n|] ==> setsum card S = setsum (%ox. n) S
by (induct set: finite) auto

lemma SetS-card: [| zprime p; 2 < p; ~([a = 0] (mod p)); ~(QuadRes p a) |]
==>
int(card(SetS a p)) = (p — 1) div 2
proof —
assume zprime p and 2 < p and ~([a = 0] (mod p)) and ~(QuadRes p a)
then have (p — 1) = 2 x int(card(SetS a p))
proof —
have p — 1 = int(card(Union (SetS a p)))
by (auto simp add: prems MultInvPair-prop2 SRStar-card)
also have ... = int (setsum card (SetS a p))
by (auto simp add: prems SetS-finite SetS-elems-finite
MultInvPair-proplc [of p a] card-Union-disjoint)
also have ... = int(setsum (%z.2) (SetS a p))
using prems
by (auto simp add: SetS-elems-card SetS-finite SetS-elems-finite
card-setsum-auz simp del: setsum-constant)
also have ... = 2 x int(card( SetS a p))
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by (auto simp add: prems SetS-finite setsum-const2)
finally show ?thesis .
qed
from this show ?thesis
by auto
qed

lemma SetS-setprod-prop: || zprime p; 2 < p; ~([a = 0] (mod p));
~(QuadRes p a); x € (SetS a p) || ==>
[Tz = a] (mod p)
apply (auto simp add: SetS-def MultInvPair-def)
apply (frule StandardRes-SRStar-propla)
apply (subgoal-tac StandardRes p x # StandardRes p (a * MultInv p x))
apply (auto simp add: StandardRes-prop2 MultInvPair-distinct)
apply (frule-tac m = p and @ = z and y = (a¢ * MultInv p z) in
StandardRes-prop4.)
apply (subgoal-tac [z * (a * MultInv p ) = a * (x * MultInv p x)] (mod p))
apply (drule-tac a = StandardRes p © x StandardRes p (a * MultInv p z) and
b=z =+ (ax* Multlnv p z) and
¢ = ax* (x* Multlnv p z) in zcong-trans, force)
apply (frule-tac p = p and z = z in MultInv-prop2, auto)
apply (metis StandardRes-SRStar-prop3 mult-1-right mult-commute zcong-sym zcong-zmult-prop1)
apply (auto simp add: zmult-ac)

done

lemma auzl: [| 0 < z; (zint) < a;z # (a — 1) || ==>2 < a — 1
by arith

lemma auz2: || (aint) < ;b < cl|]==>(a<b|b<a)
by auto

lemma d22set-induct-old: (Na:int. 1 < a — P (a — 1) = Pa) = Pux
using d22set.induct by blast

lemma SRStar-d22set-prop: 2 < p => (SRStar p) = {1} U (d22set (p — 1))
apply (induct p rule: d22set-induct-old)
apply auto
apply (simp add: SRStar-def d22set.simps)
apply (simp add: SRStar-def d22set.simps, clarify)
apply (frule auzl)
apply (frule auz2, auto)
apply (simp-all add: SRStar-def)
apply (simp add: d22set.simps)
apply (frule d22set-le)
apply (frule d22set-g-1, auto)
done

lemma Union-SetS-setprod-prop1: || zprime p; 2 < p; ~([a = 0] (mod p)); ~ (QuadRes
pa)l==>
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([T (Union (SetS a p)) = a “nat ((p — 1) div 2)] (mod
p)
proof —
assume zprime p and 2 < p and ~([a = 0] (mod p)) and ~(QuadRes p a)
then have [[[ (Union (SetS a p)) =
setprod (setprod (%ox. x)) (SetS a p)] (mod p)
by (auto simp add: SetS-finite SetS-elems-finite
MultInvPair-proplc setprod- Union-disjoint)
also have [setprod (setprod (%ox. x)) (SetS a p) =
setprod (%ox. a) (SetS a p)] (mod p)
by (rule setprod-same-function-zcong)
(auto simp add: prems SetS-setprod-prop SetS-finite)
also (zcong-trans) have [setprod (%z. a) (SetS a p) =
a”(card (SetS a p))] (mod p)
by (auto simp add: prems SetS-finite setprod-constant)
finally (zcong-trans) show ?thesis
apply (rule zcong-trans)
apply (subgoal-tac card(SetS a p) = nat((p — 1) div 2), auto)
apply (subgoal-tac nat(int(card(SetS a p))) = nat((p — 1) div 2), force)
apply (auto simp add: prems SetS-card)

done
qed
lemma Union-SetS-setprod-prop2: || zprime p; 2 < p; ~([a = 0](mod p)) |] ==>
[1(Union (SetS a p)) = zfact (p — 1)
proof —

assume zprime p and 2 < p and ~([a = 0](mod p))
then have [[ (Union (SetS a p)) = [[ (SRStar p)
by (auto simp add: MultInvPair-prop2)
also have ... = [[ ({1} U (d22set (p — 1)))
by (auto simp add: prems SRStar-d22set-prop)
also have ... = zfact(p — 1)
proof —
have ~(1 € d22set (p — 1)) & finite( d22set (p — 1))
by (metis d22set-fin d22set-g-1 linorder-neq-iff)
then have [[ ({1} U (d22set (p — 1))) = [[(d22set (p — 1))
by auto
then show ?thesis
by (auto simp add: d22set-prod-zfact)
qed
finally show ?thesis .
qged

lemma zfact-prop: [| zprime p; 2 < p; ~([a = 0] (mod p)); ~(QuadRes p a) |]
==>
[zfact (p — 1) = a “nat ((p — 1) div 2)] (mod p)
apply (frule Union-SetS-setprod-prop1)
apply (auto simp add: Union-SetS-setprod-prop2)
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done

Prove the first part of Euler’s Criterion:

lemma Fuler-partl: [| 2 < p; zprime p; ~([x = 0](mod p));
~(QuadRes p z) || ==>
[2"(nat (((p) — 1) div 2)) = —1)(mod p)
by (metis Wilson-Russ number-of-is-id zcong-sym zcong-trans zfact-prop)

Prove another part of Euler Criterion:

lemma auz-1: 0 < p ==> (azint) “nat (p) = a x a " (nat (p) — 1)
proof —
assume 0 < p
then have a ~ (natp) = a " (1 + (natp — 1))
by (auto simp add: diff-add-assoc)

also have ... = (¢ " 1) x a " (nat(p) — 1)
by (simp only: zpower-zadd-distrib)
also have ... = a * a " (nat(p) — 1)
by auto
finally show ?thesis .
qed
lemma aux-2: [| (2::int) < p; p € 20dd || ==> 0 < ((p — 1) div 2)
proof —

assume 2 < p and p € z0dd
then have (p — 1):zEven
by (auto simp add: zEven-def 20dd-def)
then have auz-1: 2 x ((p — 1) div 2) = (p — 1)
by (auto simp add: even-div-2-prop2)
with (2 < p) have 1 < (p — 1)
by auto
then have 1 < (2 % ((p — 1) div 2))
by (auto simp add: aux-1)
then have 0 < (2 x ((p — 1) div 2)) div 2
by auto
then show ?thesis by auto
qed

lemma FEuler-part2:
[| 2 < p; zprime p; [a = 0] (mod p) |] ==> [0 = a " nat ((p — 1) div 2)] (mod

p)

apply (frule zprime-z0dd-eq-grt-2)

apply (frule auz-2, auto)

apply (frule-tac a = a in auz-1, auto)

apply (frule zcong-zmult-prop1, auto)

done

Prove the final part of Euler’s Criterion:

lemma auz--1: [| ~([z = 0] (mod p)); [y ~ 2 = z] (mod p)|] ==> ~(p dvd y)
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by (metis dvdI power2-eq-square zcong-sym zcong-trans zcong-zero-equiv-div dvd-trans)

lemma auz--2: 2 * nat((p — 1) div 2) = nat (2 x ((p — 1) div 2))
by (auto simp add: nat-mult-distrid)

lemma FEuler-part3: [| 2 < p; zprime p; ~([z = 0](mod p)); QuadRes p z || ==>

["(nat ((p) — 1) div 2)) = 1)(mod p)

apply (subgoal-tac p € 20dd)

apply (auto simp add: QuadRes-def)

prefer 2

apply (metis number-of-is-id numeral-1-eq-1 zprime-zOdd-eq-grt-2)
apply (frule auz--1, auto)

apply (drule-tac z = nat ((p — 1) div 2) in zcong-zpower)

apply (auto simp add: zpower-zpower)

apply (rule zcong-trans)

apply (auto simp add: zcong-sym [of x ~ nat ((p — 1) div 2)])
apply (metis Little-Fermat even-div-2-prop2 mult- Bit0 number-of-is-id odd-minus-one-even
one-is-num-one zmult-1 aquz--2)

done

Finally show Euler’s Criterion:

theorem FEuler-Criterion: [| 2 < p; zprime p || ==> [(Legendre a p) =
@ *(nat (((p) — 1) div 2))] (mod p)
apply (auto simp add: Legendre-def Euler-part2)
apply (frule Fuler-part3, auto simp add: zcong-sym)]]
apply (frule Fuler-partl, auto simp add: zcong-sym)]]
done

end

17 Gauss’ Lemma

theory Gauss
imports Fuler
begin

locale GAUSS =
fixes p :: int
fixes a :: int

assumes p-prime: zprime p
assumes p-g-2: 2 < p
assumes p-a-relprime: ~[a = 0](mod p)
assumes a-nonzero: 0 < a
begin
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definition
A :: int set where
A={(zzint). 0 <z &z <((p—1)div?2)}

definition

B :: int set where
B= %z xx*xa) A

definition
C :: int set where
C = StandardRes p ‘ B

definition
D :: int set where
D=Cn{z.z<((p—1)dv?2)}

definition
F ::int set where
E=Cn{z. ((p—1)dn 2) < z}

definition
F :: int set where
F= %z (p—12)) ‘E

17.1 Basic properties of p

lemma p-odd: p € 20dd
by (auto simp add: p-prime p-g-2 zprime-zOdd-eq-grt-2)

lemma p-g-0: 0 < p
using p-g-2 by auto

lemma int-nat: int (nat ((p — 1) div 2)) = (p — 1) div 2
using ListMem.insert p-g-2 by (auto simp add: pos-imp-zdiv-nonneg-iff)

lemma p-minus-one-l: (p — 1) div 2 < p
proof —
have (p — 1) div 2 < (p — 1) div 1
by (rule zdiv-mono2) (auto simp add: p-g-0)

also have ... = p — 1 by simp
finally show ¢thesis by simp
qed

lemma p-eq: p = (2% (p — 1) div 2) + 1
using div-mult-self1-is-id [of 2 p — 1] by auto

lemma (in —) zodd-imp-zdiv-eq: © € 20dd ==> 2 * (z — 1) div 2 = 2 % ((z —
1) div 2)
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apply (frule odd-minus-one-even)

apply (simp add: zEven-def)

apply (subgoal-tac 2 # 0)

apply (frule-tac b = 2 :: int and a = © — 1 in div-mult-self1-is-id)
apply (auto simp add: even-div-2-prop2)

done

lemma p-eq2: p= (2% ((p — 1) div 2)) + 1
apply (insert p-eq p-prime p-g-2 zprime-zOdd-eq-grt-2 [of p], auto)
apply (frule zodd-imp-zdiv-eq, auto)
done

17.2 Basic Properties of the Gauss Sets

lemma finite-A: finite (A)

apply (auto simp add: A-def)

apply (subgoal-tac {z. 0 <z & a2 <(p—1)div2} C{z. 0 <z &ax <1+ (p
— 1) div 2})

apply (auto simp add: bdd-int-set-I-finite finite-subset)

done

lemma finite-B: finite (B)
by (auto simp add: B-def finite-A finite-imagel)

lemma finite-C: finite (C)
by (auto simp add: C-def finite-B finite-imagel )

lemma finite-D: finite (D)
by (auto simp add: D-def finite-Int finite-C)

lemma finite-E: finite (E)
by (auto simp add: E-def finite-Int finite-C')

lemma finite-F': finite (F)
by (auto simp add: F-def finite-E finite-imagel)

lemma C-eq: C = DU E
by (auto simp add: C-def D-def E-def)

lemma A-card-eq: card A = nat ((p — 1) div 2)
apply (auto simp add: A-def)
apply (insert int-nat)
apply (erule subst)
apply (auto simp add: card-bdd-int-set-I-le)
done

lemma inj-on-za-A: inj-on (%z. z * a) A
using a-nonzero by (simp add: A-def inj-on-def)
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lemma A-res: ResSet p A
apply (auto simp add: A-def ResSet-def)
apply (rule-tac m = p in zcong-less-eq)
apply (insert p-g-2, auto)
done

lemma B-res: ResSet p B
apply (insert p-g-2 p-a-relprime p-minus-one-l)
apply (auto simp add: B-def)
apply (rule ResSet-image)
apply (auto simp add: A-res)
apply (auto simp add: A-def)
proof —
fix z fix y
assume a: [z * ¢ = y * a] (mod p)
assume b: 0 < z
assume c: z < (p — 1) div 2
assume d: 0 < y
assume e: y < (p — 1) div 2
from a p-a-relprime p-prime a-nonzero zcong-cancel [of p a z y]
have [z = y](mod p)
by (simp add: zprime-imp-zrelprime zcong-def p-g-0 order-le-less)
with zcong-less-eq [of = y p] p-minus-one-1
order-le-less-trans [of z (p — 1) div 2 p]
order-le-less-trans [of y (p — 1) div 2 p] show z = y
by (simp add: prems p-minus-one-l p-g-0)
qed

lemma SR-B-inj: inj-on (StandardRes p) B
apply (auto simp add: B-def StandardRes-def inj-on-def A-def prems)
proof —
fix z fix y
assume a:  * a mod p = y * a mod p
assume b: 0 < z
assume c¢: z < (p — 1) div 2
assume d: 0 < y
assume e: y < (p — 1) div 2
assume f: z £ y
from a have [z * a = y * a](mod p)
by (simp add: zcong-zmod-eq p-g-0)
with p-a-relprime p-prime a-nonzero zcong-cancel [of p a z y)
have [z = y](mod p)
by (simp add: zprime-imp-zrelprime zcong-def p-g-0 order-le-less)
with zcong-less-eq [of © y p| p-minus-one-l
order-le-less-trans [of  (p — 1) div 2 p]
order-le-less-trans [of y (p — 1) div 2 p] have © = y
by (simp add: prems p-minus-one-l p-g-0)
then have Fulse
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by (simp add: f)
then show a = 0
by simp
qed

lemma inj-on-pminusz-E: inj-on (%z. p — z) E
apply (auto simp add: E-def C-def B-def A-def)
apply (rule-tac g = %z. —1 * (x — p) in inj-on-inversel)
apply auto
done

lemma A-ncong-p: x € A ==> ~[z = 0](mod p)
apply (auto simp add: A-def)
apply (frule-tac m = p in zcong-not-zero)
apply (insert p-minus-one-l)
apply auto
done

lemma A-greater-zero: x € A ==> 0 < z
by (auto simp add: A-def)

lemma B-ncong-p: © € B ==> ~[z = 0](mod p)
apply (auto simp add: B-def)
apply (frule A-ncong-p)
apply (insert p-a-relprime p-prime a-nonzero)
apply (frule-tac a« = z and b = a in zcong-zprime-prod-zero-contra)
apply (auto simp add: A-greater-zero)
done

lemma B-greater-zero: x € B ==> 0 < x
using a-nonzero by (auto simp add: B-def mult-pos-pos A-greater-zero)

lemma C-ncong-p: x € C ==> ~[z = 0](mod p)
apply (auto simp add: C-def)
apply (frule B-ncong-p)
apply (subgoal-tac [x = StandardRes p z](mod p))
defer apply (simp add: StandardRes-propl)
apply (frule-tac a = = and b = StandardRes p x and ¢ = 0 in zcong-trans)
apply auto
done

lemma C-greater-zero: y € C ==> 0 < y
apply (auto simp add: C-def)

proof —
fix z
assume a: ¢ € B
from p-g-0 have 0 < StandardRes p x

by (simp add: StandardRes-lbound)

moreover have ~[z = 0] (mod p)
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by (simp add: a B-ncong-p)
then have StandardRes p x # 0
by (simp add: StandardRes-prop3)
ultimately show 0 < StandardRes p x
by (simp add: order-le-less)
qed

lemma D-ncong-p: ¢ € D ==> ~[z = 0](mod p)
by (auto simp add: D-def C-ncong-p)

lemma E-ncong-p: ¢ € E ==> ~[z = 0](mod p)
by (auto simp add: E-def C-ncong-p)

lemma F-ncong-p: ¢ € F ==> ~[z = 0](mod p)
apply (auto simp add: F-def)
proof —
fix x assume a: x € F assume b: [p — z = 0] (mod p)
from E-ncong-p have ~[z = 0] (mod p)
by (simp add: a)
moreover from ¢ have 0 < z
by (simp add: a E-def C-greater-zero)
moreover from ¢ have z < p
by (auto simp add: E-def C-def p-g-0 StandardRes-ubound)
ultimately have ~[p — 2 = 0] (mod p)
by (simp add: zcong-not-zero)
from this show False by (simp add: b)
qged

lemma F-subset: F C{z. 0 <z &z < ((p — 1) div 2)}
apply (auto simp add: F-def E-def)
apply (insert p-g-0)
apply (frule-tac * = za in StandardRes-ubound)
apply (frule-tac z = z in StandardRes-ubound)
apply (subgoal-tac za = StandardRes p za)
apply (auto simp add: C-def StandardRes-prop2 StandardRes-prop1)
proof —
from zodd-imp-zdiv-eq p-prime p-g-2 zprime-zOdd-eq-grt-2 have
2% (p—1)div2=2x(p—1)div2)
by simp
with p-eq2 show !lz. [| (p — 1) div 2 < StandardRes p x; x € B ||
==> p — StandardRes p x < (p — 1) div 2
by simp
qged

lemma D-subset: D C {z. 0 <z & z < ((p — 1) div 2)}
by (auto simp add: D-def C-greater-zero)

lemma F-eq: F = {z. 3y € A. (z = p — (StandardRes p (y*a)) & (p — 1) div
2 < StandardRes p (y*a))}
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by (auto simp add: F-def E-def D-def C-def B-def A-def)

lemma D-eq: D = {z. 3y € A. ( x = StandardRes p (y*a) & StandardRes p (y*a)
<(p-—1)div2)}
by (auto simp add: D-def C-def B-def A-def)

lemma D-leq: x € D ==> 2 < (p — 1) div 2
by (auto simp add: D-eq)

lemma F-ge: x € F ==>z < (p— 1) div 2
apply (auto simp add: F-eq A-def)
proof —
fix y
assume (p — 1) div 2 < StandardRes p (y * a)
then have p — StandardRes p (y x a) < p — ((p — 1) div 2)
by arith
also from p-eq2 have ... = 2 % (p — 1) dw 2) + 1 — ((p — 1) div 2)
by auto
alsohave 2 x ((p — 1) diw2)+1 —(p—1)div2 =(p—1)div2 + 1
by arith
finally show p — StandardRes p (y * a) < (p — 1) div 2
using zless-add1-eq [of p — StandardRes p (y x a) (p — 1) div 2] by auto
qed

lemma all-A-relprime: Yz € A. zged zp = 1
using p-prime p-minus-one-l by (auto simp add: A-def zless-zprime-imp-zrelprime)

lemma A-prod-relprime: zgcd (setprod id A) p = 1
by (rule all-relprime-prod-relprime[OF finite-A all-A-relprime))

17.3 Relationships Between Gauss Sets

lemma B-card-eq-A: card B = card A
using finite-A by (simp add: finite-A B-def inj-on-ra-A card-image)

lemma B-card-eq: card B = nat ((p — 1) div 2)
by (simp add: B-card-eq-A A-card-eq)

lemma F-card-eq-E: card F = card E
using finite-E by (simp add: F-def inj-on-pminusz-E card-image)

lemma C-card-eq-B: card C = card B
apply (insert finite-B)
apply (subgoal-tac inj-on (StandardRes p) B)
apply (simp add: B-def C-def card-image)
apply (rule StandardRes-inj-on-ResSet)
apply (simp add: B-res)
done
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lemma D-E-disj: D N E = {}
by (auto simp add: D-def E-def)

lemma C-card-eq-D-plus-E: card C = card D + card E
by (auto simp add: C-eq card-Un-disjoint D-E-disj finite-D finite-E)

lemma C-prod-eq-D-times-E: setprod id E * setprod id D = setprod id C
apply (insert D-E-disj finite-D finite-E C-eq)
apply (frule setprod-Un-disjoint [of D E id))
apply auto
done

lemma C-B-zcong-prod: [setprod id C = setprod id B] (mod p)
apply (auto simp add: C-def)
apply (insert finite-B SR-B-inj)
apply (frule-tac f = StandardRes p in setprod-reindez-id [symmetric], auto)
apply (rule setprod-same-function-zcong)
apply (auto simp add: StandardRes-propl zcong-sym p-g-0)
done

lemma F-Un-D-subset: (F U D) C A
apply (rule Un-least)
apply (auto simp add: A-def F-subset D-subset)
done

lemma F-D-disj: (F N D) = {}
apply (simp add: F-eq D-eq)
apply (auto simp add: F-eq D-eq)
proof —

fix y fix ya

assume p — StandardRes p (y * a) = StandardRes p (ya * a)

then have p = StandardRes p (y * a) + StandardRes p (ya * a)
by arith

moreover have p dvd p
by auto

ultimately have p dvd (StandardRes p (y * a) + StandardRes p (ya * a))
by auto

then have a: [StandardRes p (y * a) + StandardRes p (ya * a) = 0] (mod p)
by (auto simp add: zcong-def)

have [y * a = StandardRes p (y * a)] (mod p)
by (simp only: zcong-sym StandardRes-propl)

moreover have [ya * a = StandardRes p (ya * a)] (mod p)
by (simp only: zcong-sym StandardRes-propl)

ultimately have [y * a + ya * a =
StandardRes p (y * a) + StandardRes p (ya * a)] (mod p)
by (rule zcong-zadd)

with ¢ have [y *x a + ya * a = 0] (mod p)
apply (elim zcong-trans)
by (simp only: zcong-refl)
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also have y * a + ya x a = a * (y + ya)
by (simp add: zadd-zmult-distrib2 zmult-commute)

finally have [a * (y + ya) = 0] (mod p) .

with p-prime a-nonzero zcong-zprime-prod-zero [of p a y + ya]
p-a-relprime

have a: [y + ya = 0] (mod p)
by auto

assume b: y € A and c¢: ya: A

with A-def have 0 < y + ya
by auto

moreover from b ¢ A-def have y + ya < (p — 1) div 2 + (p — 1) div 2
by auto

moreover from b ¢ p-eq2 A-def have y + ya < p
by auto

ultimately show Fulse
apply simp
apply (frule-tac m = p in zcong-not-zero)
apply (auto simp add: a)
done

qed

lemma F-Un-D-card: card (F U D) = nat ((p — 1) div 2)
proof —
have card (F U D) = card E + card D
by (auto simp add: finite-F finite-D F-D-disj
card-Un-disjoint F-card-eq-F)
then have card (F U D) = card C
by (simp add: C-card-eq-D-plus-E)
from this show card (F U D) = nat (p — 1) div 2)
by (simp add: C-card-eq-B B-card-eq)
qed

lemma F-Un-D-eq-A: FUD = A
using finite-A F-Un-D-subset A-card-eq F-Un-D-card by (auto simp add: card-seteq)

lemma prod-D-F-eq-prod-A:
(setprod id D) x (setprod id F) = setprod id A
apply (insert F-D-disj finite-D finite-F')
apply (frule setprod-Un-disjoint [of F D id])
apply (auto simp add: F-Un-D-eq-A)
done

lemma prod-F-zcong:
[setprod id F = ((—1) " (card E)) x (setprod id E)] (mod p)
proof —
have setprod id F = setprod id (op — p ‘ E)
by (auto simp add: F-def)
then have setprod id F = setprod (op — p) E
apply simp
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apply (insert finite-E inj-on-pminusz-E)
apply (frule-tac f = op — p in setprod-reindez-id, auto)
done

then have one:
[setprod id F = setprod (StandardRes p o (op — p)) E] (mod p)
apply simp
apply (insert p-g-0 finite-E StandardRes-prod)
by (auto)

moreover have a: Vz € E. [p — z = 0 — z] (mod p)
apply clarify
apply (insert zcong-id [of p])
apply (rule-tac a = p and m = p and ¢ = z and d = z in zcong-zdiff , auto)
done

moreover have b: Vz € E. [StandardRes p (p — z) = p — z](mod p)
apply clarify
apply (simp add: StandardRes-propl zcong-sym)
done

moreover have Vz € E. [StandardRes p (p — z) = — z](mod p)
apply clarify
apply (insert a b)
apply (rule-tac b = p — x in zcong-trans, auto)
done

ultimately have c:
[setprod (StandardRes p o (op — p)) E = setprod (uminus) E](mod p)
apply simp
using finite-F p-g-0

setprod-same-function-zcong [of E StandardRes p o (op — p) uminus p)

by auto

then have two: [setprod id F = setprod (uminus) E](mod p)
apply (insert one c)
apply (rule zcong-trans [of setprod id F

setprod (StandardRes p o op — p) E p
setprod uminus E|, auto)

done

also have setprod uminus E = (setprod id E) x (—1) *(card E)
using finite-E by (induct set: finite) auto

then have setprod uminus E = (—1) " (card E) * (setprod id E)
by (simp add: zmult-commute)

with two show ?thesis
by simp

qed

17.4 Gauss’ Lemma

lemma auz: setprod id A x —1 “card E * a " card A * —1 " card E = setprod id
Axa " card A
by (auto simp add: finite-E neg-one-special)

theorem pre-gauss-lemma:
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[a “nat((p — 1) div 2) = (—1) " (card E)] (mod p)
proof —
have [setprod id A = setprod id F « setprod id D](mod p)
by (auto simp add: prod-D-F-eq-prod-A zmult-commute cong del:setprod-cong)
then have [setprod id A = ((—1) “(card E) * setprod id F) x
setprod id D] (mod p)
apply (rule zcong-trans)
apply (auto simp add: prod-F-zcong zcong-scalar cong del: setprod-cong)
done
then have [setprod id A = ((—1) “(card E) * setprod id C)] (mod p)
apply (rule zcong-trans)
apply (insert C-prod-eq-D-times-E, erule subst)
apply (subst zmult-assoc, auto)
done
then have [setprod id A = ((—1) “(card E) * setprod id B)] (mod p)
apply (rule zcong-trans)
apply (simp add: C-B-zcong-prod zcong-scalar? cong del:setprod-cong)
done
then have [setprod id A = ((—1) "(card E) x
(setprod id (%z.  x a)  A)))] (mod p)
by (simp add: B-def)
then have [setprod id A = ((—1) *(card E) * (setprod (%z. x * a) A))]
(mod p)
by (simp add:finite-A inj-on-za-A setprod-reindez-id[symmetric] cong del:setprod-cong)
moreover have setprod (%zx. z x a) A =
setprod (%ox. a) A * setprod id A
using finite-A by (induct set: finite) auto
ultimately have [setprod id A = ((—1) “(card E) * (setprod (%z. a) A *
setprod id A))] (mod p)
by simp
then have [setprod id A = ((—1) “(card E) * a"(card A) *
setprod id A)](mod p)
apply (rule zcong-trans)
apply (simp add: zcong-scalar2 zcong-scalar finite-A setprod-constant zmult-assoc)
done
then have a: [setprod id A x (—1) "(card E) =
((=1)"(card E) x a"(card A) * setprod id A x (—1)"(card E))](mod p)
by (rule zcong-scalar)
then have [setprod id A x (—1) *(card E) = setprod id A x
(—1)"(card E) x a"(card A) x (—1) *(card E)](mod p)
apply (rule zcong-trans)
apply (simp add: a mult-commute mult-left-commute)
done
then have [setprod id A * (—1) *(card E) = setprod id A x
a”(card A)](mod p)
apply (rule zcong-trans)
apply (simp add: aux cong del:setprod-cong)
done
with this zcong-cancel2 [of p setprod id A —1 ~ card E a * card A]
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p-g-0 A-prod-relprime have [—1 " card E = a " card A](mod p)
by (simp add: order-less-imp-le)
from this show ?thesis
by (simp add: A-card-eq zcong-sym)
qed

theorem gauss-lemma: (Legendre a p) = (—1) " (card E)
proof —
from FEuler-Criterion p-prime p-g-2 have
[(Legendre a p) = a"(nat (((p) — 1) div 2))] (mod p)
by auto
moreover note pre-gauss-lemma
ultimately have [(Legendre a p) = (—1) " (card E)] (mod p)
by (rule zcong-trans)
moreover from p-a-relprime have (Legendre a p) = 1 | (Legendre a p) = (—1)
by (auto simp add: Legendre-def)
moreover have (—1::int) " (card E) = 1 | (—1::int) " (card E) = —1
by (rule neg-one-power)
ultimately show ?thesis
by (auto simp add: p-g-2 one-not-neg-one-mod-m zcong-sym)
qed

end

end

18 The law of Quadratic reciprocity

theory Quadratic-Reciprocity
imports Gauss
begin

Lemmas leading up to the proof of theorem 3.3 in Niven and Zuckerman’s
presentation.

context GAUSS
begin

lemma QRLemmal: a * setsum id A =
p * setsum (%ox. ((z * a) div p)) A + setsum id D + setsum id E
proof —
from finite-A have a * setsum id A = setsum (%z. a x z) A
by (auto simp add: setsum-const-mult id-def)
also have setsum (%z. a * ) = setsum (%z. T * a)
by (auto simp add: zmult-commute)
also have setsum (%z. z * a) A = setsum id B
by (simp add: B-def setsum-reindez-id[OF inj-on-za-A])
also have ... = setsum (%z. p * (x div p) + StandardRes p ) B
by (auto simp add: StandardRes-def zmod-zdiv-equality)
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also have ... = setsum (%z. p * (x div p)) B + setsum (StandardRes p) B
by (rule setsum-addf)

also have setsum (StandardRes p) B = setsum id C
by (auto simp add: C-def setsum-reindexz-id|OF SR-B-inj))

also from C-eq have ... = setsum id (D U E)
by auto
also from finite-D finite-E have ... = setsum id D + setsum id F

by (rule setsum-Un-disjoint) (auto simp add: D-def E-def)
also have setsum (%z. p = (z div p)) B =
setsum ((%oxz. p * (z div p)) o (%z. (z * a))) A
by (auto simp add: B-def setsum-reindex inj-on-za-A)
also have ... = setsum (%x. p * ((z % a) div p)) A
by (auto simp add: o-def)
also from finite-A have setsum (%z. p * ((z * a) div p)) 4 =
p * setsum (%ox. ((x * a) div p)) A
by (auto simp add: setsum-const-mult)
finally show ?thesis by arith
qed

lemma QRLemmaZ2: setsum id A = p * int (card E) — setsum id E +
setsum id D
proof —
from F-Un-D-eg-A have setsum id A = setsum id (D U F)
by (simp add: Un-commute)
also from F-D-disj finite-D finite-F
have ... = setsum id D + setsum id F
by (auto simp add: Int-commute intro: setsum-Un-disjoint)
also from F-def have F = (%z. (p — z)) ‘E
by auto
also from finite-E inj-on-pminusz-E have setsum id ((%z. (p — x)) ‘E) =
setsum (%ox. (p — z)) E
by (auto simp add: setsum-reindez)
also from finite-F have setsum (op — p) E = setsum (%z. p) E — setsum id E
by (auto simp add: setsum-subtractf id-def)
also from finite-E have setsum (%x. p) E = p * int(card E)
by (intro setsum-const)
finally show ?thesis
by arith
qed

lemma QRLemma3: (a — 1) * setsum id A =
p * (setsum (%ox. ((z * a) div p)) A — int(card E)) + 2 * setsum id E
proof —
have (a — 1) * setsum id A = a x setsum id A — setsum id A
by (auto simp add: zdiff-zmult-distrib)
also note QRLemmal
also from QRLemma2 have p x (> z € A. x * a div p) + setsum id D +
setsum id E — setsum id A =
p*x (O x € A zxadvp)+ setsum id D +
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setsum id E — (p * int (card E) — setsum id E + setsum id D)
by auto
also have ... = p x Dz € A. z x a div p) —
p * int (card E) + 2 * setsum id E
by arith
finally show ?thesis
by (auto simp only: zdiff-zmult-distrib2)
qed

lemma QRLemma4: a € z0dd ==>
(setsum (%z. ((z * a) div p)) A € zFven) = (int(card E): zEven)
proof —
assume a-odd: a € z0dd
from QRLemma3 have a: p x (setsum (%z. ((z * a) div p)) A — int(card E))

(a — 1) * setsum id A — 2 * setsum id E

by arith

from a-odd have a — 1 € zFEven
by (rule odd-minus-one-even)

hence (a — 1) * setsum id A € zEven
by (rule even-times-either)

moreover have 2 x setsum id E € zEven
by (auto simp add: zEven-def)

ultimately have (a — 1) % setsum id A — 2 x setsum id E € zEven
by (rule even-minus-even)

with a have p * (setsum (%z. ((x * a) div p)) A — int(card E)): zEven
by simp

hence p € zEven | (setsum (%z. ((z * a) div p)) A — int(card E)): zEven
by (rule EvenOdd.even-product)

with p-odd have (setsum (%z. ((z * a) div p)) A — int(card E)): zEven
by (auto simp add: odd-iff-not-even)

thus ?thesis
by (auto simp only: even-diff [symmetric])

qed

lemma QRLemma): a € z0dd ==>
(—1:int) “(card E) = (—1::int) “(nat(setsum (%z. ((z * a) div p)) A))
proof —
assume a € z0dd
from QRLemmad [OF this] have
(int(card E): zEven) = (setsum (%z. ((z * a) div p)) A € zEven) ..
moreover have 0 < int(card F)
by auto
moreover have 0 < setsum (%z. ((z * a) div p)) A
proof (intro setsum-nonneg)
show Vz € A. 0 <z *xadivp
proof
fix z
assume z € A
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then have 0 < z
by (auto simp add: A-def)
with a-nonzero have 0 < z % a
by (auto simp add: zero-le-mult-iff)
with p-g-2 show 0 < z *x a div p
by (auto simp add: pos-imp-zdiv-nonneg-iff )
qed
qed
ultimately have (—1::int) "nat((int (card E))) =
(=1)"nat((O_z € A. z x a div p)))
by (intro neg-one-power-parity, auto)
also have nat (int(card E)) = card E
by auto
finally show ?thesis .
qed

end

lemma Main@QRLemma: [| a € 20dd; 0 < a; ~([a =

b;
A={z. 0 <z &z <(p—1)div2}| ==>

0] (mod p)); zprime p; 2 <

(Legendre a p) = (—1:int) "(nat(setsum (%ox. ((z * a) div p)) A))

apply (subst GAUSS.gauss-lemma)
apply (auto simp add: GAUSS-def)
apply (subst GAUSS.QRLemmab)

apply (auto simp add: GAUSS-def)
(

apply (simp add: GAUSS.A-def [OF GAUSS .intro] GAUSS-def)

done

18.1 Stuff about S, S1 and S2

locale QRTEMP =
fixes p 2ant
fixes ¢ ant

assumes p-prime: zprime p

assumes p-g-2: 2 < p

assumes g-prime: zprime ¢

assumes ¢-g-2: 2 < q

assumes p-neq-q: P Fq
begin

definition
P-set :: int set where
Pset ={z. 0<z&z<((p—1)dv?2)}

definition
Q-set :: int set where
Q-set ={z. 0 <z &x<((¢g—1)div2)}
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definition
S i (int * int) set where
S = P-set <x> Q-set

definition
S1 :: (int * int) set where

S1={(z,y). (z,9):5 & ((p*y) < (¢g*w)}

definition
S2 :: (int * int) set where

S2 ={ (z,9). (z, y):S & ((¢ xz) < (p x y)) }

definition
f1 i int => (int * int) set where
f15={01y). G1,9):8 &ji =j & (y < (g*j) divp)}

definition
f2 i int => (int * int) set where
25 =A{(z,j1). (z,j1):8 & jl =j & (z < (p *j) div q) }

lemma p-fact: 0 < (p — 1) div 2

proof —
from p-¢g-2 have 2 < p — 1 by arith
then have 2 div 2 < (p — 1) div 2 by (rule zdiv-monol, auto)
then show ?thesis by auto

qed

lemma g¢-fact: 0 < (¢ — 1) div 2

proof —
from ¢-g-2 have 2 < ¢ — 1 by arith
then have 2 div 2 < (¢ — 1) div 2 by (rule zdiv-monol, auto)
then show ?thesis by auto

qed

lemma pb-neg-ga: [|[1 < b; b < (¢ — 1) div 2 || ==>
(p*b# qx*a)
proof
assume px b=¢gxacand I <band b < (¢ — 1) div 2
then have ¢ dvd (p * b) by (auto simp add: dvd-def)
with g-prime p-g-2 have q dvd p | q dvd b
by (auto simp add: zprime-zdvd-zmult)
moreover have ~ (¢ dvd p)
proof
assume q dvd p
with p-prime have ¢ =1 | ¢g=1p
apply (auto simp add: zprime-def QRTEMP-def)
apply (drule-tac x = q and R = Fulse in allE)
apply (simp add: QRTEMP-def)
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apply (subgoal-tac 0 < ¢, simp add: QRTEMP-def)
apply (insert prems)
apply (auto simp add: QRTEMP-def)
done
with ¢-g-2 p-neq-q show Fulse by auto
qed
ultimately have ¢ dvd b by auto
then have ¢ < b
proof —
assume ¢ dvd b
moreover from prems have 0 < b by auto
ultimately show ?thesis using zdvd-bounds [of q b] by auto
qed
with prems have ¢ < (¢ — 1) div 2 by auto
then have 2 x ¢ < 2 x ((¢ — 1) div 2) by arith
then have 2 x ¢ < q — 1
proof —
assume 2 x ¢ < 2 % ((¢ — 1) div 2)
with prems have ¢ € z0dd by (auto simp add: QRTEMP-def zprime-2z0dd-eq-grt-2)
with odd-minus-one-even have (¢ — 1):zEven by auto
with even-div-2-prop2 have (¢ — 1) = 2 x ((¢ — 1) div 2) by auto
with prems show ?thesis by auto
qed
then have pi1: ¢ < —1 by arith
with ¢-¢g-2 show Fulse by auto
qed

lemma P-set-finite: finite (P-set)
using p-fact by (auto simp add: P-set-def bdd-int-set-I-le-finite)

lemma Q-set-finite: finite (Q-set)
using ¢-fact by (auto simp add: Q-set-def bdd-int-set-l-le-finite)

lemma S-finite: finite S
by (auto simp add: S-def P-sel-finite Q-set-finite finite-cartesian-product)

lemma S1-finite: finite S1
proof —
have finite S by (auto simp add: S-finite)
moreover have S1 C S by (auto simp add: S1-def S-def)
ultimately show ?thesis by (auto simp add: finite-subset)
qed

lemma S2-finite: finite S2
proof —
have finite S by (auto simp add: S-finite)
moreover have 52 C S by (auto simp add: S2-def S-def)
ultimately show ?thesis by (auto simp add: finite-subset)
qed
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lemma P-set-card: (p — 1) div 2 = int (card (P-set))
using p-fact by (auto simp add: P-set-def card-bdd-int-set-I-le)

lemma Q-set-card: (¢ — 1) div 2 = int (card (Q-set))
using g-fact by (auto simp add: Q-set-def card-bdd-int-set-I-le)

lemma S-card: ((p — 1) div 2) * ((¢ — 1) div 2) = int (card(S))
using P-set-card Q-set-card P-set-finite Q-set-finite
by (auto simp add: S-def zmult-int setsum-constant)

lemma S1-Int-S2-prop: S1 N S2 = {}
by (auto simp add: S1-def S2-def)

lemma S1-Union-S2-prop: S = S1 U S2
apply (auto simp add: S-def P-set-def Q-set-def S1-def S2-def)
proof —
fix a and b
assume ~ ¢gx a < p*xband bl: 0 < band b2: b < (¢ — 1) div 2
with zless-linear have (p x b < ¢« a) | (p * b = ¢ * a) by auto
moreover from pb-neg-qa b1 b2 have (p x b # q * a) by auto
ultimately show p * b < ¢ * a by auto
qed

lemma card-sum-S1-S2: ((p — 1) div 2) * ((¢ — 1) div 2) =
int(card(S1)) + int(card(S2))
proof —
have ((p — 1) div 2) x ((¢ — 1) div 2) = int (card(S))
by (auto simp add: S-card)
also have ... = int( card(S1) + card(S2))
apply (insert S1-finite S2-finite S1-Int-S2-prop S1-Union-S2-prop)
apply (drule card-Un-disjoint, auto)

done
also have ... = int(card(S1)) + int(card(S2)) by auto
finally show ?thesis .
qed
lemma auzla: [| 0 < a; a < (p — 1) div 2;
0<b;b<(q—1)div2l| ==>
(prxb<gx*xa)=(b<qx*adivp)

proof —
assume 0 < cand a < (p — 1) div2and 0 < band b < (¢ — 1) div 2
have px b< ¢gxa==>b<qgxadivp
proof —
assume p x b < g x a
then have p x b < ¢ x a by auto
then have (p x b) divp < (¢ * a) div p
by (rule zdiv-monol) (insert p-g-2, auto)
then show b < (¢ * a) div p
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apply (subgoal-tac p # 0)
apply (frule div-mult-self1-is-id, force)
apply (insert p-g-2, auto)
done
qed
moreover have b < gx adivp ==>p*x b < ¢ * a
proof —
assume b < g *x a div p
then have p x b < p *x ((¢ * a) div p)
using p-¢g-2 by (auto simp add: mult-le-cancel-left)
also have ... < g x a
by (rule zdiv-leg-prop) (insert p-g-2, auto)
finally have p x b < ¢ x a .
then have p x b < g*xa|pxb=g¢gxa
by (simp only: order-le-imp-less-or-eq)
moreover have p x b £ ¢ x a
by (rule pb-neg-qa) (insert prems, auto)
ultimately show ?thesis by auto
qed
ultimately show ?thesis ..
qed

lemma auzib: [| 0 < a; a < (p — 1) div 2;
0<bb§(q 1) div 2 || ==>
(gxa<pxbd)=(a<p=xbdivq)
proof —
assume 0 < aand a < (p — 1) div2and 0 < band b < (¢ — 1) div 2
have ¢ x a < p*xb==>a < pxbdivq
proof —
assume ¢ x a < p x b
then have ¢ x a < p * b by auto
then have (¢ * a) div g < (p x b) div ¢
by (rule zdiv-monol) (insert q¢-g-2, auto)
then show a < (p x b) div ¢
apply (subgoal-tac q # 0)
apply (frule div-mult-self-is-id, force)
apply (insert ¢-g-2, auto)
done
qed
moreover have ¢ < p x bdivqg==>q¢*xa <p=xb
proof —
assume a < p * b div ¢
then have ¢ x a < g x ((p x b) div q)
using ¢-g-2 by (auto simp add: mult-le-cancel-left)
also have ... < p x b
by (rule zdiv-leg-prop) (insert ¢-g-2, auto)
finally have ¢ x a < p % b .
then have g x a < pxb|g*xa=p=x*bd
by (simp only: order-le-imp-less-or-eq)
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moreover have p x b # ¢ x a
by (rule pb-neg-qa) (insert prems, auto)
ultimately show ?thesis by auto

qed
ultimately show ?thesis ..
qed
lemma (in —) auz2: [| zprime p; zprime q; 2 < p; 2 < q || ==>
(g% ((p— 1) div2)divp <(qg—1)div?2
proof—

assume zprime p and zprime g and 2 < p and 2 < ¢

then have p € 20dd & ¢ € 20dd
by (auto simp add: zprime-zOdd-eq-grt-2)
then have evenl: (p — 1):zEven & (¢ — 1):zEven
by (auto simp add: odd-minus-one-even)
then have even2: (2 * p):zEven & ((¢ — 1) * p):zEven
by (auto simp add: zEven-def)
then have evend: (((¢ — 1) * p) + (2 * p)):zEven
by (auto simp: EvenOdd.even-plus-even)

from prems have ¢ * (p — 1) < ((¢ — 1) * p) + (2 * p)
by (auto simp add: int-distrib)
then have ((p — 1) % ¢q) div 2 < (((¢ — 1) * p) + (2 * p)) div 2
apply (rule-tac x = ((p — 1) * q) in even-div-2-1)
by (auto simp add: evend, auto simp add: zmult-ac)
also have ((p — 1) x q) div 2 =qx ((p — 1) div 2)
by (auto simp add: evenl even-prod-div-2)
also have (((¢ — 1) *p) + (2% p)) div2 = (((¢ — 1) div 2) xp) + p
by (auto simp add: evenl even2 even-prod-div-2 even-sum-div-2)
finally show ?thesis
apply (rule-tacx = q* ((p — 1) div 2) and
y = (¢ — 1) div 2 in div-prop2)
using prems by auto
qed

lemma aux3a: Vj € P-set. int (card (f1 j)) = (¢ * j) div p
proof
fix j
assume j-fact: j € P-set
have int (card (f1 j)) = int (card {y. y € Q-set & y < (¢ * j) div p})
proof —
have finite (f1 j)
proof —
have (f1 j) C S by (auto simp add: f1-def)
with S-finite show ?thesis by (auto simp add: finite-subset)
qed
moreover have inj-on (%(z,y). y) (f1 7)
by (auto simp add: f1-def inj-on-def)
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ultimately have card ((%(z,y). y) * (f1 j)) = card (f1 j)
by (auto simp add: f1-def card-image)
moreover have ((%(z,y). y) * (f1 7)) ={y. y € Q-set & y < (q * j) div p}
using prems by (auto simp add: f1-def S-def Q-set-def P-set-def image-def)
ultimately show ?thesis by (auto simp add: f1-def)
qed
also have ... = int (card {y. 0 < y & y < (q * j) div p})
proof —
have {y. y € Q-set & y < (q * j) div p} =
{y. 0 <y &y <(q*j) divp}
apply (auto simp add: Q-set-def)
proof —
fix z
assume (0 < zand z < ¢ * j div p
with j-fact P-set-def have j < (p — 1) div 2 by auto
with ¢-g-2 have ¢ x j < g * ((p — 1) div 2)
by (auto simp add: mult-le-cancel-left)
with p-g-2 have ¢ x jdivp < ¢ ((p — 1) div 2) divp
by (auto simp add: zdiv-monol)
also from prems P-set-def have ... < (¢ — 1) div 2
apply simp
apply (insert auz2)
apply (simp add: QRTEMP-def)

done
finally show z < (¢ — 1) div 2 using prems by auto
qed
then show ?thesis by auto
qed
also have ... = (¢ *x j) div p
proof —

from j-fact P-set-def have 0 < j by auto
with ¢-g-2 have ¢ x 0 < ¢q * j by (auto simp only: mult-left-mono)
then have 0 < g x j by auto
then have 0 divp < (¢ xj) divp
apply (rule-tac a = 0 in zdiv-monol)
apply (insert p-g-2, auto)
done
also have 0 div p = 0 by auto
finally show ?thesis by (auto simp add: card-bdd-int-set-l-le)
qed
finally show int (card (f1 7)) = q * jdivp .
qed

lemma aux3b: Vj € Q-set. int (card (f2 7)) = (p * j) div ¢
proof
fix j
assume j-fact: j € @Q-set
have int (card (f2j)) = int (card {y. y € P-set & y < (p * j) div q})
proof —
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have finite (f2 7)
proof —
have (2 j) C S by (auto simp add: f2-def)
with S-finite show %thesis by (auto simp add: finite-subset)
qed
moreover have inj-on (%(z,y). ) (f2J)
by (auto simp add: f2-def inj-on-def)
ultimately have card ((%(z,y). ) ‘ (f2j)) = card (f2 )
by (auto simp add: f2-def card-image)
moreover have ((%(z,y). ) * (f24)) = {y. y € P-set & y < (p = j) div q}
using prems by (auto simp add: f2-def S-def Q-set-def P-set-def image-def)
ultimately show ?thesis by (auto simp add: f2-def)
qed
also have ... = int (card {y. 0 <y & y < (p * j) div q})
proof —
have {y. y € P-set & y < (p * j) div ¢} =
{y. 0 <y &y <(px*j) divg}
apply (auto simp add: P-set-def)
proof —
fix z
assume (0 < z and z < p * j div q
with j-fact Q-set-def have j < (¢ — 1) div 2 by auto
with p-g-2 have p x j < p * ((¢ — 1) div 2)
by (auto simp add: mult-le-cancel-left)
with ¢-g-2 have p x j div ¢ < p x ((¢ — 1) div 2) div ¢
by (auto simp add: zdiv-monol)
also from prems have ... < (p — 1) div 2
by (auto simp add: aux2 QRTEMP-def)
finally show z < (p — 1) div 2 using prems by auto

qed
then show ?thesis by auto
qged
also have ... = (p x j) div q
proof —

from j-fact Q-set-def have 0 < j by auto
with p-g-2 have p * 0 < p * j by (auto simp only: mult-left--mono)
then have 0 < p * j by auto
then have 0 div ¢ < (p % j) div ¢
apply (rule-tac a = 0 in zdiv-monol)
apply (insert ¢-g-2, auto)
done
also have 0 div ¢ = 0 by auto
finally show ?thesis by (auto simp add: card-bdd-int-set-l-le)
qed
finally show int (card (f2j)) = p * j div q .
qed

lemma S1-card: int (card(S1)) = setsum (%j. (q * j) div p) P-set
proof —
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have Vz € P-set. finite (fI )
proof
fix z
have f1 z C S by (auto simp add: f1-def)
with S-finite show finite (fI z) by (auto simp add: finite-subset)
qed
moreover have (Vz € P-set. Vy € P-set. x #y —> (fl ) N (f1 y) = {})
by (auto simp add: f1-def)
moreover note P-set-finite
ultimately have int(card (UNION P-set f1)) =
setsum (%x. int(card (f1 x))) P-set
by (simp add:card-UN-disjoint int-setsum o-def)
moreover have S1 = UNION P-set f1
by (auto simp add: fl-def S-def S1-def S2-def P-set-def Q-set-def auzla)
ultimately have int(card (S1)) = setsum (%j. int(card (f1 j))) P-set
by auto
also have ... = setsum (%j. q * j div p) P-set
using auz3a by (fastsimp intro: setsum-cong)
finally show ?thesis .
qed

lemma S2-card: int (card(S2)) = setsum (%j. (p * j) div q) Q-set
proof —
have Vz € Q-set. finite (f2 x)
proof
fix z
have f2 x C S by (auto simp add: f2-def)
with S-finite show finite (f2 z) by (auto simp add: finite-subset)
qed
moreover have (Vo € Q-set. Vy € Q-set. ¢ # y ——>
(f2z)n(f2y) =1{})
by (auto simp add: f2-def)
moreover note -set-finite
ultimately have int(card (UNION Q-set f2)) =
setsum (%ox. int(card (f2 z))) Q-set
by (simp add:card-UN-disjoint int-setsum o-def)
moreover have 52 = UNION Q-set f2
by (auto simp add: f2-def S-def S1-def S2-def P-set-def Q-set-def aux1b)
ultimately have int(card (S2)) = setsum (%j. int(card (f2 j))) Q-set
by auto
also have ... = setsum (%j. p * j div q) Q-set
using aux3b by (fastsimp intro: setsum-cong)
finally show ?thesis .
qed

lemma S1-carda: int (card(S1)) =

setsum (%j. (j * q) div p) P-set
by (auto simp add: S1-card zmult-ac)
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lemma S2-carda: int (card(S2)) =
setsum (%j. (j * p) div q) Q-set
by (auto simp add: S2-card zmult-ac)

lemma pg-sum-prop: (setsum (%j. (j * p) div q) Q-set) +
(setsum (%j. (j * q) div p) P-set) = ((p — 1) div 2) * ((¢ — 1) div 2)
proof —
have (setsum (%j. (j * p) div q) Q-set) +
(setsum (%j. (§ % q) div p) P-set) = int (card S2) + int (card S1)
by (auto simp add: S1-carda S2-carda)

also have ... = int (card S1) + int (card S2)
by auto
also have ... = ((p — 1) div 2) * ((¢ — 1) div 2)

by (auto simp add: card-sum-S1-S2)
finally show ?thesis .
qged

lemma (in —) pg-prime-neq: || zprime p; zprime q; p # ¢ || ==> (~[p = 0] (mod
7))

apply (auto simp add: zcong-eq-zdvd-prop zprime-def)

apply (drule-tac x = ¢ in allE)

apply (drule-tac x = p in allE)

apply auto

done

lemma QR-short: (Legendre p q) * (Legendre q p) =
(—1:int) “nat(((p — 1) div 2)x((q — 1) div 2))
proof —
from prems have ~([p = 0] (mod q))
by (auto simp add: pg-prime-neq QRTEMP-def)
with prems Q-set-def have al: (Legendre p q) = (—1::int) ~
nat(setsum (%z. ((z * p) div q)) Q-set)
apply (rule-tac p = ¢ in MainQRLemma)
apply (auto simp add: zprime-zOdd-eq-grt-2 QRTEMP-def)
done
from prems have ~([¢ = 0] (mod p))
apply (rule-tac p = q and ¢ = p in pg-prime-neq)
apply (simp add: QRTEMP-def )+
done
with prems P-set-def have a2: (Legendre q p) =
(=1:int) * nat(setsum (%oz. ((z % q) div p)) P-set)
apply (rule-tac p = p in MainQRLemma)
apply (auto simp add: zprime-zOdd-eq-grt-2 QRTEMP-def)
done
from al a2 have (Legendre p q) x (Legendre q p) =
(=1:int) * nat(setsum (%oz. ((z % p) div q)) Q-set) *
(—1:int) * nat(setsum (Y%ozx. ((z * q) div p)) P-set)
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by auto
also have ... = (—1:int) " (nat(setsum (%x. ((z * p) div q)) Q-set) +
nat(setsum (%z. ((z * q) div p)) P-set))
by (auto simp add: zpower-zadd-distrib)
also have nat(setsum (%zx. ((z * p) div q)) Q-set) +
nat(setsum (%ox. ((x * ¢q) div p)) P-set) =
nat((setsum (%z. ((z * p) div q)) @Q-set) +
(setsum (%oz. ((z * q) div p)) P-set))
apply (rule-tac z = setsum (%z. ((z * p) div q)) Q-set in
nat-add-distrib [symmetric])
apply (auto simp add: S1-carda [symmetric] S2-carda [symmetric])
done
also have ... = nat(((p — 1) div 2) * ((¢ — 1) div 2))
by (auto simp add: pg-sum-prop)
finally show ?thesis .
qed

end

theorem Quadratic-Reciprocity:
[| p € 20dd; zprime p; q € 20dd; zprime g¢;
p#ql
==> (Legendre p q) * (Legendre q p) =
(—1:int) “nat(((p — 1) div 2)x((q¢ — 1) div 2))
by (auto simp add: QRTEMP.QR-short zprime-z0dd-eq-grt-2 [symmetric]
QRTEMP-def)

end

19 Pocklington’s Theorem for Primes

theory Pocklington
imports Main Primes

begin
definition modeq:: nat => nat => nat => bool ((1[- = -] "(mod -)))
where [a = b] (mod p) == ((a mod p) = (b mod p))

definition modneq:: nat => nat => nat => bool  ((1[- # -] '(mod -")))
where [a # b] (mod p) == ((a mod p) # (b mod p))

lemma modeg-trans:

[ [a = b] (mod p); [b = ¢] (mod p) | = [a = ¢] (mod p)
by (simp add:modeq-def)

lemma nat-mod-lemma: assumes xyn: [z = y| (mod n) and zy:y < z
shows d¢. z =y + n % ¢
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using zyn zy unfolding modeg-def using nat-mod-eq-lemma by blast

lemma nat-mod[algebral: [z = y] (mod n) «—— (3¢l ¢2. z + n*x ¢l =y + n *

q2)
unfolding modeg-def nat-mod-eq-iff ..

lemma prime: primep «—— p # 0 A p£I A (Vm. 0 < m A m < p — coprime
pm)
(is ?lhs «— ?rhs)
proof—
{assume p=0 V p=1 hence %thesis using prime-0 prime-1 by (cases p=0,
simp-all)}
moreover
{assume p0: p#£0 p#1
{assume H: ?lhs
{fix m assume m: m > 0m < p
{assume m=1 hence coprime p m by simp}
moreover
{assume p dvd m hence p < m using dvd-imp-le m by blast with m(2)
have coprime p m by simp}
ultimately have coprime p m using prime-coprime[OF H, of m] by blast}
hence ?rhs using p0 by auto}
moreover
{ assume H:Vm. 0 < m A m < p — coprime p m
from prime-factor[OF p0(2)] obtain ¢ where ¢: prime ¢ q dvd p by blast
from prime-ge-2[OF ¢(1)] have ¢0: q > 0 by arith
from dvd-imp-le[OF q(2)] p0 have gp: ¢ < p by arith
{assume ¢ = p hence ?lhs using ¢(1) by blast}
moreover
{assume ¢#p with ¢p have gplt: ¢ < p by arith
from H|[rule-format, of q] gplt q0 have coprime p q by arith
with coprime-primelof p ¢ q] ¢ have False by simp hence ?lhs by blast}
ultimately have ?lhs by blast}
ultimately have ?thesis by blast}
ultimately show ?thesis by (casesp=0 V p=1, auto)
qed

lemma finite-number-segment: card { m. 0 < m Am <n }=mn — 1
proof—

have { m. 0 < m A m <n } = {l..<n} by auto

thus ?thesis by simp
qed

lemma coprime-mod: assumes n: n # 0 shows coprime (a mod n) n «—— coprime

an
using n dvd-mod-iff [of - n a] by (auto simp add: coprime)
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lemma cong-mod-01[simp,presburger]:
[x =y] (mod 0) — z =y [z = y] (mod 1) [x = 0] (mod n) — n dvd x
by (simp-all add: modeg-def, presburger)

lemma cong-sub-cases:

[z = y] (mod n) «— (if £ <= y then [y — z = 0] (mod n) else [x — y = 0]
(mod n))
apply (auto simp add: nat-mod)
apply (rule-tac t=¢2 in exl)
apply (rule-tac z=ql in exl, simp)
apply (rule-tac t=¢2 in ezl)
apply (rule-tac z=ql in ezl, simp)
apply (rule-tac x=q1 in exl)
apply (rule-tac t=q2 in exl, simp)
apply (rule-tac z=ql in exl)
apply (rule-tac t=¢2 in ezl, simp)
done

lemma cong-mult-lcancel: assumes an: coprime a n and azry:[a * £ = a * Y]
(mod n)
shows [z = y]| (mod n)
proof—
{assume a = 0 with an azy coprime-0’[of n] have ?thesis by (simp add:
modeq-def) }
moreover
{assume az: a#0
{assume zy: z < y hence azy”: axz < axy by simp
with axy cong-sub-cases|of axz axy n] have [ax(y — z) = 0] (mod n)
by (simp only: if-True diff-mult-distrib2)
hence th: n dvd ax(y —z) by simp
from coprime-divprod[OF th] an have n dvd y — z
by (simp add: coprime-commute)
hence ?thesis using zy cong-sub-cases|of x y n] by simp}
moreover
{assume H: -z < y hence zy: y < z by arith
from H az have azy’: - axz < axy by auto
with azy H cong-sub-cases|of axz axy n] have [ax(z — y) = 0] (mod n)
by (simp only: if-False diff-mult-distrib2)
hence th: n dvd ax(z — y) by simp
from coprime-divprod[OF th] an have n dvd © — y
by (simp add: coprime-commute)
hence ?thesis using zy cong-sub-cases[of z y n| by simp}
ultimately have ?thesis by blast}
ultimately show ?thesis by blast
qed

lemma cong-mult-rcancel: assumes an: coprime a n and azy:[zxa = yxa| (mod
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n)
shows [z = y| (mod n)
using cong-mult-lcancel[OF an axy[unfolded mult-commute[of -a]]] .

lemma cong-refl: [z = z] (mod n) by (simp add: modeg-def)
lemma eg-imp-cong: a = b = [a = b] (mod n) by (simp add: cong-refl)

lemma cong-commute: [x = y] (mod n) — [y = z] (mod n)
by (auto simp add: modeg-def)

lemma cong-trans(trans]: [z = y] (mod n) = [y = z] (mod n) = [z = z] (mod

n)
by (simp add: modeg-def)

lemma cong-add: assumes xz": [t = z'] (mod n) and yy":[y = y'] (mod n)
shows [z + y = 2’ + y'] (mod n)
proof—
have (z + y) mod n = (z mod n + y mod n) mod n
by (simp add: mod-add-left-eq[of x y n] mod-add-right-eq[of  mod n y n))
also have ... = (z'’ mod n + y' mod n) mod n using zz’ yy’ modeq-def by simp
also have ... = (z' 4+ y') mod n
by (simp add: mod-add-left-eq[of =’ y' n] mod-add-right-eqlof ' mod n y’ n])
finally show ?thesis unfolding modeg-def .
qed

lemma cong-mult: assumes zz”: [x = z'] (mod n) and yy":[y = y'] (mod n)
shows [z x y = 2’ x y'] (mod n)
proof—
have (z * y) mod n = (z mod n) * (y mod n) mod n
by (simp add: mod-mult-left-eq[of = y n] mod-mult-right-eq[of x mod n y n])

also have ... = ('’ mod n) x (y' mod n) mod n using zz'[unfolded modeq-def]
yy'[unfolded modeg-def] by simp
also have ... = (z’ % y') mod n

by (simp add: mod-mult-left-eq[of =’ y' n] mod-mult-right-eqof =’ mod n y’ n])
finally show ?thesis unfolding modeg-def .
qed

lemma cong-exp: [z = y] (mod n) = [z°k = y k] (mod n)
by (induct k, auto simp add: cong-refl cong-mult)
lemma cong-sub: assumes zz” [z = '] (mod n) and yy" [y = y'] (mod n)
and yz: y <=z and yz" y' <=z’
shows [z — y = 2z’ — y'] (mod n)
proof—
{fixzaz' a'yby' b
have (z:nat) + a=z'+ad' = y+ b=y’ + b = y<=1z = y' <=2z’
= (z—y)+(a+b)=(z'—y") + (a' + b) by arith}
note th = this
from zz’ yy' obtain qf ¢2 q1’ ¢2’ where q12: © + n*xql = z'+n*q2

137



and ¢q12" y + nxql’ = y'+nxq2’ unfolding nat-mod by blast+
from th|OF q12 q12’ yz yz')
have (z — y) + nx(q! + ¢2') = (z' — y) + nx(q¢2 + q1)
by (simp add: right-distrib)
thus ?thesis unfolding nat-mod by blast
qed

lemma cong-mult-lcancel-eq: assumes an: coprime a n
shows [a * £ = a * y] (mod n) «— [z = y] (mod n) (is ?lhs —— ?rhs)
proof
assume H: ?rhs from cong-mult[OF cong-refl[of a n] H| show ?lhs .
next
assume H: ?lhs hence H': [zxa = y*a] (mod n) by (simp add: mult-commute)
from cong-mult-rcancel|OF an H'] show ?rhs .
qed

lemma cong-mult-rcancel-eq: assumes an: coprime a n
shows [z x a = y % a] (mod n) «—— [z = y]| (mod n)
using cong-mult-lcancel-eq[OF an, of x y] by (simp add: mult-commute)

lemma cong-add-lcancel-eq: [a + = = a + y] (mod n) «—— [z = y] (mod n)
by (simp add: nat-mod)

lemma cong-add-rcancel-eq: [x + a = y + a] (mod n) «—— [z = y] (mod n)
by (simp add: nat-mod)

lemma cong-add-reancel: [x + a = y + a] (mod n) = [z = y] (mod n)
by (simp add: nat-mod)

lemma cong-add-lcancel: [a + z = a + y] (mod n) = [z = y] (mod n)
by (simp add: nat-mod)

lemma cong-add-lcancel-eq-0: [a + = = a] (mod n) «—— [z = 0] (mod n)
by (simp add: nat-mod)

lemma cong-add-rcancel-eq-0: [z + o = a] (mod n) «— [z = 0] (mod n)
by (simp add: nat-mod)

lemma cong-imp-eq: assumes zn: ¢ < n and yn: y < n and zy: [z = y| (mod
n)

shows z = y

using xzy[unfolded modeq-def mod-less[OF xn] mod-less|OF yn]] .

lemma cong-divides-modulus: [z = y] (mod m) = n dvd m ==> [z = y| (mod
n)

apply (auto simp add: nat-mod dvd-def)

apply (rule-tac x=kxql in exl)

apply (rule-tac z=k+q2 in exl)

by simp
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lemma cong-0-divides: [z = 0] (mod n) «— n dvd © by simp

lemma cong-1-divides:[x = 1] (mod n) ==> n dvd x — 1
apply (cases x<1, simp-all)
using cong-sub-cases[of x 1 n] by auto

lemma cong-divides: [z = y] (mod n) = n dvd z «—— n dvd y

apply (auto simp add: nat-mod dvd-def)

apply (rule-tac z=k + q1 — ¢2 in ez, simp add: add-mult-distrib2 diff-mult-distrib2)
apply (rule-tac z=k + q2 — q1 in ez, simp add: add-mult-distrib2 diff-mult-distrib2)
done

lemma cong-coprime: assumes zy: [z = y| (mod n)
shows coprime n x «—— coprime n y
proof—
{assume n=0 hence ?thesis using zy by simp}
moreover
{assume nz: n # 0
have coprime n © «—— coprime (x mod n) n
by (simp add: coprime-mod|OF nz, of x| coprime-commute[of n z])
also have ... «— coprime (y mod n) n using zy[unfolded modeg-def] by simp
also have ... «— coprime y n by (simp add: coprime-mod[OF nz, of y))
finally have %thesis by (simp add: coprime-commute) }
ultimately show ?thesis by blast
qged

lemma cong-mod: ~(n = 0) = [a mod n = a] (mod n) by (simp add: modeg-def)

lemma mod-mult-cong: ~(a = 0) = ~(b = 0)
= [z mod (a x b) = y] (mod a) —— [z = y] (mod a)
by (simp add: modeq-def mod-mult2-eq mod-add-left-eq)

lemma cong-mod-mult: [x = y] (mod n) = m dvd n = [z = y] (mod m)
apply (auto simp add: nat-mod dvd-def)
apply (rule-tac x=kxql in exl)
apply (rule-tac z=kxq2 in exl, simp)
done

lemma cong-le: y <=2 = [z = y| (mod n) «—— (F¢g. =g * n + y)
using nat-mod-lemmalof = y n]
apply auto
apply (simp add: nat-mod)
apply (rule-tac z=q in exl)
apply (rule-tac x=q + ¢ in exl)
by (auto simp: algebra-simps)
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lemma cong-to-1: [a = 1] (modn) «— a=0An=1V (Im.a=1+ m xn)
proof—
{assume n =0V n =1V a=0V a= 1 hence ?thesis
apply (cases n=0, simp-all add: cong-commute)
apply (cases n=1, simp-all add: cong-commute modeq-def)
apply arith
by (cases a=1, simp-all add: modeq-def cong-commute)}
moreover
{assume n: n#£0 n#1 and a:a#0 a # 1 hence a”: a > 1 by simp
hence ?thesis using cong-le[OF a’, of n] by auto }
ultimately show ?thesis by auto
qed

lemma cong-solve: assumes an: coprime a n shows 3z. [a * x = b] (mod n)
proof—
{assume a=0 hence ?thesis using an by (simp add: modeg-def)}
moreover
{assume az: a#0
from bezout-add-strong|OF az, of n]
obtain d x y where dzy: d dvd a d dvd n axx = nxy + d by blast
from an[unfolded coprime, rule-format, of d| dzy(1,2) have d1: d = 1 by blast
hence axzxb = (nxy + 1)xb using dzy(3) by simp
hence ax(zxb) = nx(y*b) + b by algebra
hence ax(z*b) mod n = (nx(y*xb) + b) mod n by simp
hence ax(zxb) mod n = b mod n by (simp add: mod-add-left-eq)
hence [ax(z*b) = b] (mod n) unfolding modeg-def .
hence ?thesis by blast}
ultimately show ?thesis by blast
qed

lemma cong-solve-unique: assumes an: coprime a n and nz: n # 0
shows 3lz. z < n A [a * z = b] (mod n)
proof—
let P = Az. z < n A [a *x z = b] (mod n)
from cong-solve[OF an] obtain z where z: [axz = b] (mod n) by blast
let ?z = x mod n
from z have th: [a * 2 = b] (mod n)
by (simp add: modeq-def mod-mult-right-eq|of a = n])
from mod-less-divisor| of n x] nz th have Px: ?P ?z by simp
{fix y assume Py: y < n [a * y = b] (mod n)
from Py(2) th have [a * y = ax?z] (mod n) by (simp add: modeg-def)
hence [y = ?z] (mod n) by (simp add: cong-mult-lcancel-eq[ OF an))
with mod-less|OF Py(1)] mod-less-divisor| of n z] nz
have y = %z by (simp add: modeq-def)}
with Px show ?thesis by blast
qed
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lemma cong-solve-unique-nontrivial:
assumes p: prime p and pa: coprime p a and z0: 0 < z and zp: z < p
shows Jly. 0 <y Ay <pAlz*y=a] (modp)
proof—
from p have pi: p > 1 using prime-ge-2[OF p| by arith
hence p01: p # 0 p # 1 by arith+
from pa have ap: coprime a p by (simp add: coprime-commute)
from prime-coprime[OF p, of ] dvd-imp-le[of p z] 20 zp have px:coprime  p
by (auto simp add: coprime-commute)
from cong-solve-unique[OF px p01(1)]
obtain y where y: y < p [z x y = a] (mod p) Vz. z < p A [z * z = a] (mod
p) — z = y by blast
{assume y0: y = 0
with y(2) have th: p dvd a by (simp add: cong-commute[of 0 a p])
with p coprime-prime[OF pa, of p] have False by simp}
with y show ?thesis unfolding Ex1-def using neq0-conv by blast
qed
lemma cong-unique-inverse-prime:
assumes p: prime p and x0: 0 < x and ap: ¢ < p
shows Jly. 0 <y Ay <pAlz*xy=1] (modp)
using cong-solve-unique-nontrivial[OF p coprime-1]of p| z0 xp] .

lemma cong-chinese:
assumes ab: coprime a b and zya: [z = y| (mod a)
and zyb: [z = y] (mod b)
shows [z = y]| (mod axbh)
using ab xya xyb
by (simp add: cong-sub-cases[of x y a] cong-sub-cases|of z y b]
cong-sub-cases|of x y axb])
(cases © < y, simp-all add: divides-mul[of a - b])

lemma chinese-remainder-unique:
assumes ab: coprime a b and az: a # 0 and bz: b#£0
shows Jlz. z < a x b A [x = m] (mod a) A [z = n] (mod b)
proof—
from az bz have abpos: axb > 0 by simp
from chinese-remainder[OF ab az bz] obtain z qI ¢2 where
xql2: x =m + ql x ax =n + g2 x b by blast
let 2w = x mod (axb)
have wab: ?w < axb by (simp add: mod-less-divisor|OF abpos])
from zq12(1) have ?w mod a = ((m + g1 * a) mod (axb)) mod a by simp

also have ... = m mod a apply (simp add: mod-mult2-eq)
apply (subst mod-add-left-eq)
by simp

finally have thi: [Yw = m] (mod a) by (simp add: modeq-def)
from z¢q12(2) have ?w mod b = ((n + ¢2 * b) mod (axb)) mod b by simp
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also have ... = ((n + ¢2 * b) mod (bxa)) mod b by (simp add: mult-commute)

also have ... = n mod b apply (simp add: mod-mult2-eq)
apply (subst mod-add-left-eq)
by simp

finally have th2: [?w = n] (mod b) by (simp add: modeg-def)

{fix y assume H: y < axb [y = m] (mod a) [y = n] (mod b)
with th1 th2 have H" [y = ?w]| (mod a) [y = ?w] (mod b)

by (simp-all add: modeq-def)

from cong-chinese|OF ab H'] mod-less|OF H(1)] mod-less[OF wab)
have y = %w by (simp add: modeq-def)}

with th1 th2 wab show ?thesis by blast

qed

lemma chinese-remainder-coprime-unique:
assumes ab: coprime a b and az: a # 0 and bz: b # 0
and ma: coprime m a and nb: coprime n b
shows 3lz. coprime z (a * b) Az < a x b A [x = m] (mod a) A [x = n] (mod
b)
proof—
let 2P = Az. 2 < a x b A [t = m] (mod a) A [z = n] (mod b)
from chinese-remainder-unique[OF ab az bz]
obtain z where z: z < a x b [z = m] (mod a) [z = n] (mod b)
Vy. 2Py — y = z by blast
from ma nb cong-coprime[OF z(2)] cong-coprime[OF z(3)]
have coprime x a coprime x b by (simp-all add: coprime-commute)
with coprime-mul[of © a b] have coprime x (axb) by simp
with z show ?thesis by blast
qed

definition phi-def: ¢ n = card { m. 0 < m A m <= n A coprime m n }

lemma phi-0[simpl: ¢ 0 = 0
unfolding phi-def by auto

lemma phi-finite[simp]: finite ({ m. 0 < m A m <= n A coprime m n })
proof—

have { m. 0 < m A m <= n A coprime m n } C {0..n} by auto

thus ?thesis by (auto intro: finite-subset)
qed

declare coprime-1[presburger]
lemma phi-1[simp]: ¢ 1 = 1
proof—
{fix m
have 0 < m A m <=1 A coprime m 1 «—— m = 1 by presburger }
thus ?thesis by (simp add: phi-def)
qed
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lemma [simp]: ¢ (Suc 0) = Suc 0 using phi-1 by simp

lemma phi-alt: o(n) = card { m. coprime m n A m < n}
proof—
{assume n=0 V n=1 hence ?thesis by (cases n=0, simp-all)}
moreover
{assume n: n#£0 n#£1
{fix m
from n have 0 < m A m <= n A coprime m n «— coprime mn A m < n
apply (cases m = 0, simp-all)
apply (cases m = 1, simp-all)
apply (cases m = n, auto)
done }
hence ?thesis unfolding phi-def by simp}
ultimately show ?thesis by auto
qed

lemma phi-finite-lemmalsimp]: finite {m. coprime m n A m < n} (is finite 25)
by (rule finite-subset[of 2S {0..n}], auto)

lemma phi-another: assumes n: n1

shows ¢ n = card {m. 0 < m A m < n A coprime m n }
proof—

{fix m

from n have 0 < m A m < n A coprime m n «—— coprime mn A m < n
by (cases m=0, auto)}

thus ?thesis unfolding phi-alt by auto

qged

lemma phi-limit: o n < n

proof—
have { m. coprime m n A m < n} C {0 ..<n} by auto
with card-mono[of {0 ..<n} { m. coprime m n A m < n}]
show ?thesis unfolding phi-alt by auto

qed

lemma stupid[simp]: {m. (0:nat) < m A m < n} = {I..<n}
by auto

lemma phi-limit-strong: assumes n: n#*1
shows ¢(n) < n — 1
proof—
show ?thesis
unfolding phi-another|OF n] finite-number-segment[of n, symmetric]
by (rule card-mono[of {m. 0 < m Am < n} {m. 0 <mAm<nA coprime
m n}], auto)
qed

143



lemma phi-lowerbound-1-strong: assumes n: n > 1
shows ¢(n) > 1
proof—
let 2S5 ={m. 0 <mAm<=nA coprime mn }
from card-0-eq[of ?S] n have ¢ n # 0 unfolding phi-alt
apply auto
apply (cases n=1, simp-all)
apply (rule exI[where z=1], simp)
done
thus %thesis by arith
qed

lemma phi-lowerbound-1: 2 <= n ==> 1 <= ¢(n)
using phi-lowerbound-1-strong[of n| by auto

lemma phi-lowerbound-2: assumes n: 8 <= n shows 2 <= ¢ (n)
proof—
let 25 ={m. 0 <mAm<=mnA coprime m n }
have inS: {1, n — 1} C 25 using n coprime-plusl[of n — 1]
by (auto simp add: coprime-commute)
from n have ¢2: card {1, n — 1} = 2 by (auto simp add: card-insert-if)
from card-monolof ¢S {1, n — 1}, simplified inS c2] show ?thesis
unfolding phi-def by auto
qed

lemma phi-prime: p n =n — 1 A n#0 N n#1 «—— prime n
proof—
{assume n=0 V n=1 hence ?thesis by (cases n=1, simp-all)}
moreover
{assume n: n#0 n#1
let S ={m. 0 <mAm<n}
have fS: finite 25 by simp
let 2S'={m. 0 < m A m < n A coprime m n}
have fS"finite S’ apply (rule finite-subset[of ¢S’ 25]) by auto
{assume H: p n =n — 1 A n#0 A n#l
hence ceq: card S’ = card 2S5
using n finite-number-segment|of n] phi-another[OF n(2)] by simp
{fix m assume m: 0 < m m < n — coprime m n
hence mS” m ¢ 25’ by auto
have insert m 25’ < 2S5 using m by auto
from m have card (insert m 25') < card 25
by — (rule card-monolof 25 insert m 25|, auto)
hence Fulse
unfolding card-insert-disjoint[of 25’ m, OF fS’ mS’] ceq
by simp }
hence Vm. 0 <m A m < n — coprime m n by blast
hence prime n unfolding prime using n by (simp add: coprime-commute)}
moreover
{assume H: prime n
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hence 25 = 25’ unfolding prime using n
by (auto simp add: coprime-commute)
hence card 75 = card ?S' by simp
hence ¢ n = n — 1 unfolding phi-another[OF n(2)] by simp}
ultimately have ?thesis using n by blast}
ultimately show ?thesis by (cases n=0) blast+
qed

lemma phi-multiplicative: assumes ab: coprime a b
shows ¢ (a *x b)) =@ a*xp b
proof—
{assume a = 0Vb=0Va=1Vb=1
hence ?thesis
by (cases a=0, simp, cases b=0, simp, casesa=1, simp-all) }
moreover
{assume a: a#0 a#1 and b: b#0 b#1
hence ab0: axb # 0 by simp
let S = Mk. {m. coprime m k A m < k}
let ?f = Az. (z mod a, x mod b)
have eq: ?f ¢ (25 (axb)) = (25 a x 25 D)
proof—
{fix = assume z:x € 25 (axb)
hence z': coprime z (axb) © < axb by simp-all
hence zab: coprime x a coprime x b by (simp-all add: coprime-mul-eq)
from mod-less-divisor a b have zab”:x mod a < a x mod b < b by auto
from zab zab’ have ?f x € (?S a x 25 D)
by (simp add: coprime-mod[OF a(1)] coprime-mod[OF b(1)])}
moreover
{fix z y assume z: z € ?Saand y: y € 5D
hence z": coprime z a x < a and y”: coprime y b y < b by simp-all
from chinese-remainder-coprime-unique[OF ab a(1) b(1) z'(1) y'(1)]
obtain z where z: coprime z (a * b) z < a * b [z = z] (mod a)
[z = y] (mod b) by blast
hence (z,y) € 2f “ (25 (axd))
using y'(2) mod-less-divisor[of b y] x'(2) mod-less-divisor|of a x]
by (auto simp add: image-iff modeg-def)}
ultimately show ?thesis by auto
qed
have finj: inj-on ?f (25 (axb))
unfolding inj-on-def
proof (clarify)
fix z y assume H: coprime x (a x b) © < a * b coprime y (a * b)
y < a*xbxmoda=ymodazmodb=1ymodb
hence cp: coprime x a coprime x b coprime y a coprime y b
by (simp-all add: coprime-mul-eq)
from chinese-remainder-coprime-unique[OF ab a(1) b(1) cp(3,4)] H
show z = y unfolding modeg-def by blast
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qed
from card-image|OF finj, unfolded eq] have ?thesis
unfolding phi-alt by simp }
ultimately show ?thesis by auto
qed

lemma nproduct-mod:

assumes [S: finite S and n0: n # 0

shows [setprod (Am. a(m) mod n) S = setprod a S] (mod n)
proof—

have th1:[1 = 1] (mod n) by (simp add: modeg-def)

from cong-mult

have th3:Vzl y1 z2 y2.

[1 = 22] (mod n) A [yl = y2] (mod n) — [zl % yI = x2 * y2] (mod n)

by blast

have th4:Vz€S. [a © mod n = a x| (mod n) by (simp add: modeq-def)
from fold-image-related[where h=(Am. a(m) mod n) and g=a, OF thi th3 f9,

OF th4] show ?thesis unfolding setprod-def by (simp add: fS)
qed

lemma nproduct-cmul:

assumes [S:finite S

shows setprod (Am. (c::'a::{comm-monoid-mult})* a(m)) S =
setprod a S
unfolding setprod-timesf setprod-constant[OF fS, of c] ..

lemma coprime-nproduct:
assumes fS: finite S and Sn: Vz€S. coprime n (a z)
shows coprime n (setprod a S)
using fS unfolding setprod-def by (rule finite-subset-induct)
(insert Sn, auto simp add: coprime-mul)

lemma fermat-little: assumes an: coprime a n
shows [a " (p n) = 1] (mod n)
proof—
{assume n=0 hence ?thesis by simp}
moreover
{assume n=1 hence ?thesis by (simp add: modeg-def)}
moreover
{assume nz: n # 0 and ni: n # 1
let 2S = {m. coprime m n A m < n}
let 7P =] %S
have fS: finite 7S by simp
have cardfS: ¢ n = card 25 unfolding phi-alt ..
{fix m assume m: m € 25
hence coprime m n by simp
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with coprime-mul[of n a m] an have coprime (axm) n
by (simp add: coprime-commute)}
hence Sn: Vme ?S. coprime (axm) n by blast
from coprime-nproduct[OF fS, of n Am. m| have nP:coprime ?P n
by (simp add: coprime-commute)
have Paphi: [?Pxa” (¢ n) = ¢Px1] (mod n)
proof—
let ?h = Am. m mod n
{fix m assume mS: me 25
hence ?h m € 2S5 by simp}
hence hS: ?h © 2S = 2Sby (auto simp add: image-iff)
have a#0 using an nl nz apply— apply (rule ccontr) by simp
hence inj: inj-on (op x a) 25 unfolding inj-on-def by simp

have eq0: fold-image op * (?h o op % a) 1 {m. coprime m n A m < n} =
fold-image op * (Am. m) 1 {m. coprime m n A m < n}
proof (rule fold-image-eg-general[where h="2h o (op * a)])
show finite ¢S using fS .
next
{fix y assume yS: y € 25 hence y: coprime y n y < n by simp-all
from cong-solve-unique| OF an nz, of y]
obtain z where z:x < n faxxz = y|] (mod n)Vz. 2z < n A [a*z=y|
(mod n) — z=x by blast
from cong-coprime[OF z(2)] y(1)
have zm: coprime x n by (simp add: coprime-mul-eq coprime-commute)
{fix z assume z € 25 (?hoop*a)z=1y
hence z: coprime zn z < n (?h o op x a) z = y by simp-all
from z(3)[rule-format, of z] z(2,3) have z=x
unfolding modeg-def mod-less|OF y(2)] by simp}
with zm 2(1,2) have 3lz. x € 25 A (?hoop*xa)z =y
unfolding modeq-def mod-less|OF y(2)] by auto }
thus Vye{m. coprime m n A m < n}.
Az, x € {m. coprime m n A m < n} A ((Am. m mod n) o op * a) T =y
by blast
next
{fix z assume z5: z€ ?S
hence z: coprime x n x < n by simp-all
with an have coprime (axx) n
by (simp add: coprime-mul-eq[of n a x] coprime-commute)
hence ?h (axz) € 7S using nz
by (simp add: coprime-mod[OF nz] mod-less-divisor)}
thus Vze{m. coprime m n A m < n}.
((Am. m mod n) o op x a) x € {m. coprime mn A m < n} A
((Am. m mod n) o op * a) x = ((Am. m mod n) o op * a) z by simp
qed
from nproduct-mod[OF fS nz, of op * a
have [(setprod (op xa) 25) = (setprod (?h o (op * a)) 25)] (mod n)
unfolding o-def
by (simp add: cong-commute)
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also have [setprod (?h o (op * a)) 2S5 = 2P ] (mod n)
using eq0 fS an by (simp add: setprod-def modeg-def o-def)
finally show [?Pxa" (¢ n) = ?Px1] (mod n)
unfolding cardfS mult-commute[of ?P a” (card 25))
nproduct-cmul[OF fS, symmetric] mult-1-right by simp
qed
from cong-mult-lcancel|OF nP Paphi] have ?thesis . }
ultimately show ?thesis by blast
qed

lemma fermat-little-prime: assumes p: prime p and ap: coprime a p
shows [a” (p — 1) = 1] (mod p)
using fermat-little]OF ap] p[unfolded phi-prime|symmetric]]

by simp

lemma lucas-coprime-lemma:
assumes m: m#0 and am: [a"m = 1] (mod n)
shows coprime a n
proof—
{assume n=1 hence ?thesis by simp}
moreover
{assume n = 0 hence ?thesis using am m exp-eq-1[of a m] by simp}
moreover
{assume n: n#0 n#1
from m obtain m’ where m” m = Suc m' by (cases m, blast+)
{fix d
assume d: d dvd a d dvd n
from n have ni: I < n by arith
from am mod-less|OF n1] have am1: a"m mod n = 1 unfolding modeg-def
by simp
from dvd-mult2[OF d(1), of a"m’] have dam:d dvd a"m by (simp add: m’)
from dvd-mod-iff [OF d(2), of a"m] dam am1
have d = I by simp }
hence ?thesis unfolding coprime by auto
}
ultimately show ?thesis by blast
qed

lemma lucas-weak:

assumes n: n > 2 and an:[a”(n — 1) = 1] (mod n)
and nm: VYm. 0 <m Am <n — 1 — = [a"m = 1] (mod n)
shows prime n

proof—

from n have ni:n# I1n#0n —1#0n —1>0n — 1 < n by arith+
from lucas-coprime-lemma[OF n1(3) an] have can: coprime a n .
from fermat-little[OF can] have afn: [a ~ ¢ n = 1] (mod n) .
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{assume ¢ n # n — 1
with phi-limit-strong[OF n1(1)] phi-lowerbound-1[OF n]
have ccpn > 0 AN p n <n — 1 by arith
from nm|rule-format, OF c] afn have False ..}
hence ¢y n = n — 1 by blast
with phi-primelof n] n1(1,2) show ?thesis by simp
qed

lemma nat-exists-least-iff : (3 (n:nat). Pn) «— (In. Pn A (Ym < n. = P m))
(is ?lhs «—— ?rhs)
proof
assume ?rhs thus ?lhs by blast
next
assume H: ?lhs then obtain n where n: P n by blast
let 2 = Least P
{fix m assume m: m < %z
from not-less-Least[OF m] have = P m .}
with Leastl-ex[OF H| show ?rhs by blast
qed

lemma nat-exists-least-iff . (3 (n::nat). P n) «—— (P (Least P) A (Ym < (Least
P). = P m))
(is ?lhs «— %rhs)
proof—
{assume ?rhs hence ?lhs by blast}
moreover
{ assume H: ?lhs then obtain n where n: P n by blast
let ?z = Least P
{fix m assume m: m < %z
from not-less-Least|OF m] have = P m .}
with Leastl-ex[OF H] have ?rhs by blast}
ultimately show ?thesis by blast
qed

lemma power-mod: ((z::nat) mod m) “n mod m = x"n mod m
proof (induct n)
case 0 thus ?case by simp
next
case (Suc n)
have (z mod m) "(Suc n) mod m = ((x mod m) * (((x mod m) ~ n) mod m))
mod m
by (simp add: mod-mult-right-eq[symmetric])
also have ... = ((x mod m) x (z"n mod m)) mod m using Suc.hyps by simp
also have ... = z"(Suc n) mod m
by (simp add: mod-mult-left-eq[symmetric] mod-mult-right-eq[symmetric])
finally show ?Zcase .
qed

lemma lucas:
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assumes n2: n > 2 and anl: [a"(n — 1) = 1] (mod n)
and pn: Vp. prime p Apdvdn — 1 — = [a"((n — 1) div p) = 1] (mod n)
shows prime n
proof—
from n2 have n01: n£0 n#1n — 1 # 0 by arith+
from mod-less-divisor[of n 1] n01 have onen: 1 mod n = 1 by simp
from lucas-coprime-lemma[OF n01(3) anl] cong-coprime|OF anl]
have an: coprime a n coprime (a"(n — 1)) n by (simp-all add: coprime-commute)
{assume HO: 3m. 0 <m Am <n—1A[a " m= 1] (modn) (is EX m. ?P
m)
from HO[unfolded nat-exists-least-iff [of ?P]] obtain m where
m: 0 <mm<n—1[a " m=1](modn)Vk <m. —~¢P k by blast
{assume nm1: (n — 1) mod m > 0

from mod-less-divisor|OF m(1)] have th0:(n — 1) mod m < m by blast

let 2y = a” ((n — 1) divm * m)

note mdeq = mod-div-equality[of (n — 1) m]

from coprime-exp[OF an(1)[unfolded coprime-commute|of a n]],

of (n — 1) div m % m]
have yn: coprime ?y n by (simp add: coprime-commute)
have ?y mod n = (a"m)*((n — 1) div m) mod n
by (simp add: algebra-simps power-mult)

also have ... = (a"m mod n) “((n — 1) div m) mod n
using power-mod[of a“m n (n — 1) div m| by simp
also have ... = I using m(3)[unfolded modeq-def onen] onen

by (simp add: power-Suc0)
finally have th3: 2y mod n = 1 .
have th2: [?y * a "~ ((n — 1) mod m) = ?yx 1] (mod n)
using anl [unfolded modeq-def onen] onen
mod-div-equality[of (n — 1) m, symmetric]
by (simp add:power-add[symmetric] modeq-def th3 del: One-nat-def)
from cong-mult-lcancellof 2y n a"((n — 1) mod m) 1, OF yn th2]
have thi: [a " ((n — 1) mod m) = 1] (mod n)
from m(4)[rule-format, OF th0] nml
less-trans[OF mod-less-divisor[OF m(1), of n — 1] m(2)] thi
have False by blast }
hence (n — 1) mod m = 0 by auto
then have mn: m dvd n — 1 by presburger
then obtain r where r: n — I = mx*r unfolding dvd-def by blast
from n01 r m(2) have r01: r#0 r#1 by — (rule ccontr, simp)+
from prime-factor[OF r01(2)] obtain p where p: prime p p dvd r by blast
hence th: prime p A p dvd n — 1 unfolding r by (auto intro: dvd-mult)
have (a " ((n — 1) div p)) mod n = (a"(mx*r div p)) mod n using r
by (simp add: power-mult)

also have ... = (a*(mx(r div p))) mod n using div-multl-eqlof m r p|
p(2)[unfolded dvd-eq-mod-eq-0] by simp
also have ... = ((a"m) “(r div p)) mod n by (simp add: power-mult)
also have ... = ((a"m mod n) “(r div p)) mod n using power-mod[of a"m n r
divp ] ..
also have ... = I using m(3) onen by (simp add: modeq-def power-Suc0)
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finally have [(a " ((n — 1) div p))= 1] (mod n)
using onen by (simp add: modeg-def)
with pn[rule-format, OF th] have False by blast}
hence th: YVm. 0 <m Am <n—1— —[a " m= 1] (mod n) by blast
from lucas-weak|OF n2 anl th] show ?thesis .
qed

definition ord n a = (if coprime n a then Least (Ad. d > 0 A [a "d = 1] (mod
n)) else 0)

lemma coprime-ord:
assumes na: coprime n a
shows ord na > 0 A [a “(ordna) = 1] (mod n) A (Vm. 0 < m A m < ordn
a — —[a"m = 1] (mod n))
proof—
let 2P = Ad. 0 < d AJa " d= 1] (mod n)
from euclid[of a] obtain p where p: prime p a < p by blast
from na have o: ord n a = Least P by (simp add: ord-def)
{assume n=0 V n=1 with na have I3m>0. ?P m apply auto apply (rule
exl[where x=1]) by (simp add: modeg-def)}
moreover
{assume n#0 A n#1 hence n2:n > 2 by arith
from na have na’: coprime a n by (simp add: coprime-commute)
from phi-lowerbound-1[OF n2] fermat-little[OF na'|
have ex: 3m>0. 7P m by — (rule exI[where z=¢ n], auto) }
ultimately have ez: 3m>0. ?P m by blast
from nat-exists-least-iff '[of ?P] ex na show ?thesis
unfolding o[symmetric] by auto
qed

lemma ord-works:
[@ " (ord na) = 1] (modn) A (Ym. 0 <m Am<ordna— ~[a"m= 1]
(mod n))
apply (cases coprime n a)
using coprime-ord[of n a)
by (blast, simp add: ord-def modeg-def)

lemma ord: [a"(ord n a) = 1] (mod n) using ord-works by blast
lemma ord-minimal: 0 < m = m < ord n ¢« = ~[a"m = 1] (mod n)
using ord-works by blast
lemma ord-eq-0: ord n a = 0 «—— ~coprime n a
by (cases coprime n a, simp add: neq0-conv coprime-ord, simp add: neq0-conv
ord-def)

lemma ord-divides:
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[a “d = 1] (mod n) «— ord n a dvd d (is ?lhs «—— 2rhs)
proof
assume rh: ?rhs
then obtain £ where d = ord n a * k unfolding dvd-def by blast
hence [¢ “ d = (a " (ord n a) mod n) k] (mod n)
by (simp add : modeg-def power-mult power-mod)
also have [(a * (ord n a) mod n) "k = 1] (mod n)
using ord[of a n, unfolded modeg-def]
by (simp add: modeq-def power-mod power-Suc0)
finally show ?lhs .
next
assume lh: ?lhs
{ assume H: — coprime n a
hence o: ord n a = 0 by (simp add: ord-def)
{assume d: d=0 with o H have ?rhs by (simp add: modeq-def)}
moreover
{assume d0: d#0 then obtain d’ where d" d = Suc d’ by (cases d, auto)
from H[unfolded coprime]
obtain p where p: p dvd n p dvd a p # 1 by auto
from [h[unfolded nat-mod)
obtain ¢! ¢2 where gi12:a “d + n * gl = 1 + n % ¢2 by blast
hence a “d + n * gl — n *x ¢2 = 1 by simp
with dvd-diff-nat [OF dvd-add [OF divides-rexp|OF p(2), of d'] dvd-mult2[OF
p(1), of q1]] dvd-mult2[OF p(1), of ¢2]] d’ have p dvd 1 by simp
with p(3) have Fualse by simp
hence ?rhs ..}
ultimately have ?rhs by blast}
moreover
{assume H: coprime n a
let 0 = ordn a
let ?g = d div ord n a
let ?r = d mod ord n a
from cong-exp[OF ord[of a n], of ?q]
have eqo: [(a"%0) "?q = 1] (mod n) by (simp add: modeq-def power-Suc0)
from H have onz: %0 # 0 by (simp add: ord-eq-0)
hence op: %0 > 0 by simp
from mod-div-equality[of d ord n a] Ih
have [a"(%0%%q + ?r) = 1] (mod n) by (simp add: modeg-def mult-commute)
hence [(a"%0) "?q * (a"?r) = 1] (mod n)
by (simp add: modeq-def power-mult[symmetric] power-add[symmetric])
hence th: [a"?r = 1] (mod n)
using eqgo mod-mult-left-eq[of (a"?0) "?q a”%r n]
apply (simp add: modeg-def del: One-nat-def)
by (simp add: mod-mult-left-eq[symmetric])
{assume r: ?r = 0 hence ?rhs by (simp add: dvd-eq-mod-eq-0)}
moreover
{assume r: ?r # 0
with mod-less-divisor|OF op, of d] have r0o:?r >0 A ?r < %0 by simp
from conjunct2[OF ord-works|of a n], rule-format, OF r0o] th
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have ?rhs by blast}
ultimately have ?rhs by blast}
ultimately show ?rhs by blast
qed

lemma order-divides-phi: coprime n a = ord n a dvd ¢ n
using ord-divides fermat-little coprime-commute by simp
lemma order-divides-expdiff :
assumes na: coprime n a
shows [a"d = a"¢] (mod n) — [d = e] (mod (ord n a))
proof—
{fixnade
assume na: coprime n o and ed: (e:nat) < d
hence d¢. d = e + ¢ by arith
then obtain ¢ where c: d = e + ¢ by arith
from na have an: coprime a n by (simp add: coprime-commute)
from coprime-exp|OF na, of €]
have aen: coprime (a’e) n by (simp add: coprime-commute)
from coprime-exp[OF na, of c]
have acn: coprime (a’c) n by (simp add: coprime-commute)
have [a"d = a’e] (mod n) — [a"(e + ¢) = a"(e + 0)] (mod n)
using ¢ by simp
also have ... «—— [a"ex a"c = a"e xa"0] (mod n) by (simp add: power-add)
also have ... «— [a "¢ = 1] (mod n)
using cong-mult-lcancel-eq[OF aen, of a"c a”0] by simp
also have ... < ord n a dvd ¢ by (simp only: ord-divides)

also have ... — [e + ¢ = e + 0] (mod ord n a)
using cong-add-lcancel-eqlof e ¢ 0 ord n a, simplified cong-0-divides]
by simp

finally have [a"d = a"e] (mod n) «—— [d = ¢e] (mod (ord n a))
using ¢ by simp }
note th = this
have e < d V d < e by arith
moreover
{assume ed: ¢ < d from th[OF na ed] have ?thesis .}
moreover
{assume de: d < e
from th[OF na de] have ?thesis by (simp add: cong-commute) }
ultimately show ?thesis by blast
qed

lemma prime-prime-factor:
primen «—— n # 1IN (Vp. primep A p dvd n — p = n)
proof—
{assume n: n=0 V n=1 hence ?thesis using prime-0 two-is-prime by auto}
moreover
{assume n: n#£0 n#£1
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{assume pn: prime n

from pnlunfolded prime-def] have ¥V p. prime p A p dudn — p = n
using n
apply (cases n = 0 V n=1,simp)
by (clarsimp, erule-tac x=p in allE, auto)}
moreover
{assume H: Vp. prime p A pdvdn — p = n
from n have ni1: n > 1 by arith
{fix m assume m: m dvd n m#1
from prime-factor[OF m(2)] obtain p where
p: prime p p dvd m by blast
from dvd-trans[OF p(2) m(1)] p(1) H have p = n by blast
with p(2) have n dvd m by simp
hence m=n using dvd-antisym[OF m(1)] by simp }
with n! have prime n unfolding prime-def by auto }
ultimately have ?thesis using n by blast}
ultimately show ?thesis by auto
qed

lemma prime-divisor-sqrt:
primen «——n# 1 ANNMd. ddvdn ANd2<n-—d=1)
proof—
{assume n=0 V n=1 hence ?thesis using prime-0 prime-1
by (auto simp add: nat-power-eq-0-iff ) }
moreover
{assume n: n#0 n#1
hence np: n > 1 by arith
{fix d assume d: d dvd n d"2 < nand H: Vm. m dvd n — m=1V m=n
from H d have din: d = 1 V d=n by blast
{assume dn: d=n
have n"2 > nx1 using n
by (simp add: power2-eq-square mult-less-cancell)
with dn d(2) have d=1 by simp}
with din have d = I by blast }
moreover
{fix d assume d: d dvd n and H: Vd'. d' dvdn ANd'"2 <n— d =1
from d n have d # 0 apply — apply (rule ccontr) by simp
hence dp: d > 0 by simp
from d[unfolded dvd-def] obtain e where e: n= dxe by blast
from n dp e have ep:e > 0 by simp
have d"2 < n V e"2 < n using dp ep
by (auto simp add: e power2-eq-square mult-le-cancel-left)
moreover
{assume h: d°2 < n
from H|[rule-format, of d] h d have d = 1 by blast}
moreover
{assume h: ¢"2 < n
from e have e dvd n unfolding dvd-def by (simp add: mult-commute)
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with H[rule-format, of e] h have e=1 by simp
with e have d = n by simp}
ultimately have d=1 V d=n by blast}
ultimately have ?thesis unfolding prime-def using np n(2) by blast}
ultimately show ?thesis by auto
qed
lemma prime-prime-factor-sqrt:
primen «—— n# 0 An#1AN- (3p. primep Apdudn A p°2 < n)
(is ?lhs «—— ?rhs)
proof—
{assume n=0 V n=1 hence ?thesis using prime-0 prime-1 by auto}
moreover
{assume n: n#0 n#1
{assume H: ?lhs
from H[unfolded prime-divisor-sqrt] n
have ?rhs apply clarsimp by (erule-tac z=p in dallE, simp add: prime-1)
}
moreover
{assume H: ?rhs
{fix d assume d: d dvd n d"2 < n d#1
from prime-factor[OF d(3)]
obtain p where p: prime p p dvd d by blast
from n have np: n > 0 by arith
from d(1) n have d # 0 by — (rule ccontr, auto)
hence dp: d > 0 by arith
from mult-mono[OF dvd-imp-le[OF p(2) dp] dvd-imp-le[OF p(2) dp]] d(2)
have p°2 < n unfolding power2-eq-square by arith
with H n p(1) dvd-trans|OF p(2) d(1)] have Fulse by blast}
with n prime-divisor-sqgrt have ?lhs by auto}
ultimately have ?thesis by blast }
ultimately show ?thesis by (cases n=0 V n=1, auto)
qed

lemma pocklington-lemma:
assumes n: n > 2 and ngr: n — 1 = gxr and an: [a” (n — 1) =
and aq:Vp. prime p A p dvd ¢ — coprime (a” ((n — 1) div p) —
and pp: prime p and pn: p dvd n
shows [p = 1] (mod q)
proof—
from pp prime-0 prime-1 have p01: p # 0 p # 1 by — (rule ccontr, simp)+
from cong-1-divides[OF an, unfolded ngr, unfolded dvd-def]
obtain k£ where k: a " (¢ x ) — 1 = nxk by blast
from pnlunfolded dvd-def] obtain | where I: n = pxl by blast
{assume a0: a = 0
hence a” (n — 1) = 0 using n by (simp add: power-0-left)
with n an mod-less[of 1 n] have False by (simp add: power-0-left modeq-def)}
hence a0: a#0 ..
from n ngr have agr0: a * (¢ x r) # 0 using a0 by (simp add: neq0-conv)
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hence (a “(¢g*x7) — 1)+ 1 =a " (¢ 1) by simp
with k [ have a " (¢ * ) = pxlxk + 1 by simp
hence a " (r*q) + px 0 =1 + p * (Ixk) by (simp add: mult-ac)
hence odg: ord p (a’r) dvd q
unfolding ord-divides[symmetric] power-mult[symmetric] nat-mod by blast
from odg[unfolded dvd-def] obtain d where d: ¢ = ord p (a’r) * d by blast
{assume dI: d # 1
from prime-factor[OF d1] obtain P where P: prime P P dvd d by blast
from d dvd-mult|OF P(2), of ord p (a’r)] have Pq: P dvd q by simp
from aq P(1) Pg have caP:coprime (a” ((n — 1) div P) — 1) n by blast
from Pq obtain s where s: ¢ = Pxs unfolding dvd-def by blast
have P0: P # 0 using P(1) prime-0 by — (rule ccontr, simp)
from P(2) obtain ¢t where t: d = Pxt unfolding dvd-def by blast
from d s t PO have s”: ord p (a’r) x t = s by algebra
have ord p (a"r) x txr = r * ord p (a"r) * t by algebra
hence exps: a”(ord p (a’r) * txr) = ((a " 1) “ordp (a’r)) "t
by (simp only: power-mult)
have [((a “r) “ord p (a’r)) ~t= 1"t] (mod p)
by (rule cong-exp, rule ord)
then have th: [((¢ " r) "“ord p (a’r)) " t= 1] (mod p)
by (simp add: power-Suc0)
from cong-1-divides[OF th] exps have pd0: p dvd a"(ord p (a"r) * txr) — 1
by simp
from ngr s s’ have (n — 1) div P = ord p (a"r) * txr using P0 by simp
with caP have coprime (a”(ord p (a"r) * txr) — 1) n by simp
with p01 pn pd0 have False unfolding coprime by auto}
hence di1: d = 1 by blast
hence o: ord p (a"r) = q using d by simp
from pp phi-prime[of p] have phip: ¢ p = p — 1 by simp
{fix d assume d: d dvd p d dvd a d # 1
from pplunfolded prime-def] d have dp: d = p by blast
from n have n12:Suc (n — 2) = n — 1 by arith
with divides-rexzp[OF d(2)[unfolded dp], of n — 2]
have th0: p dvd a " (n — 1) by simp
from n have n0: n # 0 by simp
from d(2) an n12[symmetric] have a0: a # 0
by — (rule ccontr, simp add: modeg-def)
have thi: " (n — 1) # 0 using n d(2) dp a0 by (auto simp add: neq0-conv)
from coprime-minus1 [OF th1, unfolded coprime]
dvd-trans|OF pn cong-1-divides|OF an]] th0 d(8) dp
have False by auto}
hence cpa: coprime p a using coprime by auto
from coprime-exp|OF cpa, of r] coprime-commute
have arp: coprime (a’r) p by blast
from fermat-little[OF arp, simplified ord-divides] o phip
have ¢ dvd (p — 1) by simp
then obtain d where d:p — I = ¢ * d unfolding dvd-def by blast
from prime-0 pp have p0:p # 0 by — (rule ccontr, auto)
from p0 d have p + ¢ x 0 = 1 + ¢q * d by simp
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with nat-mod[of p 1 q, symmetric]
show ?thesis by blast
qed

lemma pocklington:
assumes n: n > 2 and ngr: n — 1 = ¢xr and sqr: n < ¢°2
and an: [a” (n — 1) = 1] (mod n)
and aq:Vp. prime p A p dvd ¢ — coprime (a” ((n — 1) divp) — 1) n
shows prime n
unfolding prime-prime-factor-sqrt[of n
proof—
let ?ths =n # 0 An#1A- (3p. primep A p dvd n A p?> < n)
from n have n01: n#0 n#1 by arith+
{fix p assume p: prime p p dvd n p°2 < n
from p(3) sqr have p”(Suc 1) < ¢"(Suc 1) by (simp add: power2-eq-square)
hence pq: p < ¢ unfolding exp-mono-le .
from pocklington-lemma|OF n nqgr an aq p(1,2)] cong-1-divides
have th: ¢ dvd p — 1 by blast
have p — 1 # Ousing prime-ge-2[OF p(1)] by arith
with divides-ge[OF th] pg have False by arith }
with n01 show ¢ths by blast
qed

lemma pocklington-alt:
assumes n: n > 2 and ngr: n — 1 = ¢gxr and sqr: n < ¢°2
and an: [a" (n — 1) = 1] (mod n)
and aq:Vp. prime p A p dvd ¢ — (3b. [a"((n — 1) div p) = b] (mod n) A
coprime (b — 1) n)
shows prime n
proof—
{fix p assume p: prime p p dvd q
from ag[rule-format] p obtain b where
b: [a*((n — 1) div p) = b] (mod n) coprime (b — 1) n by blast
{assume a0: a=0
from n an have [0 = 1] (mod n) unfolding a0 power-0-left by auto
hence Fulse using n by (simp add: modeg-def dvd-eq-mod-eq-0[symmetric])}
hence a0: a# 0 ..
hence ail: a > 1 by arith
from one-le-power[OF al] have ath: 1 < a " ((n — 1) div p) .
{assume b0: b = 0
from p(2) ngr have (n — 1) mod p = 0
apply (simp only: dvd-eq-mod-eq-0[symmetric]) by (rule dvd-mult2, simp)
with mod-div-equality[of n — 1 p]
have (n — 1) div p x p= n — 1 by auto
hence eq: (a"((n — 1) divp))p=a"(n — 1)
by (simp only: power-mult[symmetric])
from prime-ge-2[OF p(1)] have pS: Suc (p — 1) = p by arith
from b(1) have d: n dvd a"((n — 1) div p) unfolding b0 cong-0-divides .
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from divides-rexp[OF d, of p — 1] pS eq cong-divides|OF an] n
have Fualse by simp}
then have b0: b # 0 ..
hence 01: b > 1 by arith
from cong-coprime[OF cong-sub[OF b(1) cong-refllof 1] ath b1]] b(2) ngr
have coprime (a * ((n — 1) divp) — 1) n by (simp add: coprime-commute)}
hence th: Vp. prime p A p dvd ¢ — coprime (a * ((n — 1) divp) — 1) n
by blast
from pocklington|OF n nqr sqr an th] show ?thesis .
qed

definition primefact ps n = (foldr op x ps 1 = n A (VY p€ set ps. prime p))

lemma primefact: assumes n: n # 0
shows 3 ps. primefact ps n
using n
proof (induct n rule: nat-less-induct)
fix n assume H: Vm<n. m # 0 — (3 ps. primefact ps m) and n: n#0
let ?ths = I ps. primefact ps n
{assume n = I
hence primefact [| n by (simp add: primefact-def)
hence ?ths by blast }
moreover
{assume nl: n # 1
with n have n2: n > 2 by arith
from prime-factor[OF n1] obtain p where p: prime p p dvd n by blast
from p(2) obtain m where m: n = pxm unfolding dvd-def by blast
from n m have m0: m > 0 m#0 by auto
from prime-ge-2[OF p(1)] have 1 < p by arith
with m0 m have mn: m < n by auto
from H{rule-format, OF mn m0(2)] obtain ps where ps: primefact ps m ..
from ps m p(1) have primefact (p#ps) n by (simp add: primefact-def)
hence ?ths by blast}
ultimately show ?ths by blast
qed

lemma primefact-contains:
assumes pf: primefact ps n and p: prime p and pn: p dvd n
shows p € set ps
using pf p pn
proof (induct ps arbitrary: p n)
case Nil thus ?case by (auto simp add: primefact-def)
next
case (Cons q gs p n)
from Cons.prems[unfolded primefact-def]
have ¢: prime q q * foldr op x qs 1 = n Vp Eset gs. prime p and p: prime p p
dvd q * foldr op * qs 1 by simp-all
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{assume p dvd q
with p(1) ¢(1) have p = ¢ unfolding prime-def by auto
hence ?case by simp}
moreover
{ assume h: p dvd foldr op % g¢s 1
from ¢(3) have pgs: primefact gs (foldr op * qs 1)
by (simp add: primefact-def)
from Cons.hyps[OF pgs p(1) h] have ?case by simp}
ultimately show ?case using prime-divprod|OF p] by blast
qed

lemma primefact-variant: primefact ps n «— foldr op * ps 1 = n A list-all prime
ps by (auto simp add: primefact-def list-all-iff )

lemma lucas-primefact:
assumes n: n > 2 and an: [a"(n — 1) = 1] (mod n)
and psn: foldr op x ps 1 =n — 1
and psp: list-all (Ap. prime p A = [a"((n — 1) div p) = 1] (mod n)) ps
shows prime n
proof—
{fix p assume p: prime p p dvd n — 1 [a " ((n — 1) div p) = 1] (mod n)
from psn psp have psnl: primefact ps (n — 1)
by (auto simp add: list-all-iff primefact-variant)
from p(3) primefact-contains|OF psnl p(1,2)] psp
have Fulse by (induct ps, auto)}
with lucas[OF n an] show ?thesis by blast
qged

lemma mod-le: assumes n: n # (0::nat) shows m mod n < m
proof—

from mod-div-equality[of m n]

have dz. x + m mod n = m by blast

then show ?thesis by auto
qed

lemma pocklington-primefact:
assumes n: n > 2 and grn: ¢gxr =n — 1 and ng2: n < ¢°2
and arnb: (a"r) mod n = b and psq: foldr op * ps 1 = ¢
and bgn: (b"q) mod n = 1
and psp: list-all (Ap. prime p A coprime ((b"(q div p)) mod n — 1) n) ps
shows prime n
proof—
from bgn psp qrn
have bgn: a “ (n — 1) mod n = 1

159



and psp: list-all (Ap. prime p A coprime (a"(r *(q div p)) mod n — 1) n) ps
unfolding arnb[symmetric] power-mod
by (simp-all add: power-mult[symmetric] algebra-simps)
from n have n0: n > 0 by arith
from mod-div-equality[of a*(n — 1) n]
mod-less-divisor|OF n0, of a*(n — 1)]
have ani: [a *~ (n — 1) = 1] (mod n)
unfolding nat-mod bgn
apply —
apply (rule exI[where z=0])
apply (rule exI[where z=a"(n — 1) div n])
by (simp add: algebra-simps)
{fix p assume p: prime p p dvd q
from psp psq have pfpsq: primefact ps q
by (auto simp add: primefact-variant list-all-iff )
from psp primefact-contains| OF pfpsq p]
have p": coprime (a * (r * (q div p)) modn — 1) n
by (simp add: list-all-iff )
from prime-ge-2[OF p(1)] have p01: p # 0p # 1 p =Suc(p — 1) by arith+
from div-multi-eq[of r q p] p(2)
have eql: r+ (¢ divp) = (n — 1) divp
unfolding g¢rn[symmetric] dvd-eq-mod-eq-0 by (simp add: mult-commute)
have ath: Aa (b:nat). a <=b = a# 0 ==> 1 <=a AN 1 <= b by arith
from n0 have n00: n # 0 by arith
from mod-le[ OF n00]
have th10: a ~ ((n — 1) divp) modn < a "~ ((n — 1) div p) .
{assume a * ((n — 1) div p) mod n = 0
then obtain s where s: a " ((n — 1) div p) = nxs
unfolding mod-eq-0-iff by blast
hence eq0: (a"((n — 1) div p)) "p = (nxs) "p by simp
from grn[symmetric] have ¢nl: ¢ dvd n — 1 unfolding dvd-def by auto
from dvd-trans|OF p(2) qnl1] div-mod-equality'[of n — 1 p]
have npp: (n — 1) divp x p = n — 1 by (simp add: dvd-eq-mod-eq-0)
with eq0 have ¢” (n — 1) = (n*s)p
by (simp add: power-mult[symmetric])
hence 1 = (nx*s) "(Suc (p — 1)) mod n using bgn p01 by simp
also have ... = 0 by (simp add: mult-assoc)
finally have Fulse by simp }
then have thil: a * ((n — 1) div p) mod n # 0 by auto
have th1: [a " ((n — 1) divp) mod n = a " ((n — 1) div p)] (mod n)
unfolding modeg-def by simp
from cong-sub[OF thi1 cong-refi[of 1]] ath[OF th10 th11]
have th: [a “ ((n — 1) divp) modn — 1 =a " ((n — 1) divp) — 1] (mod n)
by blast
from cong-coprime[OF th] p’lunfolded eql]
have coprime (a * ((n — 1) div p) — 1) n by (simp add: coprime-commute) }
with pocklington[OF n grn][symmetric] ng2 anl)
show ?thesis by blast
qed
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