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1 Code-Generator: Loading the code generator
modules

theory Code-Generator

imports Pure

uses
~~ [ src/ Tools [ auto-solve. ML
~~ | src/ Tools | auto-counterexample. ML
~~ | src/ Tools [ quickcheck. ML
~~ [sre/ Tools [ value. ML
~~ [sre/ Tools/ Code [ code-preproc. ML
~~ | src/ Tools | Code/ code-thingol. ML
~~ [sre/ Tools/ Code [ code-printer. ML
~~ [sre/ Tools/ Code [ code-target. ML
~~ [sre/ Tools [ Code [ code-ml. ML
~~ [sre/ Tools/ Code/ code-eval . ML
~~ [sre/ Tools/ Code [ code-haskell. ML
~~ [sre/ Tools/ Code/ code-scala. ML
~~ /src/ Tools /nbe. ML

begin

setup ((
Code-Preproc.setup
#> Code-ML.setup
#> Code-FEval.setup
#> Code-Haskell.setup
#> Code-Scala.setup
#> Nbe.setup
#> Quickcheck.setup

end

2 HOL: The basis of Higher-Order Logic

theory HOL
imports Pure ~~ /src/ Tools/ Code-Generator
uses
(Tools/hologic. ML)
~~ /src/ Tools / IsaPlanner / zipper. ML
~~ [sre/ Tools/ IsaPlanner isand. ML
~~ [sre/ Tools [ IsaPlanner | rw-tools. ML
~~ | src/ Tools [ IsaPlanner [ rw-inst. ML
~~ [ src/ Tools /intuitionistic. ML
~~ | src/ Tools | project-rule. ML
~~ [sre/ Tools [ cong-tac. ML
~~ [sre/ Provers [ hypsubst. ML
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~~ | src/ Provers [ splitter. ML

~~ | src/ Provers/ classical. ML

~~ [sre/ Provers [ blast. ML

~~ [sre/ Provers [ clasimp. ML

~~ [sre/ Tools [ coherent. ML

~~ [ src/ Tools [ eqsubst. ML

~~ | src/ Provers | quantifierl . ML

(Tools/simpdata. ML)

~~ [sre/ Tools [ random-word. ML

~~ [sre/ Tools [ atomize-elim. ML

~~ [ src/ Tools /induct. ML

(~~ /sre/ Tools [ induct-tacs. ML)

(Tools [ recfun-codegen. ML)
begin

setup (( Intuitionistic.method-setup Q{binding iprover} )

2.1 Primitive logic
2.1.1 Core syntax

classes type
default-sort type
setup (( Object-Logic.add-base-sort Q{sort type} )

arities
fun :: (type7 type) type
itself :: (type) type
global

typedecl bool

judgment
Trueprop :: bool => prop ((-) 5)
consts
Not 22 bool => bool (~ - [40] 40)
True it bool
False it bool
The 2 (a => bool) => "a
All t ("a => bool) => bool (binder ALL 10)
Ex 2 ("a => bool) => bool (binder EX 10)
Ex1 2 (Ya => bool) => bool (binder EX! 10)
Let = a, 'a => b =>"b
op = : ['a, 'a] => bool (infix]l = 50)
op & i [bool, bool] => bool (infixr & 35)
op | i [bool, bool] => bool (infixr | 30)

24
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op ——> i [bool, bool] => bool (infixr ——> 25)
local
consts
If i [bool, 'a, 'a] => 'a ((if (-)/ then (-)/ else (-)) [0, 0, 10] 10)

2.1.2 Additional concrete syntax

notation (output)
op = (infix = 50)

abbreviation
not-equal :: ['a, 'a] => bool (infixl ~= 50) where
notation (output)
not-equal (infix ~= 50)

notation (zsymbols)
Not (= - [40] 40) and
op & (infixr A 35) and
op | (infixr V 30) and
op —> (infixr — 25) and
not-equal (infix # 50)

notation (HTML output)
Not (= -[40] 40) and
op & (infixr A 35) and
op | (infixr V 30) and
not-equal (infix # 50)

abbreviation (iff)
iff = [bool, bool] => bool (infixr <—> 25) where
A<—>B==A=8B

notation (zsymbols)
iff (infixr «— 25)

nonterminals
letbinds letbind
case-syn cases-syn

syntax
-The :: [pttrn, bool] => 'a ((3THE -./ -) [0, 10] 10)
-bind = [pttrn, 'a] => letbind ((2-=/-) 10)

: letbind => letbinds (-)
-binds i [letbind, letbinds] => letbinds (-/ -)
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-Let 2 [letbinds, 'a] => 'a ((let (-)/ in (-)) [0, 10] 10)
-case-syntaz:: ['a, cases-syn] => b ((case - of / -) 10)
-casel i ['a, 'b] => case-syn ((2-=>/-) 10)
i case-syn => cases-syn (-)
-case2 i [case-syn, cases-syn] => cases-syn (-/ | -)
translations
THE . P —= CONST The (%z. P)
-Let (-binds b bs) e == -Let b (-Let bs e)
letz=aine == CONST Let a (%z. €)

print-translation (
((@{ const-syntax The}, fn [Abs abs] =>
let val (x, t) = atomic-abs-tr’ abs
in Syntax.const Q{syntax-const -The} $ = $ t end)]
Y — To avoid eta-contraction of body

syntax (zsymbols)
-casel i ['a, 'b] => case-syn ((2-=/-) 10)

notation (zsymbols)
All (binder V 10) and
Ez (binder 3 10) and
Ez! (binder 3! 10)

notation (HTML output)
All (binder V 10) and
Ez (binder 3 10) and
Ez1 (binder 3! 10)

notation (HOL)
All (binder ! 10) and
Ez (binder ? 10) and
Fz1 (binder ?! 10)

2.1.3 Axioms and basic definitions

axioms
refl: t = (t::'a)
subst: s=t=Ps=—= Pt
ext: (Nz:'a. (fz b)) = ga) ==> (%z. fz) = (%x. g 1)

— Extensionality is built into the meta-logic, and this rule expresses a related
property. It is an eta-expanded version of the traditional rule, and similar to the
ABS rule of HOL

the-eq-trivial: (THE x. © = a) = (a::'a)

impl: (P ==> Q) ==> P——>Q
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mp: | P=—>Q; P|]==>Q
defs
True-def: True == ((%z::bool. 1) = (%x. 1))
All-def: All(P) == (P = (%=. True))
Ez-def: Ez(P) ==1Q.(lz. Pz —> Q) ——> Q
False-def:  False == (IP. P)
not-def: ~ P == P——>Fulse
and-def: P& Q@ ==!R. (P-—>Q——>R) ——>R
or-def: P|Q ==!R. (P-—>R) ——> (Q@——>R) ——> R
Exl-def: Ez1(P) == ?%z. P(z)& (ly. P(y) ——> y=x)
axioms
i (P——>Q) ——> (Q——>P) ——> (P=Q)
True-or-False: (P=True) | (P=False)
defs
Let-def [code]: Let s f == f(s)
if-def If Pxy == THE z::'a. (P=True ——> z=z) & (P=False ——>
z=y)
finalconsts
op =
op ——>
The
axiomatization

undefined :: 'a

class default =
fixes default :: 'a

2.2 Fundamental rules
2.2.1 Equality

lemma sym: s =t ==>t = s
by (erule subst) (rule refl)

lemma ssubst: t = s ==> Ps ==> Pt
by (drule sym) (erule subst)

lemma trans: [| r=s; s=t || ==> r=t
by (erule subst)

lemma meta-eq-to-obj-eq:
assumes meq: A == B
shows A = B
by (unfold meq) (rule refl)
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Useful with erule for proving equalities from known equalities.

lemma boz-equals: [| a=b; a=c; b=d || ==> c¢=d
apply (rule trans)

apply (rule trans)

apply (rule sym)

apply assumption+

done

For calculational reasoning;:

lemma forw-subst: a = b ==> P b ==> Pa
by (rule ssubst)

lemma back-subst: P a ==> a = b ==> P b
by (rule subst)

2.2.2 Congruence rules for application

Similar to AP-THM in Gordon’s HOL.

lemma fun-cong: (f::'a=>'b) = g ==> f(x)=g(z)
apply (erule subst)

apply (rule refl)
done

Similar to AP-TERM in Gordon’s HOL and FOL’s subst-context.

lemma arg-cong: =y ==> f(z)=f(y)
apply (erule subst)

apply (rule refl)
done

lemma arg-cong2: [a=b;c=d] = fac=fbd
apply (erule ssubst)+

apply (rule refl)
done

lemma cong: [| f = g; (z/a) =y || ==>fz =gy
apply (erule subst)+

apply (rule refl)
done

ML ( val cong-tac = Cong-Tac.cong-tac @{thm cong} )

2.2.3 Equality of booleans — iff

lemma iffl: assumes P ==> () and ) ==> P shows P=(Q
by (iprover intro: iff [THEN mp, THEN mp] impl assms)

lemma iffD2: [| P=Q; Q || ==> P
by (erule ssubst)

28
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lemma rev-iffD2: || Q; P=Q |] ==> P
by (erule iffD2)

lemma iffD1: Q = P = @ = P
by (drule sym) (rule iffD2)

lemma rev-iff D1: ) = Q = P = P
by (drule sym) (rule rev-iffD2)

lemma iffE:
assumes magjor: P=Q
and minor: [| P ——> @Q; Q@ —> P || ==> R
shows R
by (iprover intro: minor impl major [THEN iffD2] major [THEN iffD1])

2.2.4 True

lemma Truel: True
unfolding True-def by (rule refl)

lemma eqTruel: P ==> P = True
by (iprover intro: iffI Truel)

lemma eqTrueE: P = True ==> P
by (erule iffD2) (rule Truel)

2.2.5 Universal quantifier

lemma alll: assumes !!z::’a. P(z) shows ALL z. P(z)
unfolding All-def by (iprover intro: ext eqTruel assms)

lemma spec: ALL z::'a. P(z) ==> P(z)
apply (unfold All-def)

apply (rule eqTrueE)

apply (erule fun-cong)

done

lemma allE:
assumes major: ALL z. P(z)
and minor: P(x) ==> R
shows R
by (iprover intro: minor major [THEN spec])

lemma all-dupE:
assumes major: ALL z. P(x)
and minor: [| P(z); ALL z. P(z) || ==> R
shows R
by (iprover intro: minor major major [THEN spec])

29



THEORY “HOL” 30

2.2.6 False

Depends upon spec; it is impossible to do propositional logic before quanti-
fiers!

lemma FualseE: False ==> P
apply (unfold False-def)

apply (erule spec)
done

lemma False-neq-True: False = True ==> P
by (erule eqTrueE [THEN FalseE))

2.2.7 Negation

lemma notl:
assumes P ==> Fulse
shows ~ P
apply (unfold not-def)
apply (iprover intro: impl assms)
done

~

lemma False-not-True: False ~= True
apply (rule notl)
apply (erule False-neg-True)

done

lemma True-not-False: True ~= False
apply (rule notl)
apply (drule sym)
apply (erule False-neq-True)
done

lemma notE: [| YP; P|]==> R

apply (unfold not-def)

apply (erule mp [THEN FalseFE))

apply assumption

done
lemma notl2: (P = - Pa) = (P = Pa) = - P
by (erule notE [THEN notl)) (erule meta-mp)

J

2.2.8 Implication

lemma impE:
assumes P——>Q P Q ==> R
shows R

by (iprover intro: assms mp)
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lemma rev-mp: [| P; P ——> Q || ==> @
by (iprover intro: mp)

lemma contrapos-nn:
assumes magjor: ~ @
and minor: P==>(
shows ~ P
by (iprover intro: notl minor major [THEN notFE])

lemma contrapos-pn:
assumes magjor: Q
and minor: P ==> ~(
shows ~ P
by (iprover intro: notl minor magjor notE)

lemma not-sym: t "= s ==> s V=1
by (erule contrapos-nn) (erule sym)

lemma eg-neg-eg-imp-neq: [| t =a;a~=b; b=y || ==>=z
by (erule subst, erule ssubst, assumption)

lemma rev-contrapos:
assumes pqg: P ==> @
and ng: ~Q
shows ~ P
apply (rule ng [THEN contrapos-nn])

apply (erule pq)
done

2.2.9 Existential quantifier

lemma exl: Pz ==> EX z::'a. Pz
apply (unfold Ez-def)

apply (iprover intro: alll ollE impl mp)
done

lemma exE:
assumes major: EX z::'a. P(z)
and minor: lz. P(z) ==> @
shows @
apply (rule major [unfolded Ez-def, THEN spec, THEN mp))
apply (iprover intro: impI [THEN alll] minor)
done

2.2.10 Conjunction

lemma conjl: || P; Q || ==> P&Q
apply (unfold and-def)

~

=Y
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apply (iprover intro: impl [THEN alll] mp)
done

lemma conjunct!: [| P & Q |] ==> P
apply (unfold and-def)

apply (iprover intro: impl dest: spec mp)
done

lemma conjunct2: [| P & Q |] ==> @
apply (unfold and-def)

apply (iprover intro: impl dest: spec mp)
done

lemma conjE':

assumes major: P&Q

and minor: [| P; Q |] ==> R

shows R
apply (rule minor)
apply (rule major [THEN conjunctl])
apply (rule major [THEN conjunct2])
done

lemma context-conjl:
assumes P P ==> () shows P & @)
by (iprover intro: conjl assms)

2.2.11 Disjunction

lemma disjl1: P ==> P|Q
apply (unfold or-def)

apply (iprover intro: alll impl mp)
done

lemma disji2: ) ==> P|Q
apply (unfold or-def)

apply (iprover intro: alll impl mp)
done

lemma disjE:
assumes major: P|Q
and minorP: P ==> R
and minor@: Q ==> R
shows R
by (iprover intro: minorP minor@ impl
magor [unfolded or-def, THEN spec, THEN mp, THEN mp))

2.2.12 Classical logic

lemma classical:
assumes prem: VP ==> P

32
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shows P
apply (rule True-or-False [THEN disjE, THEN eqTrueE])
apply assumption
apply (rule notl [THEN prem, THEN eqTruell)
apply (erule subst)
apply assumption
done

lemmas ccontr = FalseE [THEN classical, standard)

lemma rev-notk:
assumes premp: P
and premnot: "R ==> ~P
shows R
apply (rule ccontr)
apply (erule notE [OF premnot premp))
done

lemma notnotD: ¥~ P ==> P
apply (rule classical)

apply (erule notE)

apply assumption

done

lemma contrapos-pp:
assumes pl: @
and p2: “P ==> ~(Q
shows P
by (iprover intro: classical p1 p2 notE)

2.2.13 Unique existence

lemma ex1I:
assumes P a !lz. P(z) ==> z=a
shows EX! z. P(z)
by (unfold Ex1-def, iprover intro: assms exl congl alll impl)

Sometimes easier to use: the premises have no shared variables. Safe!

lemma ex-exil:
assumes ez-prem: EX z. P(z)
and eq: !z y. [| P(z); P(y) |] ==> 2=y
shows EX! z. P(z)
by (iprover intro: ex-prem [THEN exE] ex1I eq)

lemma exlE:
assumes major: EX! z. P(z)
and minor: !z. [| P(z); ALLy. P(y) ——> y=z || ==> R
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shows R
apply (rule major [unfolded Fx1-def, THEN exE])
apply (erule conjE)
apply (iprover intro: minor)
done

lemma exl-implies-ex: EX! z. Pz ==> EX x. Px
apply (erule ex1E)

apply (rule exI)

apply assumption

done

2.2.14 THE: definite description operator

lemma the-equality:

assumes prema: P a

and premz: lz. Pz ==> z=a

shows (THE z. Pz) = a
apply (rule trans [OF - the-eg-trivial])
apply (rule-tac f = The in arg-cong)
apply (rule ext)
apply (rule iffI)

apply (erule premx)
apply (erule ssubst, rule prema)
done

lemma thel:
assumes P ¢ and !lz. Pz ==> z=a
shows P (THE z. P x)
by (iprover intro: assms the-equality [THEN ssubst])

lemma thel”: EX! . Px ==> P (THE z. P z)
apply (erule ex1E)

apply (erule thel)

apply (erule allE)

apply (erule mp)

apply assumption

done

lemma thel?2:
assumes Pallz. Px ==> z=a lz. Pz ==> Q =z
shows @ (THE z. P x)

by (iprover intro: assms thel)

lemma thell2: assumes EX! 2. Pz \z. Pz = @ x shows Q (THE z. P 1)
by (iprover intro:assms(2) thel2[where P=P and Q=Q)] ex1E[OF assms(1)]
elim:allE impE)
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lemma thel-equality [elim?]: [| EX!z. Px; Pa || ==> (THE z. Pz) = a
apply (rule the-equality)
apply assumption
apply (erule exlFE)
apply (erule all-dupE)
apply (drule mp)
apply assumption
apply (erule ssubst)
apply (erule allE)
apply (erule mp)
apply assumption

done

lemma the-sym-eq-trivial: (THE y. z=y) = «
apply (rule the-equality)
apply (rule refl)

apply (erule sym)
done

2.2.15 Classical intro rules for disjunction and existential quan-
tifiers

lemma disjCI:
assumes ~ () ==> P shows P|(Q
apply (rule classical)
apply (iprover intro: assms disjl1 disjI2 notl elim: notE)
done

lemma ezcluded-middle: ~P | P
by (iprover intro: disjCI)

case distinction as a natural deduction rule. Note that — P is the second
case, not the first

lemma case-split [case-names True False]:

assumes preml: P ==> @
and prem2: P ==> @
shows @)

apply (rule excluded-middle [THEN disjE])
apply (erule prem?2)

apply (erule prem1)

done

lemma impCE:
assumes major: P——>@
and minor: YP ==> R ) ==> R
shows R
apply (rule excluded-middle [of P, THEN disjE])
apply (iprover intro: minor major [THEN mp])+
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done

lemma impCE":
assumes major: P——>Q
and minor: Q ==> R ~P ==> R
shows R
apply (rule excluded-middle [of P, THEN disjE))
apply (iprover intro: minor major [THEN mp])+
done

lemma iffCFE:
assumes major: P=Q
and minor: || P; Q || ==> R [| “P;~Q || ==> R
shows R

apply (rule major [THEN iffE])
apply (iprover intro: minor elim: impCE notE)
done

lemma exCI:
assumes ALL z. ~“P(z) ==> P(a)
shows FX z. P(x)
apply (rule ccontr)
apply (iprover intro: assms exl alll notl notE [of Jz. P z])
done

2.2.16 Intuitionistic Reasoning

lemma impE":

assumes 1: P ——> ()
and 2: Q ==> R
and 3: P ——> Q ==> P
shows R
proof —

from & and 1 have P .
with 7 have @ by (rule impE)
with 2 show R .

qed

lemma allE":

assumes 1: ALLz. Px

and 2: Px ==> ALLx. Pz ==> ()

shows @)
proof —

from ! have P z by (rule spec)

from this and 1 show Q by (rule 2)
qed
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lemma notE"

assumes 1: ~ P

and 2: ¥ P ==> P

shows R
proof —

from 2 and 1 have P .

with 1 show R by (rule notE)
qed

lemma TrueE: True ==> P ==> P .
lemma notFalseE: ~ False ==> P ==> P .

lemmas [Pure.elim!] = disjE iffE FalseE conjE exE TrueE notFalseE
and [Pure.intro!] = iffT congl impI Truel notl alll refl
and [Pure.elim 2] = allE notE’ impE’
and [Pure.intro] = exl disjI2 disjl1

lemmas [trans] = trans
and [sym] = sym not-sym
and [Pure.elim?] = iffD1 iffD2 impE

use Tools/hologic. ML

2.2.17 Atomizing meta-level connectives

axiomatization where
eg-reflection: x =y =z =y

lemma atomize-all [atomize]: (Nz. P x) == Trueprop (ALL x. P z)
proof

assume !lz. Pz

then show ALL z. Pz ..
next

assume ALL z. P x

then show !lz. P z by (rule allE)

qed
lemma atomize-imp [atomize]: (A ==> B) == Trueprop (A ——> B)
proof
assume 7 A ==> B
show A ——> B by (rule impI) (rule r)
next

assume A ——> B and A
then show B by (rule mp)
qed

lemma atomize-not: (A ==> False) == Trueprop (~A)
proof
assume 7 A ==> Fulse
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show ~ A by (rule notl) (rule r)
next

assume ~A and A

then show Fulse by (rule notE)

qed
lemma atomize-eq [atomize]: (x == y) == Trueprop (z = y)
proof
assume == y
show z = y by (unfold «x == ) (rule refl)
next

assume = y
then show z == y by (rule eg-reflection)
qed

lemma atomize-conj [atomize]: (A &&& B) == Trueprop (A & B)
proof
assume conj: A &&& B
show A & B
proof (rule conjl)
from conj show A by (rule conjunctionD1)
from conj show B by (rule conjunctionD2)
qed
next
assume conj: A & B
show A &&& B
proof —
from conj show A4 ..
from conj show B ..
qed
qed

lemmas [symmetric, rulify] = atomize-all atomize-imp

and [symmetric, defn] = atomize-all atomize-imp atomize-eq
2.2.18 Atomizing elimination rules
setup AtomizeElim.setup

lemma atomize-exL[atomize-elim]: (Nz. Pz ==> Q) == ((EX z. P z) ==> Q)
by rule iprover+

lemma atomize-conjL{atomize-elim]: (A ==> B ==> () == (A & B ==> ()
by rule iprover+

lemma atomize-disjL[atomize-elim]: ((A ==> C) ==> (B ==> () ==> ()
== ((A| B==> C) ==> ()
by rule iprover+
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lemma atomize-elimL[atomize-elim]: (!B. (A ==> B) ==> B) == Trueprop A

2.3 Package setup
2.3.1 Sledgehammer setup

Theorems blacklisted to Sledgehammer. These theorems typically produce
clauses that are prolific (match too many equality or membership literals)
and relate to seldom-used facts. Some duplicate other rules.

ML (
structure No-ATPs = Named-Thms
(
val name = no-atp
val description = theorems that should be filtered out by Sledgehammer

)
)

setup ( No-ATPs.setup )

2.3.2 Classical Reasoner setup

lemma imp-elim: P ——> @ ==> (¥ R ==> P) ==> () ==> R) ==> R
by (rule classical) iprover

lemma swap: ¥ P ==> (¥ R ==> P) ==> R
by (rule classical) iprover

lemma thin-refl:
AX. [ z=z; PROP W | = PROP W .

ML (
structure Hypsubst = HypsubstFun(
struct
structure Simplifier = Simplifier
val dest-eq = HOLogic.dest-eq
val dest-Trueprop = HOLogic.dest-Trueprop
val dest-imp = HOLogic.dest-imp
val eq-reflection = @Q{thm eg-reflection}
val rev-eg-reflection = Q{thm meta-eq-to-obj-eq}
val imp-intr = Q{thm impl}
val rev-mp = Q{thm rev-mp}
val subst = @Q{thm subst}
val sym = Q{thm sym}
val thin-refl = Q{thm thin-refl};
val prop-subst = @Q{lemma PROP P t ==> PROP prop (x = t ==> PROP P
z)

end);

by (unfold prop-def) (drule eg-reflection, unfold)}



THEORY “HOL” 40

open Hypsubst;

structure Classical = ClassicalFun(
struct

val imp-elim = Q{thm imp-elim}

val not-elim = @Q{thm notE}

val swap = Q{thm swap}

val classical = Q{thm classical}

val sizef = Drule.size-of-thm

val hyp-subst-tacs = [Hypsubst.hyp-subst-tac]
end);

structure Basic-Classical: BASIC-CLASSICAL = Classical;
open Basic-Classical;

ML-Antiquote.value claset
(Scan.succeed Classical.claset-of (ML-Context.the-local-context ()));

)

setup Classical.setup

setup (
let
fun non-bool-eq (Q{ const-name op =}, Type (-, [T, -])) = T <> @{typ bool}
| non-bool-eq - = false;

val hyp-subst-tac’ =
SUBGOAL (fn (goal, 1) =>
if Term.ezists-Const non-bool-eq goal
then Hypsubst.hyp-subst-tac i
else no-tac);
mn
Hypsubst.hypsubst-setup
(xprevent substitution on boolx)
#> Context-Rules.addSWrapper (fn tac => hyp-subst-tac’ ORELSE’ tac)
end

)

declare iffI [intro!]
and notl [intro!]
and impl [intro!]
and disjCI [intro!
and congl [intro!]
and Truel [introl]
and refl [intro]

declare iffCE [elim!]
and FalseE [elim!]
and impCE [elim!]
and disjE [elim!]
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and conjgE [elim!]

declare ez-ex1] [intro!]
and alll [intro!]
and the-equality [intro]
and exl [intro]

declare exFE [elim!]
allE [elim)]

ML ( val HOL-cs = @{claset} ))

lemma contrapos-np: ~ Q@ ==> (¥ P ==> Q) ==> P
apply (erule swap)
apply (erule (1) meta-mp)
done

declare ez-exll [rule del, intro! 2]
and ezI] [intro]

lemmas [intro?] = ext
and [elim?] = exl-implies-ex

lemma alt-exlE [elim]]:
assumes major: 3lz. Pz
and prem: Az. [ Pz;Vyy . PyAPy —y=y'] =R
shows R
apply (rule ex1E [OF major))
apply (rule prem)
apply (tactic {{ ares-tac @{thms alll} 1 )+
apply (tactic { etac (Classical.dup-elim Q{thm allE}) 1))
apply iprover
done

ML (
structure Blast = Blast
(
val thy = @{theory}
type claset = Classical.claset
val equality-name = Q{ const-name op =}
val not-name = Q{ const-name Not}
val notE = Q{thm notE}
val ccontr = @Q{thm ccontr}
val contr-tac = Classical.contr-tac
val dup-intr = Classical. dup-intr
val hyp-subst-tac = Hypsubst.blast-hyp-subst-tac
val rep-cs = Classical.rep-cs
val cla-modifiers = Classical.cla-modifiers
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val cla-meth’ = Classical.cla-meth’
);
val blast-tac = Blast.blast-tac;

)

setup Blast.setup

2.3.3 Simplifier

lemma eta-contract-eq: (%s. fs) = f ..

lemma simp-thms:
shows not-not: (™ ) =
a0 Noveg dfs (“P) - () = (P = @)
and
(P~=Q)=(P=("Q)
(P|~P)= True (~P|P)= True
(z = z) = True
and not-True-eq-False [code]: (= True) = False
and not-False-eq-True [code]: (- False) = True
and
(YP)~=P P~=("P)
(True=P) = P
and eq-True: (P = True) = P
and (False=P) = (™ P)
and eg-False: (P = False) = (= P)
and
(True ——> P) = P (False ——> P) = True
(P ——> True) = True (P ——> P) = True
(P ——> False) = (“P) (P ——> ~P) = ("P)
(P & True) = P (True & P) =P
(P & False) = Fualse (False & P) = False
(P&P)=P (P& (P& Q) =(P&Q)
(P & ~P) = False (P & P) = False
(P | True) = True (True | P) = True
(P | False) = P (False | P) = P
(P|P)=P (P|(P|Q)=(P]| Q) and
(ALLz. P)=P (EXz. P)=P EXz. 2=t EXz. t=z
and
NP. (EX z. z=t & P(x)) = P(t)
NP. (EX z. t=z & P(z)) = P(t)
WP. (ALL z. z=t ——> P(xz)) = P(t)
"P. (ALL z. t=x ——> P(z)) = P(t)
by (blast, blast, blast, blast, blast, iprover+)

lemma disj-absorb: (A | A) = A
by blast

lemma disj-left-absorb: (A | (A | B)) = (A | B)
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by blast

lemma conj-absorb: (A & A) =
by blast

lemma conj-left-absorb: (A & (A & B)) = (A & B)
by blast

lemma eg-ac:
shows eg-commute: (a=b) = (b=a)
and eg-left-commute: (P=(Q=R)) = (@=(P=R))
and eg-assoc: ((P=Q)=R) = (P ( R)) by (iprover, blast+)
lemma neg-commute: (a~=b) = (b~=a) by iprover

lemma conj-comms:
shows conj-commute: (P& Q) = (Q&P)
and cong-left-commute: (P&(Q&R)) = (Q&(P&R)) by iprover+
lemma conj-assoc: ((P&Q)&R) = (P&(Q&R)) by iprover

lemmas conj-ac = conj-commute conj-left-commute conj-assoc

lemma disj-comms:
shows disj-commute: (P|Q) = (Q|P)
and disj-left-commute: (P|(Q|R)) = (Q|(P|R)) by iprover+
lemma disj-assoc: ((P|Q)|R) = (P|(Q|R)) by iprover

lemmas disj-ac = disj-commute disj-left-commute disj-assoc

lemma conj-disj-distribL: (P&(Q|R)) = (P&Q | P&R) by iprover
lemma conj-disj-distribR: ((P|Q)&R) = (P&R | Q&R) by iprover

lemma disj-conj-distribL: (P|(Q&R)) = ((P|Q) & (P|R)) by iprover
lemma disj-conj-distribR: ((P&Q)|R) = ((P|R) & (Q|R)) by iprover

lemma imp-conjR: (P ——> (Q&R)) = (P——>Q) & (P——>R)) by iprover
lemma imp-conjL: (P& Q) ——>R) = (P ——> (Q ——> R)) by iprover
lemma imp-disjL: ((P|Q) ——> R) = (P——>R)&(Q——>R)) by iprover

These two are specialized, but imp-disj-not! is useful in Auth/ Yahalom.

lemma imp-disj-notl: (P ——> Q | R) = (YQ ——> P ——> R) by blast
lemma imp-disj-not2: (P ——> @ | R) = (YR ——> P ——> (@) by blast

lemma imp-disjl: (P——>Q)|R) = (P——> Q|R) by blast
lemma imp-disj2: (Q|(P——>R)) = (P——> Q|R) by blast

lemma imp-cong: (P = P') ==> (P'==> (Q = Q")) ==> (P ——> Q) = (P’

-——> Q)
by iprover
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lemma de-Morgan-disj: (Y (P | Q)) = (TP & ~Q) by iprover
lemma de-Morgan-conj: (Y(P & Q)) = (YP | ~Q) by blast

lemma not-imp: (™ (P ——> @Q)) = (P & ~Q) by blast
(P

lemma not-iff: (P~=Q) = (P = (™~ Q)) by blast
lemma disj-notl: (P | Q) = (P ——> Q) by blast
lemma disj-not2: (P | ~Q) = (Q ——> P) — changes orientation :-(

by blast
lemma imp-conv-disj: (P ——> Q) = ((TP) | Q) by blast

lemma iff-conv-conj-imp: (P = Q) = (P ——> Q) & (Q ——> P)) by iprover

lemma cases-simp: (P ——> Q) & ("P ——> Q)) = @
— Avoids duplication of subgoals after split-if, when the true and false
— cases boil down to the same thing.
by blast

lemma not-all: (~ (! z. P(z)))
lemma imp-all: (! z. Pz) —
lemma not-ex: (~ (? z. P(z)))
lemma imp-ex: ((? z. P x) —
lemma all-not-ex: (ALL z. Pz

= (? 2.~ P(z)) by blast

> Q) = (?ar Pz ——> @) by blast
= (! 2.~ P(z)) by iprover

—> Q)= (2. Pz ——> Q) by iprover
)= (" (EXz.~ Pz )) by blast

declare All-def [no-atp]

lemma ez-disj-distrib: (? . P(z) | Q(z)) = (?z. P(z)) | (?z. Q(z))) by iprover
lemma all-conj-distrib: (\z. P(z) & Q(z)) = ((' z. P(x)) & (! z. Q(z))) by iprover

The & congruence rule: not included by default! May slow rewrite proofs
down by as much as 50%

lemma conj-cong:

(P=P)==>(P'==>(Q=0Q) ==> (P &Q)= (P &Q)
by iprover

lemma rev-conj-cong:

(Q=0Q)==>(Q'==>(P=P))==> (P& Q)= (P & Q)
by iprover

The | congruence rule: not included by default!
lemma disj-cong:
(P=P)==> (P =>(Q=Q))==>P]Q)=(P"Q)
by blast
if-then-else rules
lemma if-True [code]: (if True then x else y) = x

by (unfold if-def) blast

lemma if-False [code]: (if False then x else y) = y
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by (unfold if-def) blast

lemma if-P: P ==> (if P then z else y) = z
by (unfold if-def) blast

lemma if-not-P: ¥ P ==> (if P then x else y) = y
by (unfold if-def) blast

lemma split-if: P (if Q then z else y) = (@ ——> P(z)) & (¥Q ——> P(y)))
apply (rule case-split [of Q))
apply (simplesubst if-P)
prefer 3 apply (simplesubst if-not-P, blast+)
done

lemma split-if-asm: P (if Q then z else y) = (7((Q & ~“Pz) | (YQ & ~P y)))
by (simplesubst split-if , blast)

lemmas if-splits [no-atp] = split-if split-if-asm

lemma if-cancel: (if ¢ then z else x) = x
by (simplesubst split-if , blast)

lemma if-eq-cancel: (if z = y then y else ) = z
by (simplesubst split-if ; blast)

lemma if-bool-eq-cong: (if P then @ else R) = (P——>Q) & (YP——>R))
— This form is useful for expanding ifs on the RIGHT of the ==> symbol.
by (rule split-if )

lemma if-bool-eq-disj: (if P then Q else R) = ((P&Q) | (Y P&R))
— And this form is useful for expanding ifs on the LEFT.
apply (simplesubst split-if , blast)
done

lemma Eq-Truel: P ==> P == True by (unfold atomize-eq) iprover
lemma Fg-Falsel: ¥ P ==> P == False by (unfold atomize-eq) iprover

let rules for simproc
lemma Let-folded: fx = go = Letxf = Letzx g
by (unfold Let-def)

lemma Let-unfold: fr = g = Letzf =g
by (unfold Let-def)

The following copy of the implication operator is useful for fine-tuning con-
gruence rules. It instructs the simplifier to simplify its premise.

definition simp-implies :: [prop, prop] => prop (infixr =simp=> 1) where
[code del]: simp-implies = op ==>
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lemma simp-impliesl:
assumes PQ: (PROP P = PROP @)
shows PROP P =simp=> PROP @
apply (unfold simp-implies-def)
apply (rule PQ)
apply assumption
done

lemma simp-impliesE:
assumes PQ): PROP P =simp=> PROP (@
and P: PROP P
and QR: PROP Q = PROP R
shows PROP R
apply (rule QR)
apply (rule PQ [unfolded simp-implies-def])
apply (rule P)
done

lemma simp-implies-cong:
assumes PP’ :PROP P == PROP P’
and P'QQ" PROP P’ ==> (PROP Q == PROP Q')
shows (PROP P =simp=> PROP @)) == (PROP P’ =simp=> PROP Q')
proof (unfold simp-implies-def, rule equal-intr-rule)
assume PQ: PROP P = PROP (@
and P PROP P’
from PP’ [symmetric] and P’ have PROP P
by (rule equal-elim-rulel)
then have PROP @Q by (rule PQ)
with P'QQ’ [OF P’] show PROP Q' by (rule equal-elim-rulel)
next
assume P’'Q": PROP P' = PROP Q'
and P: PROP P
from PP’ and P have P PROP P'by (rule equal-elim-rulel)
then have PROP Q' by (rule P'Q’)
with P’'QQ’ [OF P’, symmetric] show PROP @
by (rule equal-elim-rulel)
qed

lemma uncurry:
assumes P — @ — R
shows P A Q — R
using assms by blast

lemma iff-alll:
assumes A\z. Pz = Qz
shows (Vz. Pz) = (V. Q 1)
using assms by blast
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lemma iff-exI:
assumes A\z. Pz = Q x
shows (3z. Pz) = (3z. Q z)
using assms by blast

lemma all-comm:
Vzy. Pxy)= (NVyz. Pay)
by blast

lemma ex-comm:
(Hzy. Pzy)=(3yz. Pxy)
by blast

use Tools/simpdata. ML
ML ( open Simpdata ))

setup (
Simplifier.method-setup Splitter.split-modifiers
#> Simplifier.map-simpset (K Simpdata.simpset-simprocs)
#> Splitter.setup
#> clasimp-setup
#> EqSubst.setup

)

Simproc for proving (y = z) == False from premise ~(z = y):

simproc-setup neq (z = y) = {( fn - =>
let
val neg-to-EQ-False = @Q{thm not-sym} RS Q{thm Eq¢-Falsel };
fun is-neq eq lhs rhs thm =
(case Thm.prop-of thm of
-$ (Not $ (eq'$1'$ r')) =>
Not = HOLogic.Not andalso eq’ = eq andalso
r’ aconv ths andalso 1" aconv rhs
| - => false);
fun proc ss ct =
(case Thm.term-of ct of
eq $ lhs § rhs =>
(case find-first (is-neq eq lhs rhs) (Simplifier.prems-of-ss ss) of
SOME thm => SOME (thm RS neq-to-EQ-False)
| NONE => NONE)
| - => NONE);
in proc end;

)

simproc-setup let-simp (Let z f) = (
let
val (f-Let-unfold, z-Let-unfold) =
let val [(-$ (f $ z) $ -)] = prems-of Q{thm Let-unfold}
in (cterm-of @{theory} f, cterm-of @{theory} x) end
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val (f-Let-folded, x-Let-folded) =
let val (-8 (f $ ) $ -)] = prems-of Q{thm Let-folded}
in (cterm-of @{theory} f, cterm-of @{theory} x) end;
val g-Let-folded =
let val [(-$ -8 (¢ $ -))] = prems-of @{thm Let-folded}
in cterm-of @Q{theory} g end,;
fun count-loose (Bound i) k = if i >= k then 1 else 0
| count-loose (s $ t) k = count-loose s k + count-loose t k
| count-loose (Abs (-, -, t)) k = count-loose t (k + 1)

| count-loose - - = 0;
fun is-trivial-let (Const (Q{const-name Let}, -) $ z $ t) =
case t
of Abs (-, -, t') => count-loose t' 0 <= 1
| - => true;

in fn-=> fn ss => fn ct => if is-trivial-let (Thm.term-of ct)
then SOME @{thm Let-def} (xno or one ocurrence of bound variablex)
else let (xNorbert Schirmer’s casex)
val ctet = Simplifier.the-context ss;
val thy = ProofContext.theory-of ctxt;
val t = Thm.term-of ct;
val ([t'], ctat’) = Variable.import-terms false [t] ctat;
in Option.map (hd o Variable.export ctzt’ ctat o single)
(case t' of Const (Q{const-name Let},-) $  § f => (x = and f are already in
normal form x)
if is-Free x orelse is-Bound x orelse is-Const x
then SOME Q{thm Let-def}
else
let
val n = case f of (Abs (z, -, -)) => ¢ | - => x;
val cx = cterm-of thy x;
val {T = zT, ...} = rep-cterm cx;
val ¢f = cterm-of thy f;
val fr-g = Simplifier.rewrite ss (Thm.capply cf cx);
val (-$ - 8§ g) = prop-of fr-g;
val g’ = abstract-over (z,9);
in (if (g aconv g’)
then
let
val rl =
cterm-instantiate [(f-Let-unfold, cf), (z-Let-unfold, cz)] @{thm
Let-unfold};
in SOME (rl OF |[fz-g]) end
else if Term.betapply (f, x) aconv g then NONE (xavoid identity
conversionx)
else let
val abs-g'= Abs (n,zT,q");
val g’z = abs-g'$x;
val g-g'x = Thm.symmetric (Thm.beta-conversion false (cterm-of
thy 9'z));
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val rl = cterm-instantiate

[(f-Let-folded, cterm-of thy f), (z-Let-folded, cz),

(g-Let-folded, cterm-of thy abs-g’)]
@{thm Let-folded};
in SOME (rl OF [Thm.transitive fr-g g-g'x])
end)
end
| - => NONE)
end

end ))

lemma True-implies-equals: (True =- PROP P) = PROP P
proof

assume True = PROP P

from this [OF Truel] show PROP P .
next

assume PROP P

then show PROP P .

qed
lemma ex-simps:
"PQ.(EXz. Pz & Q) =((EXz. Pz)& Q)
WP Q. (EXz. P& Qz) = (P& (EXz Qu))
WP Q. (EXz. Pz| Q) =((EXz Px)]| Q)
P Q. (EX2. P|Qx) =(P|(EXz Qu))
WP Q. (EXz. Pz —> Q) = (ALL z. Pz) ——> Q)

WP Q. (EXz. P——> Quz)=(P —> (EXz. Q1))
— Miniscoping: pushing in existential quantifiers.
by (iprover | blast)+

lemma all-simps:

"PQ.(ALLz. Pz & Q) = ((ALL z. Pz) & Q)
"PQ.(ALL z. P & Q x) (P & (ALL z. Q z))
"P Q. (ALLz. Pz | Q) ((ALL z. Pz) | Q)
"PQ.(ALLz. P | Qz) = (P | (ALLz. Qx))
"P Q. (ALLz. Pz —> @) = ((EX z. Pz) ——> @)
WP Q. (ALLz. P ——> Qz) = (P ——> (ALL z. Q x))
— Miniscoping: pushing in universal quantifiers.
by (iprover | blast)+

lemmas [simp] =
triv-forall-equality
True-implies-equals
if-True
if-False
if-cancel
if-eq-cancel
imp-disjL
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conj-assoc
disj-assoc
de-Morgan-conj
de-Morgan-disj
imp-disj1
imp-disj2
not-imp
disj-notl

not-all

not-ex
cases-simp
the-eq-trivial
the-sym-eq-trivial
ex-s1mps
all-simps
simp-thms

lemmas [cong] = imp-cong simp-implies-cong
lemmas [split] = split-if

ML { val HOL-ss = Q{simpset} ))

Simplifies x assuming ¢ and y assuming c¢

lemma if-cong:
assumes b = ¢
and c =z = u
and ~c= y =v
shows (if b then z else y) = (if ¢ then u else v)
unfolding if-def using assms by simp

Prevents simplification of x and y: faster and allows the execution of func-
tional programs.

lemma if-weak-cong [cong):
assumes b = ¢
shows (if b then z else y) = (if ¢ then x else y)
using assms by (rule arg-cong)

Prevents simplification of t: much faster

lemma let-weak-cong:
assumes a = b
shows (let z = aintx) = (letz = bint x)
using assms by (rule arg-cong)

To tidy up the result of a simproc. Only the RHS will be simplified.

lemma eg-cong?2:
assumes u = u’
shows (t = u) = (t = u)
using assms by simp
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lemma if-distrib:
[ (if ¢ then z else y) = (if ¢ then f x else f y)
by simp

This lemma restricts the effect of the rewrite rule u=v to the left-hand side
of an equality. Used in {Integ,Real}/simproc. ML

lemma restrict-to-left:
assumes z = y
shows (z = z) = (y = 2)
using assms by simp

2.3.4 Generic cases and induction

Rule projections:

ML {

structure Project-Rule = Project-Rule

(
val conjunct] = @Q{thm conjunct!}
val conjunct2 = Q{thm conjunct2}
val mp = @Q{thm mp}

)

)

definition induct-forall where
induct-forall P ==Vz. Pz

definition induct-implies where
induct-implies A B == A — B

definition induct-equal where
induct-equal x y == =y

definition induct-conj where
induct-conj A B == A AN B

definition induct-true where
nduct-true == True

definition induct-false where
induct-false == False

lemma induct-forall-eq: Nz. P x) == Trueprop (induct-forall (A\z. P z))
by (unfold atomize-all induct-forall-def)

lemma induct-implies-eq: (A ==> B) == Trueprop (induct-implies A B)
by (unfold atomize-imp induct-implies-def)
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lemma induct-equal-eq: (x == y) == Trueprop (induct-equal x y)
by (unfold atomize-eq induct-equal-def)

lemma induct-conj-eq: (A &&& B) == Trueprop (induct-conj A B)
by (unfold atomize-conj induct-conj-def)

lemmas induct-atomize’ = induct-forall-eq induct-implies-eq induct-conj-eq
lemmas induct-atomize = induct-atomize’ induct-equal-eq
lemmas induct-rulify’ [symmetric, standard] = induct-atomize’
lemmas induct-rulify [symmetric, standard] = induct-atomize
lemmas induct-rulify-fallback =
induct-forall-def induct-implies-def induct-equal-def induct-conj-def
induct-true-def induct-false-def

lemma induct-forall-conj: induct-forall (Ax. induct-conj (A z) (B z)) =
induct-conj (induct-forall A) (induct-forall B)
by (unfold induct-forall-def induct-conj-def) iprover

lemma induct-implies-conj: induct-implies C' (induct-conj A B) =
induct-conj (induct-implies C' A) (induct-implies C' B)
by (unfold induct-implies-def induct-conj-def) iprover

lemma induct-conj-curry: (induct-conj A B ==> PROP C) == (A ==> B ==>
PROP C)
proof

assume r: induct-conj A B ==> PROP C and A B

show PROP C by (rule r) (simp add: induct-conj-def (A (B)
next

assume r: A ==> B ==> PROP C and induct-conj A B

show PROP C by (rule r) (simp-all add: <induct-conj A B> [unfolded induct-conj-def])
qed

lemmas induct-conj = induct-forall-conj induct-implies-conj induct-conj-curry

lemma induct-truel: induct-true
by (simp add: induct-true-def )

Method setup.
ML {

structure Induct = Induct
(
val cases-default = Q{thm case-split}
val atomize = Q{thms induct-atomize}
val rulify = Q{thms induct-rulify’}
val rulify-fallback = Q{thms induct-rulify-fallback}
val equal-def = @Q{thm induct-equal-def}
fun dest-def (Const (Q{ const-name induct-equal}, -) $ t $ v) = SOMFE (t, u)
| dest-def - = NONE
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val trivial-tac = match-tac Q{thms induct-truel }

)
)

setup ({
Induct.setup #>
Context.theory-map (Induct.map-simpset (fn ss => ss
setmksimps (fn ss => Simpdata.mksimps Simpdata.mksimps-pairs ss #>
map (Simplifier.rewrite-rule (map Thm.symmetric
@{thms induct-rulify-fallback})))
addsimprocs
[Simplifier.simproc @{theory} swap-induct-false
[induct-false ==> PROP P ==> PROP Q)]
(fn-=>fn-=>
(fn - $ (P as - $ @Q{const induct-false}) $ (-3 Q $ -) =>
if P <> @ then SOME Drule.swap-prems-eq else NONE
| - => NONE)),
Simplifier.simproc @{theory} induct-equal-conj-curry
[induct-conj P Q@ ==> PROP R]
(fn-=>fn-=>
(fn-3(-9P)%-=>
let
Jun is-conj (Q{const induct-conj} $ P $ Q) =
1s-conj P andalso is-conj @
| is-conj (Const (@Q{const-name induct-equal}, -) $ - $ -) = true
| is-conj @{const induct-true} = true
| is-conj @{const induct-false} = true
| is-conj - = false
in if is-conj P then SOME Q{thm induct-conj-curry} else NONE end
| - => NONE)))))

)

Pre-simplification of induction and cases rules

lemma [induct-simp|: (Nz. induct-equal  t ==> PROP P x) == PROP Pt
unfolding induct-equal-def
proof
assume R: !lz. x =t ==> PROP Pz
show PROP P t by (rule R [OF refl])
next
fix r assume PROP Ptz =t
then show PROP P x by simp
qed

lemma [induct-simp]: (Nz. induct-equal t © ==> PROP P z) == PROP Pt
unfolding induct-equal-def

proof
assume R: !lz. t = 2 ==> PROP Pz
show PROP P t by (rule R [OF refl))

next
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fix r assume PROP Ptt ==«
then show PROP P x by simp
qed

lemma [induct-simp]: (induct-false ==> P) == Trueprop induct-true
unfolding induct-false-def induct-true-def
by (iprover intro: equal-intr-rule)

lemma [induct-simp]: (induct-true ==> PROP P) == PROP P
unfolding induct-true-def
proof
assume R: True =—> PROP P
from Truel show PROP P by (rule R)
next
assume PROP P
then show PROP P .
qed

lemma [induct-simp]: (PROP P ==> induct-true) == Trueprop induct-true
unfolding induct-true-def
by (iprover intro: equal-intr-rule)

lemma [induct-simp]: (Nz. induct-true) == Trueprop induct-true
unfolding induct-true-def
by (iprover intro: equal-intr-rule)

lemma [induct-simp): induct-implies induct-true P ==
by (simp add: induct-implies-def induct-true-def)

lemma [induct-simp): (z = z) = True
by (rule simp-thms)

hide-const induct-forall induct-implies induct-equal induct-conj induct-true induct-false

use ~~ /src/ Tools /induct-tacs. ML
setup InductTacs.setup

2.3.5 Coherent logic

ML (
structure Coherent = Coherent
(

val atomize-elimL = Q{thm atomize-elimL}

val atomize-exL = Q{thm atomize-exL}

val atomize-conjL = @Q{thm atomize-conjL}

val atomize-disjL = @Q{thm atomize-disjL}

val operator-names =

[@{ const-name op |}, @Q{const-name op &}, Q{const-name Ex}]

);
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)

setup Coherent.setup

2.3.6 Reorienting equalities

ML
signature REORIENT-PROC =
stg

val add : (term —> bool) —> theory —> theory

val proc . morphism —> simpset —> cterm —> thm option
end;

structure Reorient-Proc : REORIENT-PROC =
struct
structure Data = Theory-Data
(
type T = ((term —> bool) * stamp) list;
val empty = [|;
val extend = I;
fun merge data : T = Library.merge (eg-snd op =) data;
);
fun add m = Data.map (cons (m, stamp ()));
fun matches thy t = exists (fn (m, -) => m t) (Data.get thy);

val meta-reorient = Q{thm eq-commute [THEN eg-reflection]};
fun proc phi ss ct =
let
val ctet = Simplifier.the-context ss;
val thy = ProofContext.theory-of ctxt;
m
case Thm.term-of ct of
(-$ t$ u) => if matches thy u then NONE else SOME meta-reorient
| - => NONE
end;
end;

)

2.4 Other simple lemmas and lemma duplicates

lemma exl-eq [iff]: EX!z. 2 =t EX! 2. t = x
by blast+

lemma choice-eq: (ALL z. EX!y. Pz y) = (EX! f. ALL x. Pz (f z))
apply (rule iffI)
apply (rule-tac a = %x. THE y. P z y in exll)
apply (fast dest!: thel)
apply (fast intro: ext thel-equality [symmetric))
apply (erule ex1E)
apply (rule alll)
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apply (rule ex1l)

apply (erule spec)

apply (erule-tac z = %z. if z = x then y else f z in allE)
apply (erule impE)

apply (rule alll)

apply (case-tac za = x)

apply (drule-tac [8] x = z in fun-cong, simp-all)

done

lemmas eq-sym-conv = eq-commute

lemma nnf-simps:

Q()ﬁ(PAQ))=(ﬁPVﬂQ)(ﬁ(PVQ))=(ﬁPAﬁQ)(P—>Q)=(ﬂPV

P=Q) =(PANQV(EPA=Q)(P=Q)=(PA=Q)V (=P AQ))
(- -(P)) =P
by blast+

2.5 Basic ML bindings

ML (
val FalseE = Q{thm FalseE}

val Let-def = Q{thm Let-def}

val Truel = @{thm Truel }

val allE = Q{thm allE'}

val alll = @{thm alil’}

val all-dupE = Q{thm all-dupE'}

val arg-cong = @Q{thm arg-cong}

val boz-equals = @Q{thm boz-equals}

val ccontr = Q{thm ccontr}

val classical = Q{thm classical}

val conjE = @{thm conjE}

val conjl = @Q{thm conjl}

val conjunctl = Q{thm conjunct!}

val conjunct? = Q{thm conjunct2}

val disjCI = Q{thm disjCI}

val disjE = Q{thm disjE}

val disjI1 = @Q{thm disjI1}

val disjI2 = @Q{thm disjI2}

val eq-reflection = Q{thm eg-reflection}

val ex1E = Q{thm ex1E}

val exl] = Q{thm ex1l}

val exl-implies-ex = Q{thm ex1-implies-ex}
val exE = @Q{thm exE}

val ex] = Q{thm exI}

val excluded-middle = Q{thm excluded-middle}
val ext = Q{thm ext}

val fun-cong = Q{thm fun-cong}

val iff DI = @{thm iff D1}
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val iff D2 = @{thm iffD2}

val iffl = Q{thm iffT}

val impE = @Q{thm impE}

val impl = Q{thm impl}

val meta-eq-to-obj-eq = Q{thm meta-eq-to-obj-eq}
val mp = Q{thm mp}

val notE = @{thm notE}

val notl = @Q{thm notl}

val not-all = @{thm not-all}
val not-ex = Q{thm not-ex}
val not-iff = Q{thm not-iff }
val not-not = @Q{thm not-not}
val not-sym = Q{thm not-sym}
val refl = Q{thm refl}

val rev-mp = Q{thm rev-mp}
val spec = Q{thm spec}

val ssubst = @Q{thm ssubst}

val subst = @Q{thm subst}

val sym = Q{thm sym}

val trans = @Q{thm trans}

)

2.6 Code generator setup
2.6.1 SML code generator setup

use Tools/recfun-codegen. ML

setup (
Codegen.setup
#> RecfunCodegen.setup
#> Codegen.map-unfold (K HOL-basic-ss)

)

types-code
bool (bool)
attach (term-of) (
fun term-of-bool b = if b then HOLogic.true-const else HOLogic.false-const;
»
attach (test) (
fun gen-bool i =
let val b = one-of |[false, true]
in (b, fn () => term-of-bool b) end;
»
prop (bool)
attach (term-of) ((
fun term-of-prop b =
HOLogic.mk-Trueprop (if b then HOLogic.true-const else HOLogic.false-const);
»
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consts-code
Trueprop ((-))
True  (true)
False (false)
Not  (Bool.not)
op | ((- orelse/ -))
op &  ((- andalso/ -))
If ((if -/ then -/ else -))

setup ((
let

fun eg-codegen thy defs dep thyname b t gr =
(case strip-comb t of
(Const (@{const-name op =}, Type (-, [Type (fun, -), -])), -) => NONE
| (Const (Q{const-name op =}, -), [t, u]) =>
let
val (pt, gr’) = Codegen.invoke-codegen thy defs dep thyname false t gr;
val (pu, gr'") = Codegen.invoke-codegen thy defs dep thyname false u gr’
val (-, gr'”) = Codegen.invoke-tycodegen thy defs dep thyname false
HOLogic.boolT gr'’
m
SOME (Codegen.parens
(Pretty.block [pt, Codegen.str =, Pretty.brk 1, pu]), gr'")
end
| (t as Const (Q{const-name op =}, -), ts) => SOME (Codegen.invoke-codegen
thy defs dep thyname b (Codegen.eta-expand t ts 2) gr)

| - => NONE);
mn
Codegen.add-codegen eq-codegen eq-codegen
end

)

2.6.2 Generic code generator preprocessor setup

setup (
Code-Preproc.map-pre (K HOL-basic-ss)
#> Code-Preproc.map-post (K HOL-basic-ss)

)

2.6.3 Equality

class eq =

fixes eq :: 'a = 'a = bool

assumes eq-equals: eqry «—— & =y
begin

lemma eq [code-unfold, code-inline del]: eq = (op =)
by (rule ext eq-equals)+
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lemma eg-refi: eq x © «—— True
unfolding eq by rule+

lemma equals-eq: (op =) = eq
by (rule eg-reflection) (rule ext, rule ext, rule sym, rule eq-equals)

declare equals-eq [symmetric, code-post]
end
declare equals-eq [code]

setup (
Code-Preproc.map-pre (fn simpset =>
simpset addsimprocs [Simplifier.simproc-i Q{theory} eq [Q{term op =}]
(fn thy => fn - => fn t as Const (-, T) => case strip-type T
of (T as Type -) :: -, -) => SOME Q{thm equals-eq}
| - => NONE)))
)

2.6.4 Generic code generator foundation

Datatypes
code-datatype True Fulse

code-datatype TYPE('a::{})

code-datatype prop Trueprop

Code equations

lemma [code]:
shows (True = PROP @)) = PROP @
and (PROP @ = True) = Trueprop True
and (P = R) = Trueprop (P — R) by (auto intro!: equal-intr-rule)

lemma [code]:
shows Fualse N P «—— Fulse
and True N P «— P
and P A Fualse «—— Fulse
and P A True «—— P by simp-all

lemma [code]:
shows Fualse V P «+—— P
and True V P «—— True
and P V False «—— P
and P V True «— True by simp-all

lemma [code]:
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shows (False — P) «—— True
and (True — P) «— P
and (P — False) «— - P
and (P — True) «— True by simp-all

instantiation itself :: (type) eq
begin

definition eg-itself :: ‘a itself = ‘a itself = bool where
eq-itself v y «—— xz =y

instance proof
qed (fact eg-itself-def)

end

lemma eg-itself-code [code]:
eq-class.eq TYPE('a) TYPE('a) «— True
by (simp add: eq)

Equality

declare simp-thms(6) [code nbe]

setup (

Sign.add-const-constraint (Qf const-name eq}, SOME Q{typ 'a::type = 'a =
bool})
p)
lemma equals-alias-cert: OFCLASS('a, eg-class) = ((op = :: 'a = 'a = bool) =
eq) (is ?ofclass = Zeq)
proof

assume PROP ?ofclass
show PROP %eq
by (tactic { ALLGOALS (rtac (Thm.unconstrainT Q{thm equals-eq})) )))
(fact (PROP ?ofclass»)
next
assume PROP ?eq
show PROP ?ofclass proof
qged (simp add: (PROP ?eq)
qged

setup (
Sign.add-const-constraint (Q{ const-name eq}, SOME @{typ 'a::eq = 'a = bool})

)

setup (
Nbe.add-const-alias Q{thm equals-alias-cert}

)
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hide-const (open) eq

Cases

lemma Let-case-cert:
assumes CASE = (Az. Let z f)
shows CASE z = fz
using assms by simp-all

lemma If-case-cert:
assumes CASE = (M\b. If b f g)
shows (CASE True = f) &&& (CASFE False = g)
using assms by simp-all

setup ((
Code.add-case Q{thm Let-case-cert}
#> Code.add-case Q{thm If-case-cert}
#> Code.add-undefined @Q{const-name undefined}

)

code-abort undefined

2.6.5 Generic code generator target languages

type bool

code-type bool
(SML bool)
(OCaml bool)
(Haskell Bool)
(Scala Boolean)

code-const True and False and Not and op & and op | and If

(SML true and false and not

and infixl I andalso and infixl 0 orelse

and !(if (-)/ then (-)/ else (-)))
(OCaml true and false and not

and infix]l 4 && and infixl 2 ||

and !(if (-)/ then (-)/ else (-)))
(Haskell True and False and not

and infixl 3 && and infixl 2 ||

and !(if (-)/ then (-)/ else (-)))
(Scala true and false and " -

and infixl 3 && and infixl 1 ||

and !(if ((-))/ (-)/ else (-)))

code-reserved SML
bool true false not

code-reserved OCaml
bool not
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code-reserved Scala
Boolean

using built-in Haskell equality

code-class eq
(Haskell Eq)

code-const eg-class.eq
(Haskell infix] / ==)

code-const op =
(Haskell infixl 4 ==)

undefined

code-const undefined
(SML (raise/ Fail/ undefined))
(OCaml failwith/ undefined)
(Haskell error/ undefined)
(Scala error(undefined))

2.6.6 Evaluation and normalization by evaluation

Avoid some named infixes in evaluation environment

code-reserved Fval oo 000 0000 upto downto orf andf

setup ({
Value.add-evaluator (SML, Codegen.eval-term o ProofContext.theory-of)

)

ML (
structure Eval-Method =
struct

val eval-ref : (unit —> bool) option Unsynchronized.ref = Unsynchronized.ref
NONE;

end;

)

oracle eval-oracle = {( fn ct =>

let
val thy = Thm.theory-of-cterm ct;
val t = Thm.term-of ct;
val dummy = Q{cprop True};

in case try HOLogic.dest-Trueprop t

of SOME t' => if Code-Eval.eval NONE

(Eval-Method.eval-ref , Eval-Method.eval-ref) (K I) thy t'[]
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then Thm.capply (Thm.capply Q{cterm op = :: prop = prop = prop} ct)
dummy
else dummy
| NONE => dummy
end

)

ML (
fun gen-eval-method conv ctzt = SIMPLE-METHOD'
(CONVERSION (Conv.params-conv (~1) (K (Conv.concl-conv (~1) conv))
ctzt)
THEN' rtac Truel)
)

method-setup eval = {( Scan.succeed (gen-eval-method eval-oracle) )
solve goal by evaluation

method-setup evaluation = {( Scan.succeed (gen-eval-method Codegen.evaluation-conv)

)

solve goal by evaluation

method-setup normalization = ({

Scan.succeed (K (SIMPLE-METHOD' (CONVERSION Nbe.norm-conv THEN'
(fn k => TRY (rtac Truel k)))))
) solve goal by normalization

2.7 Counterexample Search Units

2.7.1 Quickcheck

quickcheck-params [size = 5, iterations = 50|

2.7.2 Nitpick setup

ML (
structure Nitpick-Defs = Named-Thms
(
val name = nitpick-def
val description = alternative definitions of constants as needed by Nitpick

)

structure Nitpick-Simps = Named-Thms
(
val name = nitpick-simp
val description = equational specification of constants as needed by Nitpick

)

structure Nitpick-Psimps = Named-Thms

(
val name = nitpick-psimp
val description = partial equational specification of constants as needed by Nitpick

)
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structure Nitpick-Choice-Specs = Named-Thms
(
val name = nitpick-choice-spec
val description = choice specification of constants as needed by Nitpick
)
»

setup (
Nitpick-Defs.setup
#> Nitpick-Simps.setup
#> Nitpick-Psimps.setup
#> Nitpick-Choice-Specs.setup

)

2.8 Preprocessing for the predicate compiler

ML (
structure Predicate-Compile-Alternative-Defs = Named-Thms
(
val name = code-pred-def
val description = alternative definitions of constants for the Predicate Compiler

)

structure Predicate-Compile-Inline-Defs = Named-Thms
(
val name = code-pred-inline
val description = inlining definitions for the Predicate Compiler

)

structure Predicate-Compile-Simps = Named-Thms
(
val name = code-pred-simp
val description = simplification rules for the optimisations in the Predicate Compiler

)
)

setup (
Predicate-Compile-Alternative-Defs.setup
#> Predicate-Compile-Inline-Defs.setup
#> Predicate-Compile-Simps.setup

)

2.9 Legacy tactics and ML bindings

ML (
fun strip-tac i = REPEAT (resolve-tac [impl, alll] i);

(* combination of (spec RS spec RS ...(j times) ... spec RS mp) x*)
local
fun wrong-prem (Const (Q{ const-name All}, -) § Abs (-, -, t)) = wrong-prem t
| wrong-prem (Bound -) = true
| wrong-prem - = false;
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val filter-right = filter (not o wrong-prem o HOLogic.dest-Trueprop o hd o Thm.prems-of );
m

fun smp i = funpow i (fn m => filter-right ([spec] RL m)) ([mp]);

fun smp-tac j = EVERY '[dresolve-tac (smp j), atac];
end;

val all-cong-distrib = thm all-conj-distrib;
val all-simps = thms all-simps;

val atomize-not = thm atomize-not;

val case-split = thm case-split;

val cases-simp = thm cases-simp;

val choice-eq = thm choice-eq

val cong = thm cong

val conj-comms = thms conj-comms;

val conj-cong = thm cong-cong;

val de-Morgan-conj = thm de-Morgan-conj;
val de-Morgan-disj = thm de-Morgan-disj;
val disj-assoc = thm disj-assoc;

val disj-comms = thms disj-comms;

val disj-cong = thm disj-cong;

val eq-ac = thms eq-ac;

val eq-cong2 = thm eq-cong2

val Eq-Falsel = thm Eq-Falsel;

val Eq-Truel = thm Eq-Truel;

val Exl-def = thm Exl-def

val ex-disj-distrib = thm ex-disj-distrib;

val ex-simps = thms ex-simps;

val if-cancel = thm if-cancel;

val if-eq-cancel = thm if-eq-cancel;

val if-False = thm if-False;

val iff-conv-conj-imp = thm iff-conv-conj-imp;
val iff = thm iff

val if-splits = thms if-splits;

val if-True = thm if-True;

val if-weak-cong = thm if-weak-cong

val imp-all = thm imp-all;

val tmp-cong = thm imp-cong;

val imp-conjL = thm imp-conjL;

val imp-conjR = thm imp-conjR;

val imp-conv-disj = thm imp-conv-disj;

val simp-implies-def = thm simp-implies-def;
val simp-thms = thms simp-thms;

val split-if = thm split-if ;

val thel-equality = thm thel-equality

val thel = thm thel

val thel’ = thm thel’

val True-implies-equals = thm True-implies-equals;
val nnf-conv = Simplifier.rewrite (HOL-basic-ss addsimps simp-thms Q Q{thms
nnf-simps})
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end

3 Orderings: Abstract orderings

theory Orderings
imports HOL
uses
~~ /src/ Provers/order. ML
~~ /src/ Provers/quasi. ML
begin

3.1 Syntactic orders

class ord =
fixes less-eq :: 'a = 'a = bool
and less :: 'a = 'a = bool
begin

notation
less-eq (op <=) and
less-eq ((-/ <= -) [61, 51] 50) and
less (op <) and
less ((-/ < -) [51, 51] 50)

notation (zsymbols)
less-eq (op <) and
less-eq ((-/ < -) [51, 51] 50)

notation (HTML output)
less-eq (op <) and
less-eq ((-/ < -) [51, 51] 50)

abbreviation (input)
greater-eq (infix >= 50) where
r>=yYy=y<==z

notation (input)
greater-eq (infix > 50)

abbreviation (input)
greater (infix > 50) where
rT>y=y<zx

end
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3.2 Quasi orders

class preorder = ord +
assumes less-le-not-le: x < y «— x < y A~ (y < x)
and order-refl [iff]: z < z
and order-trans: x <y —= y < z =z < 2

begin

Reflexivity.

lemma eg-refl: x = y = 2 < y
— This form is useful with the classical reasoner.
by (erule ssubst) (rule order-refl)

lemma less-irrefl [iff]: =z < z
by (simp add: less-le-not-le)

lemma less-imp-le: ¢ < y = z < y
unfolding less-le-not-le by blast

Asymmetry.
lemma less-not-sym: z < y = = (y < z)

by (simp add: less-le-not-le)

lemma less-asym: t <y —= (- P = y < z) = P
by (drule less-not-sym, erule contrapos-np) simp

Transitivity.
lemma less-trans: © < y = y < z =z < 2

by (auto simp add: less-le-not-le intro: order-trans)

lemma le-less-trans: t <y —= y < z = z < 2
by (auto simp add: less-le-not-le intro: order-trans)

lemma less-le-trans: e < y = y < z =z < 2
by (auto simp add: less-le-not-le intro: order-trans)

Useful for simplification, but too risky to include by default.
lemma less-imp-not-less: © < y = (= y < z) «— True

by (blast elim: less-asym)

lemma less-imp-triv: z < y = (y < & — P) «—— True
by (blast elim: less-asym)

Transitivity rules for calculational reasoning

lemma less-asym” a < b = b < a = P
by (rule less-asym)

Dual order
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lemma dual-preorder:
class.preorder (op >) (op >)
proof qed (auto simp add: less-le-not-le intro: order-trans)

end

3.3 Partial orders

class order = preorder +
assumes antisym: T <y = y < = T =y
begin
Reflexivity.
lemma less-le: c <y «—z < yANz #y

by (auto simp add: less-le-not-le intro: antisym)

lemma le-less: e < y+——z<yVz=y
— NOT suitable for iff, since it can cause PROOF FAILED.
by (simp add: less-le) blast

lemma le-imp-less-or-eq: t <y =z <yVr=y

unfolding less-le by blast

Useful for simplification, but too risky to include by default.
lemma less-imp-not-eq: x < y = (z = y) «— False

by auto

lemma less-imp-not-eq2: x < y = (y = ) «— False
by auto

Transitivity rules for calculational reasoning
lemma neg-le-trans: a b —= a < b= a < b
by (simp add: less-le)

lemma le-neq-trans: a < b= a# b= a < b
by (simp add: less-le)

Asymmetry.

lemma eq-iff 2 =y«— 2 <yAy<z
by (blast intro: antisym)

lemma antisym-conv: y <z =z <y +— 2 =y
by (blast intro: antisym)

lemma less-imp-neq: ¢ <y = ¢ # y
by (erule contrapos-pn, erule subst, rule less-irrefl)

Least value operator
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definition (in ord)
Least :: ('a = bool) = 'a (binder LEAST 10) where
Least P = (THE z. Px AN Vy. Py — 2z < y))

lemma Least-equality:
assumes Pz
and A\y. Py =z <y
shows Least P = ¢
unfolding Least-def by (rule the-equality)
(blast intro: assms antisym)—+

lemma LeastI2-order:
assumes P z
and A\y. Py =z <y
and A\z. Pr = Vy. Py —z2<y—= Qu
shows @ (Least P)
unfolding Least-def by (rule thel2)
(blast intro: assms antisym)+

Dual order

lemma dual-order:
class.order (op >) (op >)
by (intro-locales, rule dual-preorder) (unfold-locales, rule antisym)

end

3.4 Linear (total) orders

class linorder = order +
assumes linear: t < yVy <z
begin

lemma less-linear: t < yVz=yVy<czc
unfolding less-le using less-le linear by blast

lemma le-less-linear: © < y V y < x
by (simp add: le-less less-linear)

lemma le-cases [case-names le ge]:
r<y=P)= (y<z=P)=P
using linear by blast

lemma linorder-cases [case-names less equal greater]:
t<y=P) = (r=y=P)= (y<z = P)= P
using less-linear by blast

lemma not-less: ~x <y +«— y <z
apply (simp add: less-le)
using linear apply (blast intro: antisym)
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done

lemma not-less-iff-gr-or-eq:
Nz <y)e— (z>ylaz=y)
apply (simp add:not-less le-less)
apply blast

done

lemma not-le: ~z < y+— y <z
apply (simp add: less-le)

using linear apply (blast intro: antisym)
done

lemma neg-iff: z #y«— z<yVvVy<z
by (cut-tac x = z and y = y in less-linear, auto)

lemma negFE: 2 #y —= (1 <y=—=R) = (y<z= R) =R
by (simp add: neg-iff) blast

lemma antisym-convl: ~x <y —=ax < y«—— =1y
by (blast intro: antisym dest: not-less [THEN iffD1])

lemma antisym-conv2: t <y = "z < y+«— T =y
by (blast intro: antisym dest: not-less [THEN iffD1])

lemma antisym-conv3: "y <z = "z < y«—— r =y
by (blast intro: antisym dest: not-less [THEN iffD1]

lemmalel: ~z<y=—y<zx
unfolding not-less .

lemmaleD: y<z = -z <y
unfolding not-less .

lemma not-lel: ~y <z =z <y
unfolding not-le .

Dual order

lemma dual-linorder:
class.linorder (op >) (op >)
by (rule class.linorder.intro, rule dual-order) (unfold-locales, rule linear)

min/max
definition (in ord) min :: 'a = 'a = 'a where

[code del]: min a b = (if a < b then a else b)

definition (in ord) maz :: 'a = 'a = 'a where
[code del]: maz a b = (if a < b then b else a)
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lemma min-le-iff-disj:
mnry < z+——zr<zVy<sz
unfolding min-def using linear by (auto intro: order-trans)

lemma le-max-iff-disj:
z<marzy<— z<zVz<y
unfolding maz-def using linear by (auto intro: order-trans)

lemma min-less-iff-disj:
mnzy<z——z<zVy<z
unfolding min-def le-less using less-linear by (auto intro: less-trans)

lemma less-max-iff-disj:
z<marzy «— z<zVz<y
unfolding maz-def le-less using less-linear by (auto intro: less-trans)

lemma min-less-iff-conj [simp]:
z<minzy «—— 2<zNz<y
unfolding min-def le-less using less-linear by (auto intro: less-trans)

lemma max-less-iff-conj [simp]:
max Yy < z<+— < zNANy<z
unfolding maz-def le-less using less-linear by (auto intro: less-trans)

lemma split-min [no-atp:
P(minij)«— (i<j— Pi)AN(—ni<j— Pj)
by (simp add: min-def)

lemma split-maz [no-atp):
P(mazij) — (i<j— Pj)A(~i<j—s Pi)
by (simp add: maz-def)

end

Explicit dictionaries for code generation

lemma min-ord-min [code, code-unfold, code-inline del]:
min = ord.min (op <)
by (rule ext)+ (simp add: min-def ord.min-def)

declare ord.min-def [code]
lemma maz-ord-maz [code, code-unfold, code-inline del:
maz = ord.maz (op <)

by (rule ext)+ (simp add: max-def ord.maz-def)

declare ord.maz-def [code]
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3.5 Reasoning tools setup

ML (

signature ORDERS =
stg

val print-structures: Proof.context —> unit

val setup: theory —> theory

val order-tac: Proof.context —> thm list —> int —> tactic
end;

structure Orders: ORDERS =
struct

(xx Theory and context data *x)

fun struct-eq ((s1: string, ts1), (s2, ts2)) =
(s1 = s2) andalso eg-list (op aconv) (tsl, ts2);

structure Data = Generic-Data

(

type T = ((string * term list) = Order-Tac.less-arith) list;

(x Order structures:

identifier of the structure, list of operations and record of theorems
needed to set up the transitivity reasoner,
identifier and operations identify the structure uniquely. )

val empty = [];

val extend = I;

fun merge data = AList.join struct-eq (K fst) data;

)a

fun print-structures ctxt =
let
val structs = Data.get (Context.Proof ctat);
fun pretty-term t = Pretty.block
[Pretty.quote (Syntazx.pretty-term ctat t), Pretty.brk 1,
Pretty.str ::, Pretty.brk 1,
Pretty.quote (Syntax.pretty-typ ctat (type-of t))];
fun pretty-struct ((s, ts), -) = Pretty.block
[Pretty.str s, Pretty.str :, Pretty.brk 1,
Pretty.enclose () (Pretty.breaks (map pretty-term ts))];
in
Pretty.writeln (Pretty.big-list Order structures: (map pretty-struct structs))
end;

(#x Method xx)

fun struct-tac ((s, [eq, le, less]), thms) ctat prems =
let
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fun decomp thy (@Q{const Trueprop} $ t) =
let
fun excluded t =
(x exclude numeric types: linear arithmetic subsumes transitivity *)
let val T = type-of t
m
T = HOLogic.natT orelse T = HOLogic.intT orelse T = HOLogic.realT
end;
fun rel (bin-op $ t1 $§ t2) =
if excluded t1 then NONE
else if Pattern.matches thy (eq, bin-op) then SOME (t1, =, t2)
else if Pattern.matches thy (le, bin-op) then SOME (t1, <=, t2)
else if Pattern.matches thy (less, bin-op) then SOME (t1, <, t2)
else NONE
| rel - = NONE;
fun dec (Const (@Q{const-name Not}, -) $ t) = (case rel ¢
of NONE => NONE
| SOME (t1, rel, t2) => SOME (t1,~ " rel, t2))
| dec © = rel ;
in dec t end
| decomp thy - = NONE;
m
case s of
order => Order-Tac.partial-tac decomp thms ctxt prems
| linorder => Order-Tac.linear-tac decomp thms ctxt prems
| - => error (Unknown kind of order * ~ s * ' encountered in transitivity
reasoner.)
end

fun order-tac ctxt prems =
FIRST' (map (fn s => CHANGED o struct-tac s ctzt prems) (Data.get (Context. Proof
ctxt)));

(s Attribute *x)

fun add-struct-thm s tag =
Thm.declaration-attribute
(fn thm => Data.map (AList.map-default struct-eq (s, Order-Tac.empty Truel)
(Order-Tac.update tag thm)));
fun del-struct s =
Thm.declaration-attribute
(fn - => Data.map (AList.delete struct-eq s));

val attrib-setup =
Attrib.setup Q{binding order}
(Scan.lift ((Args.add —— Args.name >> (fn (-, s) => SOME s) || Args.del
>> K NONE) ——|
Args.colon (x FIXME || Scan.succeed true *) ) —— Scan.lift Args.name ——
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Scan.repeat Args.term
>> (fn ((SOME tag, n), ts) => add-struct-thm (n, ts) tag
| (NONE, n), ts) => del-struct (n, ts)))
theorems controlling transitivity reasoner;

(#+ Diagnostic command xx)

val - =
Outer-Syntaz.improper-command print-orders
print order structures available to transitivity reasoner Keyword.diag
(Scan.succeed (Toplevel.no-timing o Toplevel . unknown-context o
Toplevel.keep (print-structures o Toplevel.context-of)));

(% Setup xx)

val setup =
Method.setup Q{binding order} (Scan.succeed (fn ctat => SIMPLE-METHOD'
(order-tac ctat [])))
transitivity reasoner #>
attrib-setup;

end;

)

setup Orders.setup

Declarations to set up transitivity reasoner of partial and linear orders.

context order
begin

declare less-irrefl [THEN notE, order add less-reflE: order op = :: 'a = 'a =
bool op <= op <]

declare order-refl [order add le-refl: order op = :: 'a => 'a => bool op <= op
<]

declare less-imp-le [order add less-imp-le: order op = :: 'a => 'a => bool op <=
op <]

declare antisym [order add eql: order op = :: 'a => 'a => bool op <= op <]
declare eq-refl [order add eqD1: order op = :: 'a => 'a => bool op <= op <]

declare sym [THEN eq-refl, order add eqD2: order op = :: 'a => 'a => bool op
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<= op <]

/

declare less-trans [order add less-trans: order op = :: 'a => 'a => bool op <=

op <]

declare less-le-trans [order add less-le-trans: order op = :: 'a => 'a => bool op
<= op <]

declare le-less-trans [order add le-less-trans: order op = :: 'a => 'a => bool op
<= op <]

declare order-trans [order add le-trans: order op = :: 'a => 'a => bool op <=
op <]

declare le-neg-trans [order add le-neg-trans: order op = :: 'a => 'a => bool op
<= op <]

declare neg-le-trans [order add neg-le-trans: order op = :: 'a => 'a => bool op
<= op <]

declare less-imp-neq [order add less-imp-neq: order op = :: 'a => 'a => bool op
<= op <]

declare eg-neg-eq-imp-neq [order add eq-neq-eq-imp-neq: order op = :: 'a => 'a

=> bool op <= op <]

declare not-sym [order add not-sym: order op = :: 'a => 'a => bool op <= op
<]

end

context linorder

begin

declare [[order del: order op = :: 'a => "a => bool op <= op <]]

declare less-irrefil [THEN notE, order add less-reflE: linorder op = :: 'a => 'a
=> bool op <= op <]

declare order-refl [order add le-refl: linorder op = :: 'a => "a => bool op <= op
<]

declare less-imp-le [order add less-imp-le: linorder op = :: 'a => 'a => bool op
<= op <]

declare not-less [THEN iffD2, order add not-lessI: linorder op = :: 'a => 'a =>
bool op <= op <]

declare not-le [THEN iffD2, order add not-lel: linorder op = :: 'a => 'a => bool
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op <= op <]

declare not-less [THEN iffD1, order add not-lessD: linorder op = :: 'a => 'a =>
bool op <= op <]

declare not-le [THEN iffD1, order add not-leD: linorder op = :: 'a => 'a =>
bool op <= op <]

declare antisym [order add eql: linorder op = :: ‘a => 'a => bool op <= op <]
declare eg-refl [order add egD1: linorder op = :: 'a => 'a => bool op <= op <]
declare sym [THEN eq-refl, order add eqD2: linorder op = :: 'a => 'a => bool
op <= op <]

declare less-trans [order add less-trans: linorder op = :: 'a => "a => bool op <=
op <]

declare less-le-trans [order add less-le-trans: linorder op = :: 'a => 'a => bool
op <= op <]

declare le-less-trans [order add le-less-trans: linorder op = :: 'a => 'a => bool
op <= op <]

!

declare order-trans [order add le-trans: linorder op = :: 'a => 'a => bool op <=

op <]

declare le-neg-trans [order add le-neg-trans: linorder op = :: 'a => 'a => bool op
<= op <]

declare neg-le-trans [order add neg-le-trans: linorder op = :: 'a => 'a => bool op
<= op <]

declare less-imp-neq [order add less-imp-neq: linorder op = :: 'a => 'a => bool
op <= op <]

declare eg-neg-eq-imp-neq [order add eq-neq-eq-imp-neq: linorder op = :: 'a => 'a

=> bool op <= op <]

declare not-sym [order add not-sym: linorder op = :: 'a => 'a => bool op <=
op <]

end

setup ({
let

fun prp t thm = (#prop (rep-thm thm) = t);
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fun prove-antisym-le sq ss ((le as Const(-,T)) $ r $ s) =
let val prems = prems-of-ss ss;
val less = Const (Q{const-name less}, T);
val t = HOLogic.mk-Trueprop(le $ s $ r);
in case find-first (prp t) prems of
NONE =>
let val t = HOLogic.mk-Trueprop(HOLogic.Not $ (less $ r $ s))
in case find-first (prp t) prems of
NONE => NONFE
| SOME thm => SOME (mk-meta-eq(thm RS Q{thm linorder-class.antisym-convl}))
end
| SOME thm => SOME (mk-meta-eq(thm RS Q{thm order-class.antisym-conv}))
end
handle THM - => NONE;

fun prove-antisym-less sqg ss (NotC $ ((less as Const(-,T)) $ r $ s)) =
let val prems = prems-of-ss ss;
val le = Const (Q{const-name less-eq}, T);
val t = HOLogic.mk-Trueprop(le $ v $ s);
in case find-first (prp t) prems of
NONE =>
let val t = HOLogic.mk-Trueprop(NotC $ (less $ s $ 1))
in case find-first (prp t) prems of
NONE => NONE
| SOME thm => SOME (mk-meta-eq(thm RS Q{thm linorder-class.antisym-conv3}))
end
| SOME thm => SOME (mk-meta-eq(thm RS Q{thm linorder-class.antisym-conv2}))
end
handle THM - => NONE;

fun add-simprocs procs thy =
Simplifier.map-simpset (fn ss => ss
addsimprocs (map (fn (name, raw-ts, proc) =>
Simplifier.simproc thy name raw-ts proc) procs)) thy;
fun add-solver name tac =
Simplifier.map-simpset (fn ss => ss addSolver
mk-solver’ name (fn ss => tac (Simplifier.the-context ss) (Simplifier.prems-of-ss

35)));

m
add-simprocs |
(antisym le, [(z::'a::order) <= y|, prove-antisym-le),
(antisym less, [~ (z::'a::linorder) < y|, prove-antisym-less)
]
#> add-solver Transitivity Orders.order-tac
(% Adding the transitivity reasoners also as safe solvers showed a slight
speed up, but the reasoning strength appears to be not higher (at least
no breaking of additional proofs in the entire HOL distribution, as



THEORY “Orderings”

of 5 March 2004, was observed). )
end

)

3.6 Bounded quantifiers

syntax
-All-less :: [idt, 'a, bool] => bool ((3ALL -<-./ -) [0, 0, 10] 10)
-Ex-less :: [idt, 'a, bool] => bool ((3EX -<-./ -) [0, 0, 10] 10)
-All-less-eq :: [idt, 'a, bool] => bool ((S8ALL -<=-./ -) [0, 0, 10] 10)
-Ez-less-eq :: [idt, 'a, bool] => bool ((SEX -<=-./ -) [0, 0, 10] 10)

-All-greater :: [idt, 'a, bool] => bool ((3ALL ->-./ -) [0, 0, 10] 10)
-Ex-greater :: [idt, 'a, bool] => bool ((3EX ->-./ -) [0, 0, 10] 10)
-All-greater-eq :: [idt, 'a, bool] => bool ((3ALL ->=-./ -) [0, 0, 10] 10)
-Ez-greater-eq :: [idt, 'a, bool] => bool ((SEX ->=-./ -) [0, 0, 10] 10)

syntax (zsymbols)
-All-less :: [idt, 'a, bool] => bool  ((3V-<-./
-Ex-less :: [idt, 'a, bool] => bool ((33-<-./ -
-All-less-eq :: [idt, 'a, bool] => bool  ( <
-Ez-less-eq :: [idt, 'a, bool] => bool  ((

-All-greater :: [idt, 'a, bool] => bool  ((3V->-./

-Ez-greater :: [idt, 'a, bool] => bool ((33->-./ -
-All-greater-eq :: [idt, 'a, bool] => bool  ((3V->

-Ez-greater-eq :: [idt, 'a, bool] => bool  ((

syntax (HOL)
-All-less :: [idt, 'a, bool] => bool  ((3! -<-./ -) [0, 0, 10] 10)
0,0, 10

-Ex-less :: [idt, 'a, bool] => bool ((37 -<-./ -) [0, 0, 10] 10)
-All-less-eq :: [idt, 'a, bool] => bool ((3! -<=-./ -) [0, 0, 10] 10)
-Ex-less-eq :: [idt, 'a, bool] => bool ((37 -<=-./ -) [0, 0, 10] 10)
syntax (HTML output)
-All-less :: [idt, 'a, bool] => bool ((3V-<-./ -) [0, 0, 10] 10)
-Ex-less :: [idt, 'a, bool] => bool ((833-<-./-) [0, 0, 10] 10)
-All-less-eq :: [idt, 'a, bool] => bool ((3V-<-./ -) [0, 0, 10] 10)
-Ez-less-eq :: [idt, 'a, bool] => bool ((83-<-./-) [0, 0, 10] 10)
-All-greater :: [idt, 'a, bool] => bool ((3V->-./ -) [0, 0, 10] 10)
-Ex-greater :: [idt, 'a, bool] => bool ((33->-./-) [0, 0, 10] 10)
-All-greater-eq :: [idt, 'a, bool] => bool ((3V->-./ -) [0, 0, 10] 10)
-Ez-greater-eq :: [idt, 'a, bool] => bool ((83->-./ -) [0, 0, 10] 10)

translations
ALL z<y. P => ALLz.z <y — P
EXz<y. P => EXz. 2 <yAP
ALL xz<=y. P => ALLz.z <=y — P

78



THEORY “Orderings” 79

EXz<=y. P => EXz.2 <=y AP
ALL x>y. P => ALLz. x>y — P
EXx>y. P => EXz.z>yAP
ALL x>=y. P => ALLz.x >=y — P
EXz>=y. P => EXz. 2 >=y AP

print-translation (

let
val All-binder = Syntax.binder-name Q{const-syntaz All};
val Ex-binder = Syntaz.binder-name Q{const-syntax Ex};
val impl = Q{ const-syntaz op ——>};
val conj = @{const-syntax op &};
val less = @{ const-syntax less};
val less-eq = @{ const-syntax less-eq};

val trans =

[((All-binder, impl, less),
(@{syntaz-const -All-less}, Q{syntax-const -All-greater})),
((All-binder, impl, less-eq),
(Q{ syntax-const -All-less-eq}, Qf syntax-const -All-greater-eq})),
((Ex-binder, cong, less),
(@{syntax-const -Ex-less}, Q{syntaz-const -Ex-greater})),
((Bz-binder, conj, less-eq),
(Q{ syntax-const -Fz-less-eq}, @{syntaz-const -Ex-greater-eq}))];

fun matches-bound v t =

(case t of
Const (Q{syntaz-const -bound}, -) § Free (v’, -) => v = v’
| - => false);
fun contains-var v = Term.exists-subterm (fn Free (z, -) => x = v | - => false);

fun mk v ¢ n P = Syntax.const ¢ $ Syntax.mark-bound v $ n $ P;

fun tr' q = (g,
fn [Const (@{syntaz-const -bound}, -) $ Free (v, -),
Const (c, -) $ (Const (d,-) $t$u)$ P =>
(case AList.lookup (op —) trans (¢, ¢, d) of
NONE => raise Match
| SOME (1, g) =>
if matches-bound v t andalso not (contains-var v u) then mk vl u P
else if matches-bound v u andalso not (contains-var v t) then mk v g t P
else raise Match)
| - => raise Match);
n [tr’ All-binder, tr’ Ez-binder| end
)

3.7 Transitivity reasoning

context ord
begin
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lemma ord-le-eq-trans: a < b= b=c= a < ¢
by (rule subst)

lemma ord-eq-le-trans: a = b — b < c=— a < ¢
by (rule ssubst)

lemma ord-less-eq-trans: a < b = b=c= a < ¢
by (rule subst)

lemma ord-eg-less-trans: a = b —= b < ¢ = a < ¢
by (rule ssubst)

end

lemma order-less-subst2: (a::'a::order) < b ==> fb < (¢:'cizorder) ==>
Ny z<y==>fz<fy ==>fa<c
proof —
assume m: llzy. 2 < y==>fr < fy
assume a < b hence fa < fb by (rule r)
also assume f b < ¢
finally (less-trans) show ?thesis .
qged

lemma order-less-substl: (a::’a::order) < fb ==> (b::'b:iorder) < ¢ ==>
My z<y==>fz<fy)=>a</fc
proof —
assume r: llzy. z < y==>fzr < fy
assume a < f b
also assume b < ¢ hence fb < f ¢ by (rule r)
finally (less-trans) show ?thesis .
qed

lemma order-le-less-subst2: (a::'azorder) <= b ==> fb < (¢:'ciiorder) ==>
My z<=y==>faz<=fy) ==>fa<c
proof —
assume 7: lzy. z <=y ==> fax <= fy
assume a <= b hence fa <= f b by (rule r)
also assume fb < ¢
finally (le-less-trans) show ?thesis .
qed

lemma order-le-less-substl: (a::’a::order) <= fb ==> (b::'b:iorder) < ¢ ==>
My z<y==>fz<fy ==>a<fc
proof —
assume m: llzy. z < y==>fr < fy
assume a <= b
also assume b < ¢ hence fb < f ¢ by (rule r)
finally (le-less-trans) show ?thesis .
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qed

lemma order-less-le-subst2: (a::'azorder) < b ==> fb <= (c¢::'ciorder) ==>
My x<y==>faz<fy ==>fa<c
proof —
assume m: lzx y. z < y==>fzr < fuy
assume a < b hence fa < fb by (rule r)
also assume fb <= ¢
finally (less-le-trans) show ?thesis .
qged

lemma order-less-le-subst1: (a::’a:order) < fb ==> (b:'briorder) <= ¢ ==>
Mzy. z<=y==>fa<=fy)==>a<fc
proof —
assume 7: lzy. z <=y ==> fax <=fy
assume a < f b
also assume b <= ¢ hence fb <= f ¢ by (rule r)
finally (less-le-trans) show ?thesis .
qed

lemma order-substl: (a::'a:order) <= fb ==> (b::'b:order) <= ¢ ==>
Ny z<=y==>fr<=fy) ==>a<=fc
proof —
assume 7: llz y. o <=y ==> fz <= fy
assume a <= fb
also assume b <= ¢ hence fb <= f ¢ by (rule r)
finally (order-trans) show ?thesis .
qed

lemma order-subst2: (a::'a::order) <= b ==> fb <= (c::'c:order) ==>
Ny z<=y==>fao<=fy) ==>fa<=c
proof —
assume m: lzy. o <=y ==> fox <=fy
assume a <= b hence fa <= f b by (rule r)
also assume fb <= ¢
finally (order-trans) show ?thesis .
qed

lemma ord-le-eq-subst: a <= b ==> fb =c ==>
My z<=y==>fz<=fy) ==>fa<=c
proof —
assume 7: lzy. z <=y ==> fax <=fy
assume a <= b hence fa <= f b by (rule r)
also assume fb = ¢
finally (ord-le-eg-trans) show ?thesis .
qed

lemma ord-eg-le-subst: a = fb ==> b <= ¢ ==>
Mzy o <=y==>fz<=fy)==>a<=fc
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proof —
assume r: lzy. z <=y ==> fax <=fy
assume a = f b
also assume b <= ¢ hence fb <= f ¢ by (rule r)
finally (ord-eg-le-trans) show ?thesis .
qed

lemma ord-less-eq-subst: a < b ==> fb = ¢ ==>
Mzy. z<y==>fz<fy ==>fa<c
proof —
assume m: lzx y. z < y==>fzr < fy
assume a < b hence fa < fb by (rule r)
also assume fb = ¢
finally (ord-less-eq-trans) show ?thesis .
qed

lemma ord-eq-less-subst: a = fb ==> b < ¢ ==>
My z<y==>fz<fy)==>a<fc
proof —
assume m: llzy. z < y==>fr < fy
assume a = f b
also assume b < ¢ hence fb < f ¢ by (rule r)
finally (ord-eg-less-trans) show ?thesis .
qed

Note that this list of rules is in reverse order of priorities.

lemmas [trans] =
order-less-subst2
order-less-subst1
order-le-less-subst2
order-le-less-subst1
order-less-le-subst2
order-less-le-subst1
order-subst2
order-subst1
ord-le-eq-subst
ord-eq-le-subst
ord-less-eq-subst
ord-eq-less-subst
forw-subst
back-subst
rev-mp
mp

lemmas (in order) [trans] =
neg-le-trans

le-neq-trans

lemmas (in preorder) [trans] =
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less-trans
less-asym’
le-less-trans
less-le-trans
order-trans

lemmas (in order) [trans] =
antisym

lemmas (in ord) [trans] =
ord-le-eq-trans
ord-eqg-le-trans
ord-less-eq-trans
ord-eq-less-trans

lemmas [trans| =
trans

lemmas order-trans-rules =
order-less-subst2
order-less-subst1
order-le-less-subst2
order-le-less-subst1
order-less-le-subst2
order-less-le-subst1
order-subst2
order-subst1
ord-le-eq-subst
ord-eq-le-subst
ord-less-eq-subst
ord-eq-less-subst
forw-subst
back-subst
rev-mp
mp
neg-le-trans
le-neq-trans
less-trans
less-asym’
le-less-trans
less-le-trans
order-trans
antisym
ord-le-eq-trans
ord-eg-le-trans
ord-less-eq-trans
ord-eq-less-trans
trans

These support proving chains of decreasing inequalities a j= b ;= ¢ ... in
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Isar proofs.

lemma xt1:

a=b==>b>c==>a>c
a>b==>b=c==>a>c
a=b==>b>=c==>a>=c
a>=b==>b=c==>a>=c
(z::'azorder) >= y==>y >=z==>z1 =y

(z:'azorder) >=y ==>y >=z ==> 1 >=z

(z::'azorder) > y==>y >=z==>1 >z

(z:'azorder) >=y==>y >z ==>1 >z

(a'azorder) > b ==>b>a==>P

(z:'azorder) > y ==>y >z ==>1 > 2

(a'azorder) >=b==>a"=b==>a>b

(a'azorder) Y= b==>a>=b==>a>b
fo=>b>c==>zy.z>y==>fz>fy) ==>a>fc

a =

a>b==>fb=c==>azy. z>y==>fz>fy)==>fa>c
a=fb==>b>=c==> (lzy. 2 >=y==>fz >=fy)==>a >=fc
a>=b==>fb=c==>Nzy z>=y==>fz>=fy)==>fa>=c¢
by auto

lemma zt2:

(a’azorder) >=fb==>b>=c==> (lzy. 2 >=y ==> fz >=fy) ==>
a>=fc
by (subgoal-tac f b >= f ¢, force, force)

lemma zt3: (a::'a:zorder) >= b ==> (f b::'b:iorder) >= ¢ ==>
Nzy. z>=y==>fz>=fy)==>fa>=c
by (subgoal-tac f a >= f b, force, force)

lemma zt4: (a::'a:zorder) > fb ==> (b::'biorder) >= ¢ ==>
Nzy. x>=y==>far>=fy)==>a>fc
by (subgoal-tac f b >= f ¢, force, force)

lemma zt5: (a::'azzorder) > b ==> (f b::'bi:order) >= ¢==>
Nzy.z2>y==>fz>fy) ==>fa>c
by (subgoal-tac f a > f b, force, force)

lemma zt6: (a::’azorder) >= fb ==>b > ¢ ==>
My z>y==>fz>fy)==>a>fc
by (subgoal-tac fb > f ¢, force, force)

lemma zt7: (a::'a::order) >= b ==> (f b::'border) > ¢ ==>
Nzy. z>=y==>fz>=fy)==>fa>c
by (subgoal-tac f a >= f b, force, force)

lemma zt8: (a::'a::order) > fb ==> (b::'b:iorder) > ¢ ==>
Ney. z>y==>fz>fy)==>a>fc
by (subgoal-tac f b > f ¢, force, force)
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lemma zt9: (a::'aorder) > b ==> (f b::'b::order) > ¢ ==>
My z>y==>fz>fy)==>fa>c
by (subgoal-tac f a > f b, force, force)

lemmas xtrans = xtl zt2 xt3 xt4 xtd xt6 xt7 xt8 t9

3.8 Monotonicity, least value operator and min/max

context order
begin

definition mono :: ('a = 'b::order) = bool where
mono f —— (Y2 y. 7 <y — fz < fy)

lemma monol [intro?]:
fixes [ :: 'a = 'b::order
shows (Azy. 2 <y = fz < fy) = mono f
unfolding mono-def by iprover

lemma monoD [dest?]:
fixes f :: 'a = 'b::order
shows mono f = v <y = fz < fy
unfolding mono-def by iprover

definition strict-mono :: (‘a = 'b::order) = bool where
strict-mono f «—— (Vzy. z <y — fz < fy)

lemma strict-monol [intro?]:
assumes A\zy. z <y = fz < fy
shows strict-mono f
using assms unfolding strict-mono-def by auto

lemma strict-monoD [dest?]:
strict-mono f =z <y = fx < fy
unfolding strict-mono-def by auto

lemma strict-mono-mono [dest?]:
assumes strict-mono f
shows mono f
proof (rule monol)
fix zy
assume z < y
show fz < fy
proof (cases z = y)
case True then show ?thesis by simp
next
case Fualse with (z < 3 have z < y by simp
with assms strict-monoD have fz < fy by auto
then show ?thesis by simp
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qed
qed

end

context linorder
begin

lemma strict-mono-eq:
assumes strict-mono f
shows fo = fy—— 2=y
proof
assume fz = fy
show z = y proof (cases x y rule: linorder-cases)
case less with assms strict-monoD have fz < fy by auto
with (f z = f 1y show ?thesis by simp
next
case equal then show ?thesis .
next
case greater with assms strict-monoD have fy < fz by auto
with (f z = f 1y show ?thesis by simp
qed
qed simp

lemma strict-mono-less-eq:
assumes strict-mono f
shows fo < fy+—— 2 <y
proof
assume z < ¥y
with assms strict-mono-mono monoD show fx < fy by auto
next
assume fz < fy
show z < y proof (rule ccontr)
assume — z < y then have y < z by simp
with assms strict-monoD have fy < fz by auto
with (f x < f 1y show False by simp
qed
qed

lemma strict-mono-less:
assumes strict-mono f
shows fz < fy+—— 2z <y
using assms
by (auto simp add: less-le Orderings.less-le strict-mono-eq strict-mono-less-eq)

lemma min-of-mono:
fixes f :: 'a = 'b::linorder
shows mono f = min (fm) (fn) = f (min m n)
by (auto simp: mono-def Orderings.min-def min-def intro: Orderings.antisym)
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lemma maz-of-mono:
fixes [ :: ‘a = 'b:linorder
shows mono f = maz (fm) (fn) = f (mazx m n)
by (auto simp: mono-def Orderings.maz-def maz-def intro: Orderings.antisym)

end

lemma min-leastL: (z. least <= z) ==> min least © = least
by (simp add: min-def)

lemma maz-leastL: (z. least <= z) ==> max least x = x
by (simp add: maz-def)

lemma min-leastR: (A\z::’a::order. least < ) = min x least = least
apply (simp add: min-def)

apply (blast intro: antisym)

done

lemma maz-leastR: (N\z::’a::order. least < x) = max z least = «
apply (simp add: max-def)

apply (blast intro: antisym)

done

3.9 Top and bottom elements

class top = preorder +
fixes top :: ‘a
assumes top-greatest [simp]: x < top

class bot = preorder +
fixes bot :: ‘a
assumes bot-least [simp]: bot < x

3.10 Dense orders

class dense-linorder = linorder +

assumes gt-ex: Jy. z < y

and lt-ex: Jy. y < x

and dense: z < y = (Jz.z <z Az < y)
begin

lemma dense-le:
fixes y 2 :: 'a
assumes A\z. z <y = 2 < 2
shows y < 2

proof (rule ccontr)
assume — ?thesis
hence z < y by simp
from dense[OF this]
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obtain z where z < y and z < z by safe
moreover have z < z using assms[OF @ < ] .
ultimately show Fulse by auto

qed

lemma dense-le-bounded:
fixeszyz:'a
assumes z < y
assumes «: A\w. [z <w;w<y] = w<z
shows y < 2
proof (rule dense-le)
fix w assume w < y
from dense[OF x < y] obtain v where z < u u < y by safe
from linear|of u w]
show w < z
proof (rule disjE)
assume u < w
from less-le-trans[OF «x < wy w < w] (w <
show w < z by (rule *)
next
assume w < u
from (w < w *[OF @ < w wu < ]
show w < z by (rule order-trans)
qed
qed

end

3.11 Wellorders

class wellorder = linorder +

assumes less-induct [case-names less]: (Az. (A\y. y <z = Py) = Pz) =
Pa
begin

lemma wellorder-Least-lemma:
fixes k :: ‘a
assumes P k
shows Leastl: P (LEAST z. P z) and Least-le: (LEAST x. P z) < k
proof —
have P (LEAST x. P z) AN (LEAST z. Px) <k
using assms proof (induct k rule: less-induct)
case (less ) then have P z by simp
show ?case proof (rule classical)
assume assm: = (P (LEAST a. P a) A (LEAST a. P a) < x)
have A\y. Py = z <y
proof (rule classical)
fix y
assume Py and -z < y
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with less have P (LEAST a. P o) and (LEAST a. P a) <y
by (auto simp add: not-le)
with assm have © < (LEAST a. P a) and (LEAST a. Pa) <y
by auto
then show z < y by auto
qed
with (P ) have Least: (LEAST a. P a) =z
by (rule Least-equality)
with (P ) show ?thesis by simp
qed
qed
then show P (LEAST z. P z) and (LEAST z. P z) < k by auto
qed

— The following 3 lemmas are due to Brian Huffman
lemma Leastl-ex: 3x. P x = P (Least P)
by (erule exE) (erule Leastl)

lemma LeastI2:
Pa= (Az. Pz = Qz) = @ (Least P)
by (blast intro: LeastI)

lemma LeastI2-ex:
Ja. Pa = (A\z. Pz = Q z) = Q (Least P)
by (blast intro: LeastI-ex)

lemma not-less-Least: k < (LEAST x. Px) = -~ Pk
apply (simp (no-asm-use) add: not-le [symmetric])
apply (erule contrapos-nn)

apply (erule Least-le)

done

end

3.12 Order on bool

instantiation bool :: {order, top, bot}
begin

definition
le-bool-def [code del]: P < Q@ «— P — @

definition
less-bool-def [code del]: (P::bool) < Q@ «—— =~ P A Q

definition
top-bool-eq: top = True

definition

89
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bot-bool-eq: bot = Fualse

instance proof

90

qed (auto simp add: bot-bool-eq top-bool-eq less-bool-def , auto simp add: le-bool-def)

end

lemma le-booll: (P = Q) = P < @
by (simp add: le-bool-def)

lemma le-booll: P — @ = P < @Q
by (simp add: le-bool-def)

lemma le-boolE: P < Q = P — (Q = R) = R
by (simp add: le-bool-def)

lemma le-boolD: P < Q = P — @
by (simp add: le-bool-def)

lemma bot-boolE: bot =— P
by (simp add: bot-bool-eq)

lemma top-booll: top
by (simp add: top-bool-eq)

lemma [code]:
False < b +—— True
True < b +— b
False < b «—— b
True < b «—— False
unfolding le-bool-def less-bool-def by simp-all

3.13 Order on functions

instantiation fun :: (type, ord) ord
begin

definition
le-fun-def [code del]: f < g «— (V. faz < gx)

definition
less-fun-def [code del]: (f::i'a = b)) < g—— f<gA-(9<]f)

instance ..
end

instance fun :: (type, preorder) preorder proof
qed (auto simp add: le-fun-def less-fun-def
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intro: order-trans antisym intro!: ext)

instance fun :: (type, order) order proof
qed (auto simp add: le-fun-def intro: antisym ext)

instantiation fun :: (type, top) top
begin

definition
top-fun-eq: top = (Az. top)

instance proof
qed (simp add: top-fun-eq le-fun-def)

end

instantiation fun :: (type, bot) bot
begin

definition
bot-fun-eq: bot = (Az. bot)

instance proof
qed (simp add: bot-fun-eq le-fun-def)

end

lemma le-funl: (Az. fo <gz) = f<g
unfolding le-fun-def by simp

lemma le-funE: f < g = (fr < gz = P) = P
unfolding le-fun-def by simp

lemma le-funD: f < g = fx < gz
unfolding le-fun-def by simp

3.14 Name duplicates

lemmas order-eq-refl = preorder-class.eq-refl

lemmas order-less-irrefl = preorder-class.less-irrefl
lemmas order-less-imp-le = preorder-class.less-imp-le
lemmas order-less-not-sym = preorder-class.less-not-sym
lemmas order-less-asym = preorder-class.less-asym
lemmas order-less-trans = preorder-class.less-trans
lemmas order-le-less-trans = preorder-class.le-less-trans
lemmas order-less-le-trans = preorder-class.less-le-trans
lemmas order-less-imp-not-less = preorder-class.less-imp-not-less
lemmas order-less-imp-triv = preorder-class.less-imp-triv
lemmas order-less-asym’ = preorder-class.less-asym’

91
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lemmas order-less-le = order-class.less-le

lemmas order-le-less = order-class.le-less

lemmas order-le-imp-less-or-eq = order-class.le-imp-less-or-eq
lemmas order-less-imp-not-eq = order-class.less-imp-not-eq
lemmas order-less-imp-not-eq2 = order-class.less-imp-not-eq2
lemmas order-neq-le-trans = order-class.neq-le-trans
lemmas order-le-neq-trans = order-class.le-neq-trans
lemmas order-antisym = order-class.antisym

lemmas order-eq-iff = order-class.eq-iff

lemmas order-antisym-conv = order-class.antisym-conv

lemmas linorder-linear = linorder-class.linear

lemmas linorder-less-linear = linorder-class.less-linear
lemmas linorder-le-less-linear = linorder-class.le-less-linear
lemmas linorder-le-cases = linorder-class.le-cases

lemmas linorder-not-less = linorder-class.not-less

lemmas linorder-not-le = linorder-class.not-le

lemmas linorder-neq-iff = linorder-class.neq-iff

lemmas linorder-neqF = linorder-class.neqF

lemmas linorder-antisym-convl = linorder-class.antisym-conuvl
lemmas linorder-antisym-conv2 = linorder-class.antisym-conv2
lemmas linorder-antisym-conv3 = linorder-class.antisym-conv3

end

4 Groups: Groups, also combined with orderings

theory Groups

imports Orderings

uses (™" /src/Provers/ Arith | abel-cancel. ML)
begin

4.1 Fact collections

ML (
structure Ac-Simps = Named-Thms(
val name = ac-simps
val description = associativity and commutativity simplification rules

)
)

setup Ac-Simps.setup

The rewrites accumulated in algebra-simps deal with the classical algebraic
structures of groups, rings and family. They simplify terms by multiplying
everything out (in case of a ring) and bringing sums and products into a
canonical form (by ordered rewriting). As a result it decides group and ring
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equalities but also helps with inequalities.

Of course it also works for fields, but it knows nothing about multiplicative
inverses or division. This is catered for by field-simps.

ML
structure Algebra-Simps = Named-Thms(
val name = algebra-simps
val description = algebra simplification rules

)
)

setup Algebra-Simps.setup

Lemmas field-simps multiply with denominators in (in)equations if they can
be proved to be non-zero (for equations) or positive/negative (for inequa-
tions). Can be too aggressive and is therefore separate from the more benign
algebra-simps.

ML
structure Field-Simps = Named-Thms(
val name = field-simps
val description = algebra simplification rules for fields

)
)

setup Field-Simps.setup

4.2 Abstract structures

These locales provide basic structures for interpretation into bigger struc-
tures; extensions require careful thinking, otherwise undesired effects may
occur due to interpretation.

locale semigroup =
fixes f : ‘a = 'a = ’a (infix]l * 70)
assumes assoc [ac-simps]: a * b x ¢ = a * (b x ¢)

locale abel-semigroup = semigroup +
assumes commute [ac-simps]: a x b = b x a
begin

lemma left-commute [ac-simps):
b (axc)=ax*(bxc)
proof —
have (b x a) x ¢ = (a x b) * ¢
by (simp only: commute)
then show ?thesis
by (simp only: assoc)
qged
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end

locale monoid = semigroup +
fixes z :: 'a (1)
assumes left-neutral [simp]: 1 * a = a
assumes right-neutral [simpl: a x 1 = a

locale comm-monoid = abel-semigroup +
fixes z :: 'a (1)
assumes comm-neutral: a x 1 = a

sublocale comm-monoid < monoid proof
qed (simp-all add: commute comm-neutral)

4.3 Generic operations

class zero =
fixes zero :: 'a (0)

class one =
fixes one ::'a (1)

hide-const (open) zero one

syntax
-index1 ::index (1)
translations

(index) 1 => (indez) o

lemma Let-0 [simp]: Let 0 f = f 0
unfolding Let-def ..

lemma Let-1 [simp]: Let 1 f = f 1
unfolding Let-def ..

setup (
Reorient-Proc.add
(fn Const(@{ const-name Groups.zero}, -) => true
| Const(@{const-name Groups.one}, -) => true
| - => false)

)

simproc-setup reorient-zero (0 = z) = Reorient-Proc.proc
simproc-setup reorient-one (1 = z) = Reorient-Proc.proc

typed-print-translation (
let
fun tr’ ¢ = (¢, fn show-sorts => fn T => fn ts =>
if (not o null) ts orelse T = dummyT
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orelse not (! show-types) andalso can Term.dest-Type T
then raise Match
else Syntaz.const Syntaz.constrainC $ Syntazx.const ¢ $ Syntaz.term-of-typ
show-sorts T);
in map tr' [Q{ const-syntax Groups.one}, Q{const-syntax Groups.zero}] end;
) — show types that are presumably too general

class plus =
fixes plus :: 'a = 'a = 'a (infixl 4+ 65)

class minus =
fixes minus :: 'a = 'a = 'a (infixl — 65)

class uminus =
fixes uminus :: 'a = ‘a (— - [81] 80)

class times =
fixes times :: 'a = 'a = ’a (infixl x 70)

use ~"/src/ Provers/ Arith [ abel-cancel. ML

4.4 Semigroups and Monoids

class semigroup-add = plus +
assumes add-assoc [algebra-simps, field-simps]: (a + b) + ¢ = a + (b + ¢)

sublocale semigroup-add < add!: semigroup plus proof
qed (fact add-assoc)

class ab-semigroup-add = semigroup-add +
assumes add-commute [algebra-simps, field-simps]: a + b =b + a

sublocale ab-semigroup-add < add!: abel-semigroup plus proof
qed (fact add-commute)

context ab-semigroup-add
begin

lemmas add-left-commute [algebra-simps, field-simps] = add.left-commute
theorems add-ac = add-assoc add-commute add-left-commute

end

theorems add-ac = add-assoc add-commute add-left-commute

class semigroup-mult = times +
assumes mult-assoc [algebra-simps, field-simps|: (a * b) x ¢ = a * (b * ¢)
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sublocale semigroup-mult < mult!: semigroup times proof
qed (fact mult-assoc)

class ab-semigroup-mult = semigroup-mult +
assumes mult-commute [algebra-simps, field-simps]: a * b = b * a

sublocale ab-semigroup-mult < mult!: abel-semigroup times proof
qed (fact mult-commute)

context ab-semigroup-mult
begin

lemmas mult-left-commute [algebra-simps, field-simps] = mult.left-commute
theorems mult-ac = mult-assoc mult-commute mult-left-commute
end
theorems mult-ac = mult-assoc mult-commute mult-left-commute
class monoid-add = zero + semigroup-add +
assumes add-0-left: 0 + a = a

and add-0-right: a + 0 = a

sublocale monoid-add < add!: monoid plus 0 proof
qed (fact add-0-left add-0-right)-+

lemma zero-reorient: 0 = x «—— x = 0
by (rule eqg-commute)

class comm-monoid-add = zero + ab-semigroup-add +
assumes add-0: 0 + a = a

sublocale comm-monoid-add < add!: comm-monoid plus 0 proof
qed (insert add-0, simp add: ac-simps)

subclass (in comm-monoid-add) monoid-add proof
qed (fact add.left-neutral add.right-neutral)+

class monoid-mult = one + semigroup-mult +
assumes mult-1-left: 1 x a = a
and mult-1-right: a x 1 = a

sublocale monoid-mult < mult!: monoid times 1 proof
qed (fact mult-1-left mult-1-right)+

lemma one-reorient: 1 = ¢ +— xz = 1
by (rule eq-commute)
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class comm-monoid-mult = one + ab-semigroup-mult +
assumes mult-1: 1 x a = a

sublocale comm-monoid-mult < mult!: comm-monoid times 1 proof
qed (insert mult-1, simp add: ac-simps)

subclass (in comm-monoid-mult) monoid-mult proof
qed (fact mult.left-neutral mult.right-neutral)+

class cancel-semigroup-add = semigroup-add +
assumes add-left-imp-eq: a + b =a + ¢c = b = ¢
assumes add-right-imp-eq: b + a = ¢+ a = b = ¢

begin

lemma add-left-cancel [simp]:
a+b=a+c—b=c
by (blast dest: add-left-imp-eq)

lemma add-right-cancel [simp]:
b+a=cH+a+—b=c
by (blast dest: add-right-imp-eq)

end

class cancel-ab-semigroup-add = ab-semigroup-add +
assumes add-imp-eq: a + b =a + c=— b =c¢
begin

subclass cancel-semigroup-add
proof

fixabc:'a

assume a + b =a + ¢

then show b = ¢ by (rule add-imp-eq)
next

fixabc:'a

assume b +a =c + a

then have a + b = a + ¢ by (simp only: add-commute)

then show b = ¢ by (rule add-imp-eq)
qed

end

class cancel-comm-monoid-add = cancel-ab-semigroup-add + comm-monoid-add

4.5 Groups

class group-add = minus + uminus + monoid-add +
assumes left-minus [simp]: — a + a = 0
assumes diff-minus: a — b = a + (— b)
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begin

lemma minus-unique:
assumes a + b = 0 shows — a = b

proof —
have — a = — a + (a + b) using assms by simp
also have ... = b by (simp add: add-assoc [symmetric])
finally show ?thesis .

qed

lemmas equals-zero-I = minus-unique

lemma minus-zero [simp]: — 0 = 0
proof —
have 0 + 0 = 0 by (rule add-0-right)
thus — 0 = 0 by (rule minus-unique)
qed

lemma minus-minus [simp]: — (— a) = a
proof —
have — a + a = 0 by (rule left-minus)
thus — (— a) = a by (rule minus-unique)

qed

lemma right-minus [simp]: a + — a = 0

proof —
have a + — a = — (— a) + — a by simp
also have ... = 0 by (rule left-minus)
finally show ?thesis .

qed

lemma minus-add-cancel: — a + (a + b) = b
by (simp add: add-assoc [symmetric])

lemma add-minus-cancel: a + (— a + b) = b
by (simp add: add-assoc [symmetric])

lemma minus-add: — (a + b) = — b+ — a
proof —
have (a + b))+ (- b+ —a) =10
by (simp add: add-assoc add-minus-cancel)

thus — (a +b)=—b+ —a
by (rule minus-unique)
qed

lemma right-minus-eq: a — b =0 «—— a=1»>
proof
assume a — b =0
have a = (a — b) + b by (simp add:diff-minus add-assoc)
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also have ... = b using <a — b = () by simp

finally show a = b .
next

assume a = b thus a — b = 0 by (simp add: diff-minus)
qed

lemma diff-self [simp]: a — a = 0
by (simp add: diff-minus)

lemma diff-0 [simp]: 0 — a = — a
by (simp add: diff-minus)

lemma diff-0-right [simp]: a — 0 = a
by (simp add: diff-minus)

lemma diff-minus-eq-add [simp]: a — — b =a + b
by (simp add: diff-minus)

lemma neg-equal-iff-equal [simp]:

—a=—b+—a=0»
proof
assume — a = — b
hence — (— a) = — (— b) by simp
thus a = b by simp
next
assume a = b
thus — a = — b by simp
qed

lemma neg-equal-0-iff-equal [simp]:
—a=0+—a=10
by (subst neg-equal-iff-equal [symmetric], simp)

lemma neg-0-equal-iff-equal [simp]:
0=—-—a+«— 0=a
by (subst neg-equal-iff-equal [symmetric], simp)
The next two equations can make the simplifier loop!

lemma equation-minus-iff :

a=—b+——b=-—a

proof —
have — (— a) = — b «— — a = b by (rule neg-equal-iff-equal)
thus ?thesis by (simp add: eq-commute)

qed

lemma minus-equation-iff :
—a=b+— —-b=a
proof —
have — a = — (= b) «— a = —b by (rule neg-equal-iff-equal)
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thus ?thesis by (simp add: eq-commute)
qed

lemma diff-add-cancel: a — b+ b = a
by (simp add: diff-minus add-assoc)

lemma add-diff-cancel: a + b — b = a
by (simp add: diff-minus add-assoc)

declare diff-minus[symmetric, algebra-simps, field-simps]

lemma eg-neg-iff-add-eq-0: a = — b «—— a + b =10
proof

assume a = — b then show a + b = 0 by simp
next

assume a + b = 0
moreover have ¢ + (b + — b) = (a + b) + — b
by (simp only: add-assoc)
ultimately show a = — b by simp
qed

end

class ab-group-add = minus + uminus + comm-monoid-add +

assumes ab-left-minus: — a + a = 0
assumes ab-diff-minus: a — b = a + (— b)
begin

subclass group-add
proof qed (simp-all add: ab-left-minus ab-diff-minus)

subclass cancel-comm-monoid-add
proof
fixabc:'a
assume a + b = a + ¢
then have —a +a+b=—a+a+c
unfolding add-assoc by simp
then show b = ¢ by simp
qed

lemma uminus-add-conv-diff [algebra-simps, field-simps]:
—a+b=b—-a
by (simp add:diff-minus add-commute)

lemma minus-add-distrib [simp]:
—(a+bd)=—a+ -0

by (rule minus-unique) (simp add: add-ac)

lemma minus-diff-eq [simp]:
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—(a—=b)=b—-a
by (simp add: diff-minus add-commute)

lemma add-diff-eq[algebra-simps, field-simps]: a + (b — ¢) = (a + b) — ¢
by (simp add: diff-minus add-ac)

lemma diff-add-eqlalgebra-simps, field-simps]: (a — b) + ¢ = (a + ¢) — b
by (simp add: diff-minus add-ac)

lemma diff-eq-eq[algebra-simps, field-simps]: a —b=c«— a=c+ b
by (auto simp add: diff-minus add-assoc)

lemma eq-diff-eq[algebra-simps, field-simps]: a = ¢ — b «—— a+ b =c¢
by (auto simp add: diff-minus add-assoc)

lemma diff-diff-eq|algebra-simps, field-simps]: (a — b) — ¢ =a — (b + ¢)
by (simp add: diff-minus add-ac)

lemma diff-diff-eq2|algebra-simps, field-simps]: a — (b — ¢) = (a + ¢) — b
by (simp add: diff-minus add-ac)

lemma eq-iff-diff-eq-0: a = b «—— a — b =0
by (simp add: algebra-simps)

lemma diff-eq-0-iff-eq [simp, no-atpl: a — b =0 «— a=b
by (simp add: algebra-simps)

end
4.6 (Partially) Ordered Groups
The theory of partially ordered groups is taken from the books:

e Lattice Theory by Garret Birkhoff, American Mathematical Society
1979

e Partially Ordered Algebraic Systems, Pergamon Press 1963
Most of the used notions can also be looked up in
e http://www.mathworld.com by Eric Weisstein et. al.

e Algebra I by van der Waerden, Springer.

class ordered-ab-semigroup-add = order + ab-semigroup-add +
assumes add-left-mono: a < b= c+ a<c+ b
begin


http://www.mathworld.com
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lemma add-right-mono:
a<b=—=a+c<b+ec
by (simp add: add-commute [of - c| add-left-mono)

non-strict, in both arguments

lemma add-mono:
e0<b=—=c<d=—=a+c<b+d
apply (erule add-right-mono [THEN order-trans))
apply (simp add: add-commute add-left-mono)
done

end

class ordered-cancel-ab-semigroup-add =
ordered-ab-semigroup-add + cancel-ab-semigroup-add
begin

lemma add-strict-left-mono:
a<b=c+a<c+b
by (auto simp add: less-le add-left-mono)

lemma add-strict-right-mono:
a<b=a+c<b+ec
by (simp add: add-commute [of - ¢| add-strict-left-mono)

Strict monotonicity in both arguments

lemma add-strict-mono:
a<b=c<d=a+c<b+d

apply (erule add-strict-right-mono [THEN less-trans))

apply (erule add-strict-left-mono)

done

lemma add-less-le-mono:
a<b=—=c<d=—a+c<b+d

apply (erule add-strict-right-mono [THEN less-le-trans))

apply (erule add-left-mono)

done

lemma add-le-less-mono:
e<b=c<d=a+c<b+d

apply (erule add-right-mono [THEN le-less-trans])

apply (erule add-strict-left-mono)

done

end

class ordered-ab-semigroup-add-imp-le =
ordered-cancel-ab-semigroup-add +
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assumes add-le-imp-le-left: c + a < c+ b= a < b
begin

lemma add-less-imp-less-left:
assumes less: ¢ + a < ¢ + b shows a < b
proof —
from less have le: ¢ + a <= ¢ + b by (simp add: order-le-less)
have a <=1
apply (insert le)
apply (drule add-le-imp-le-left)
by (insert le, drule add-le-imp-le-left, assumption)
moreover have a # b
proof (rule ccontr)
assume ~(a # b)
then have ¢ = b by simp
then have ¢ + a = ¢ + b by simp
with less show Falseby simp
qed
ultimately show a < b by (simp add: order-le-less)
qed

lemma add-less-imp-less-right:
a+c<b+c=a<bd

apply (rule add-less-imp-less-left [of c])

apply (simp add: add-commute)

done

lemma add-less-cancel-left [simp]:
c+a<cH+be——a<hb
by (blast intro: add-less-imp-less-left add-strict-left-mono)

lemma add-less-cancel-right [simp]:
a+c<b4+ce——a<b
by (blast intro: add-less-imp-less-right add-strict-right-mono)

lemma add-le-cancel-left [simp]:
c+a<c+b—a<b
by (auto, drule add-le-imp-le-left, simp-all add: add-left-mono)

lemma add-le-cancel-right [simp]:
a+c<b4+c—a<b
by (simp add: add-commute [of a ¢] add-commute [of b c])

lemma add-le-imp-le-right:
a+c<b+c=a<d
by simp

lemma maz-add-distrib-left:
maxzy + 2z = max (z + 2) (y + 2)
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unfolding maz-def by auto

lemma min-add-distrib-left:
minxy + z=min (x + z) (y + 2)
unfolding min-def by auto

end

4.7 Support for reasoning about signs

class ordered-comm-monoid-add =
ordered-cancel-ab-semigroup-add + comm-monoid-add
begin

lemma add-pos-nonneg:
assumes (0 < g and 0 < b shows 0 < a + b
proof —
have 0 + 0 < a + b
using assms by (rule add-less-le-mono)
then show ?thesis by simp
qed

lemma add-pos-pos:
assumes ( < g and 0 < b shows 0 < a + b
by (rule add-pos-nonneg) (insert assms, auto)

lemma add-nonneg-pos:
assumes (0 < g and 0 < b shows 0 < a + b
proof —
have 0 + 0 <a + b
using assms by (rule add-le-less-mono)
then show ?thesis by simp
qed

lemma add-nonneg-nonneg [simp]:
assumes () < g and 0 < b shows 0 < a + b
proof —
have 0 + 0 < a + b
using assms by (rule add-mono)
then show ?thesis by simp
qed

lemma add-neg-nonpos:
assumes a < (0 and b < 0 shows a + b < 0
proof —
have a + b < 0 + 0
using assms by (rule add-less-le-mono)
then show ?thesis by simp
qed
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lemma add-neg-neg:
assumes a < 0 and b < 0 shows a + b < 0
by (rule add-neg-nonpos) (insert assms, auto)

lemma add-nonpos-neg:
assumes ¢ < ( and b < 0 shows a + b < 0
proof —
have a + b < 0 + 0
using assms by (rule add-le-less-mono)
then show ?thesis by simp
qed

lemma add-nonpos-nonpos:
assumes ¢ < 0 and b < 0 shows a + b < 0
proof —
have a + b < 0 + 0
using assms by (rule add-mono)
then show ?thesis by simp
qed

lemmas add-sign-intros =

add-pos-nonneg add-pos-pos add-nonneg-pos add-nonneg-nonneq
add-neg-nonpos add-neg-neg add-nonpos-neg add-nonpos-nonpos

lemma add-nonneg-eq-0-iff:
assumes z: 0 < zand y: 0 <y
shows 2 + y=0««— 2z =0ANy=10
proof (intro iffI conjI)
have z = =z + 0 by simp
also have z + 0 < z + y using y by (rule add-left-mono)
also assume z + y = 0
also have 0 < z using = .
finally show z = 0 .
next
have y = 0 + y by simp
also have 0 + y < z + y using z by (rule add-right-mono)
also assume z + y = 0
also have 0 < y using y .
finally show y = 0 .
next
assume r = 0 Ay =0
then show z + y = 0 by simp
qed

end

class ordered-ab-group-add =
ab-group-add + ordered-ab-semigroup-add
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begin
subclass ordered-cancel-ab-semigroup-add ..

subclass ordered-ab-semigroup-add-imp-le

proof
fixabe:'a
assume ¢c +a < c+ b
hence (—c¢) + (¢ + a) < + (¢ + b) by (rule add-left-mono)
hence ((—c) + ¢) + a < ((—¢) + ¢) + b by (simp only: add-assoc)
thus ¢ < b by simp

qed

subclass ordered-comm-monoid-add ..

lemma maz-diff-distrib-left:
shows max zy — z = maz (z — 2) (y — 2)
by (simp add: diff-minus, rule maz-add-distrib-left)

lemma min-diff-distrib-left:
shows min zy — z = min (z — 2) (y — 2)
by (simp add: diff-minus, rule min-add-distrib-left)

lemma le-imp-neg-le:
assumes ¢ < b shows —b < —a

proof —
have —a+a < —a+b using <a < b by (rule add-left-mono)
hence 0 < —a+b by simp
hence 0 + (=b) < (—a + b) + (—=b) by (rule add-right-mono)
thus ?thesis by (simp add: add-assoc)

qed

lemma neg-le-iff-le [simp]: — b < —a «—— a < b
proof
assume — b < — qa
hence — (— a) < — (— b) by (rule le-imp-neg-le)
thus a<b by simp
next
assume a<b
thus —b < —a by (rule le-imp-neg-le)
qed

lemma neg-le-0-iff-le [simp]: — a < 0 «— 0 < a
by (subst neg-le-iff-le [symmetric], simp)

IN
S

lemma neg-0-le-iff-le [simp]: 0 < — a «— a
by (subst neg-le-iff-le [symmetric], simp)

lemma neg-less-iff-less [simp]: — b < —a —— a < b
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by (force simp add: less-le)

lemma neg-less-0-iff-less [simp]: — a < 0 +— 0 < a
by (subst neg-less-iff-less [symmetric], simp)

lemma neg-0-less-iff-less [simp]: 0 < — a «—— a < 0
by (subst neg-less-iff-less [symmetric], simp)

The next several equations can make the simplifier loop!

lemma less-minus-iff: a < — b +— b < — a

proof —
have (— (—a) < — b) = (b < — a) by (rule neg-less-iff-less)
thus ?thesis by simp

qed

lemma minus-less-iff: — a < b +— — b < a

proof —
have (— a < — (b)) = (= b < a) by (rule neg-less-iff-less)
thus ?thesis by simp

qed

lemma le-minus-iff: a < —b+— b < — a
proof —
have mm: !l a (b::'a). (—(—a)) < —b = —(—b) < —a by (simp only: minus-less-iff)
have (— (— a) <= —b) = (b <= — a)
apply (auto simp only: le-less)
apply (drule mm)
apply (simp-all)
apply (drule mm][simplified], assumption)
done
then show ?thesis by simp
qed

lemma minus-le-iff: — a < b+—— — b < a
by (auto simp add: le-less minus-less-iff)

lemma less-iff-diff-less-0: a < b «—— a — b < 0
proof —
have (a <b)=(a+ (—b) <b+ (b))
by (simp only: add-less-cancel-right)

also have ... = (a — b < 0) by (simp add: diff-minus)
finally show ?thesis .
qed

lemma diff-less-eq[algebra-simps, field-simps]: a — b < ¢ «—— a < ¢+ b
apply (subst less-iff-diff-less-0 [of a])

apply (rule less-iff-diff-less-0 [of - ¢, THEN ssubst])

apply (simp add: diff-minus add-ac)

done
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lemma less-diff-eqlalgebra-simps, field-simps]: a < ¢ — b «—— a + b < ¢

apply (subst less-iff-diff-less-0 [of a + b])
apply (subst less-iff-diff-less-0 [of a])
apply (simp add: diff-minus add-ac)
done

lemma diff-le-eq|algebra-simps, field-simps]: a — b < c+— a < c+ b
by (auto simp add: le-less diff-less-eq diff-add-cancel add-diff-cancel)

lemma le-diff-eq|algebra-simps, field-simps]: a < ¢ — b —— a + b < ¢
by (auto simp add: le-less less-diff-eq diff-add-cancel add-diff-cancel)

lemma le-iff-diff-le-0: a < b «—— a — b < 0
by (simp add: algebra-simps)

end

class linordered-ab-semigroup-add =
linorder + ordered-ab-semigroup-add

class linordered-cancel-ab-semigroup-add =
linorder + ordered-cancel-ab-semigroup-add
begin

subclass linordered-ab-semigroup-add ..

subclass ordered-ab-semigroup-add-imp-le
proof
fixabc:'a
assume le: c +a <=c+ b
show a <= b
proof (rule ccontr)
assume w: ~ a < b
hence b <= a by (simp add: linorder-not-le)
hence le2: ¢ + b <= ¢ + a by (rule add-left-mono)
have a = b
apply (insert le)
apply (insert le2)
apply (drule antisym, simp-all)
done
with w show Fulse
by (simp add: linorder-not-le [symmetric])
qed
qed

end

class linordered-ab-group-add = linorder + ordered-ab-group-add
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begin
subclass linordered-cancel-ab-semigroup-add ..

lemma neg-less-eqg-nonneg [simp):
—a<a+—— 0<a
proof
assume A: — a < a show 0 < a
proof (rule classical)
assume - 0 < ¢
then have a < 0 by auto
with A have — a < 0 by (rule le-less-trans)
then show f?thesis by auto
qed
next
assume A: 0 < g show — a < a
proof (rule order-trans)
show — a < 0 using A by (simp add: minus-le-iff)
next
show 0 < a using A .
qged
qed

lemma neg-less-nonneg [simp):
—a<a+— 0<a
proof
assume A: — a < a show 0 < a
proof (rule classical)
assume - 0 < a
then have a < 0 by auto
with 4 have — a < 0 by (rule less-le-trans)
then show ?thesis by auto
qed
next
assume A: 0 < a show — a < a
proof (rule less-trans)
show — a < 0 using A by (simp add: minus-le-iff’)
next
show 0 < a using A .
qed
qed

lemma less-eq-neg-nonpos [simp]:
a < —a+—a< 0
proof
assume A: ¢ < — a show a < 0
proof (rule classical)
assume - a < (
then have 0 < a by auto
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then have 0 < — a using A by (rule less-le-trans)
then show #?thesis by auto
qed
next
assume A: ¢ < 0 show a < — a
proof (rule order-trans)
show 0 < — a using A by (simp add: minus-le-iff )
next
show a < 0 using A .
qged
qed

lemma equal-neg-zero [simp]:

a=—a—a=70
proof

assume ¢ = ( then show a = — a by simp
next

assume A: a = — a show a = 0

proof (cases 0 < a)

case True with A have 0 < — a by auto

with le-minus-iff have a < 0 by simp

with True show ?thesis by (auto intro: order-trans)
next

case Fualse then have B: a < 0 by auto

with A have — a < 0 by auto

with B show ?thesis by (auto intro: order-trans)
qged

qed

lemma neg-equal-zero [simp):
—a=a+—a=70
by (auto dest: sym)

lemma double-zero [simp]:
a+a=0—a=10
proof
assume assm: a + a = 0
then have a: — a = a by (rule minus-unique)
then show a = 0 by (simp only: neg-equal-zero)
qed simp

lemma double-zero-sym [simp]:
0=a+a+—a=0
by (rule, drule sym) simp-all

lemma zero-less-double-add-iff-zero-less-single-add [simp]:

0<a+a+—0<a
proof
assume 0 < a + a
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then have 0 — a < a by (simp only: diff-less-eq)

then have — a < a by simp

then show 0 < a by (simp only: neg-less-nonneg)
next

assume 0 < a

with this have 0 + 0 < a + a

by (rule add-strict-mono)

then show 0 < a + a by simp

qed

lemma zero-le-double-add-iff-zero-le-single-add [simp]:
0<a+a+—0<a
by (auto simp add: le-less)

lemma double-add-less-zero-iff-single-add-less-zero [simp]:
a+a<0+—a<0
proof —
have ~a +a < 0 +— —a <0
by (simp add: not-less)
then show %thesis by simp
qed

lemma double-add-le-zero-iff-single-add-le-zero [simp]:
a+a<0—a<0
proof —
have —a+a < 0 +— —-a <0
by (simp add: not-le)
then show ¢thesis by simp
qed

lemma le-minus-self-iff :
a< —a+——a<y(
proof —
from add-le-cancel-left [of — a a + a 0]
have a < —a+—a+a <0
by (simp add: add-assoc [symmetric])
thus ?thesis by simp
qed

lemma minus-le-self-iff :
—a<a+— 0<a
proof —
from add-le-cancel-left [of — a 0 a + d]
have —a <a+— 0<a+ a
by (simp add: add-assoc [symmetric])
thus ?thesis by simp
qed

lemma minus-maz-eq-min:
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— maz zy = min (—z) (—y)
by (auto simp add: max-def min-def)

lemma minus-min-eq-max:
— min zy = maz (—z) (—y)
by (auto simp add: max-def min-def)

end

context ordered-comm-monoid-add
begin

lemma add-increasing:
0<a=—=b<c=b<a+c
by (insert add-mono [of 0 a b ], simp)

lemma add-increasing2:
0<c=b<a=—b<a+c
by (simp add: add-increasing add-commute [of a))

lemma add-strict-increasing:
0<a=—=b<c=b<a+ec¢
by (insert add-less-le-mono [of 0 a b c], simp)

lemma add-strict-increasing2:
0<a=—=b<c=b<a+c
by (insert add-le-less-mono [of 0 a b c], simp)

end

class abs =
fixes abs :: 'a = 'a
begin

notation (zsymbols)
abs (|-])

notation (HTML output)
abs ([-[)

end

class sgn =

fixes sgn :: /

a="a

class abs-if = minus + uminus + ord + zero + abs +
assumes abs-if: |a| = (if a < 0 then — a else a)

class sgn-if = minus + uminus + zero + one + ord + sgn +
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assumes sgn-if: sgn x = (if x = 0 then 0 else if 0 < x then 1 else — 1)

begin

lemma sgn0 [simp]: sgn 0 = 0
by (simp add:sgn-if)

end

class ordered-ab-group-add-abs = ordered-ab-group-add + abs +
assumes abs-ge-zero [simp]: |a| > 0
and abs-ge-self: a < |a|
and abs-lel: a < b= —a<b=|a| <D

and abs-minus-cancel [simp]: |—a| = |a]
and abs-triangle-ineq: |a + b| < |a| + |b|
begin
lemma abs-minus-le-zero: — |a] < 0

unfolding neg-le-0-iff-le by simp

lemma abs-of-nonneg [simp]:
assumes nonneg: 0 < a shows |a| = a

proof (rule antisym)
from nonneg le-imp-neg-le have — a < 0 by simp
from this nonneg have — a < a by (rule order-trans)
then show |a| < a by (auto intro: abs-lel)

qed (rule abs-ge-self)

lemma abs-idempotent [simp]: ||a|| = |a]
by (rule antisym)
(auto intro!: abs-ge-self abs-lel order-trans [of — |a| 0 |al])
lemma abs-eq-0 [simp]: |a] = 0 «—— a = 0
proof —

have |a| = 0 = a =0
proof (rule antisym)

assume zero: |a| = 0
with abs-ge-self show a < 0 by auto
from zero have |—a| = 0 by simp

with abs-ge-self [of — a] have — a < 0 by auto
with neg-le-0-iff-le show 0 < a by auto

qed
then show ?thesis by auto
qed
lemma abs-zero [simp]: |0] = 0
by simp
lemma abs-0-eq [simp, no-atp]: 0 = |a| — a = 0

proof —
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have 0 = |a| «— |a] = 0 by (simp only: eq-ac)
thus ?thesis by simp
qed

lemma abs-le-zero-iff [simp]: |a] < 0 «— a =0
proof
assume |a| < 0
then have |a| = 0 by (rule antisym) simp
thus a = 0 by simp
next
assume g = 0
thus |a| < 0 by simp
qed

lemma zero-less-abs-iff [simp]: 0 < |a| — a # 0
by (simp add: less-le)

lemma abs-not-less-zero [simp]: = |a] < 0
proof —
have a: Az y. 2 < y = - y < z by auto
show ?thesis by (simp add: a)
qged

lemma abs-ge-minus-self: — a < |a|
proof —
have — a < |—a| by (rule abs-ge-self)
then show ?thesis by simp
qed

lemma abs-minus-commute:
la — b = |b — qf

proof —
have |a — b| = |- (a — b)| by (simp only: abs-minus-cancel)
also have ... = |b — a| by simp
finally show ?thesis .

qed

lemma abs-of-pos: 0 < a = |a| = a
by (rule abs-of-nonneg, rule less-imp-le)

lemma abs-of-nonpos [simp]:

assumes a < 0 shows |a| = — a
proof —

let b= — a

have — 70 < 0 = |- 2| = — (— %b)

unfolding abs-minus-cancel [of 7b]

unfolding neg-le-0-iff-le [of ?b]

unfolding minus-minus by (erule abs-of-nonneg)
then show ?thesis using assms by auto
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qed

lemma abs-of-neg: a < 0 = |a| = — a
by (rule abs-of-nonpos, rule less-imp-le)

lemma abs-le-D1: |a] < b= a < b
by (insert abs-ge-self, blast intro: order-trans)

lemma abs-le-D2: |a] < b= — a <b
by (insert abs-le-D1 [of — al, simp)

lemma abs-le-iff: |a| < b+— a<bA—-—a<b
by (blast intro: abs-lel dest: abs-le-D1 abs-le-D2)

lemma abs-triangle-ineq2: |a| — |b] < |a — b|
proof —
have |a| = |b + (a — )|
by (simp add: algebra-simps add-diff-cancel)
then have |a| < |b] + |a — b|
by (simp add: abs-triangle-ineq)
then show ?thesis
by (simp add: algebra-simps)
qed

lemma abs-triangle-ineq2-sym: |a| — |b| < |b — q
by (simp only: abs-minus-commute [of b] abs-triangle-ineq2)

lemma abs-triangle-ineq3: ||a] — |b]| < |a — b
by (simp add: abs-le-iff abs-triangle-ineq2 abs-triangle-ineq2-sym)

lemma abs-triangle-ineq4: o — b| < |a| + |b]

proof —
have |a — b| = |a + — b| by (subst diff-minus, rule refl)
also have ... < |a| + |- b| by (rule abs-triangle-ineq)
finally show ?¢thesis by simp

qed

lemma abs-diff-triangle-ineq: |a + b — (¢ + d)] < |la — ¢| + |b — d|

proof —
have |a + b — (c+d)| = [(a—c) + (b—d)| by (simp add: diff-minus add-ac)
also have ... < |a—c| + |b—d| by (rule abs-triangle-ineq)
finally show ?thesis .

qged

lemma abs-add-abs [simp]:

[lal + [b]] = [a] + [b] (is 7L = ?R)
proof (rule antisym)

show ?L > ?R by(rule abs-ge-self)
next
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have ?L < ||a|| + ||b]| by (rule abs-triangle-ineq)

also have ... = ?R by simp
finally show ?L < ?R .
qed
end

Needed for abelian cancellation simprocs:

lemma add-cancel-21: ((z::'a::ab-group-add) + (y + z) =y + u) = (z + z = u)
apply (subst add-left-commute)

apply (subst add-left-cancel)

apply simp

done

lemma add-cancel-end: (z + (y + 2z) = y) = (x = — (2::"a::ab-group-add))
apply (subst add-cancel-21[of - - - 0, simplified))

apply (simp add: add-right-cancel[symmetric, of x —z z, simplified])

done

lemma less-eql: (z::'a::ordered-ab-group-add) — y = ¢/ — y' = (z < y) = (2’
<y’

by (simp add: less-iff-diff-less-0[of = y] less-iff-diff-less-0[of =’ y])

/

lemma le-eql: (x::'a::ordered-ab-group-add) — y = ' — y' = (y <= x)
<=1z')

apply (simp add: le-iff-diff-le-0[of y z] le-iff-diff-le-0[of y’ z))

apply (simp add: neg-le-iff-le[symmetric, of y—z 0] neg-le-iff-le[symmetric, of
y'=z' 0])

done

(y

lemma eg-eql: (z::’a::ab-group-add) —y=z' — y' = (z = y) = (&' = y’)
by (simp only: eq-iff-diff-eq-0]of x y] eq-iff-diff-eq-0[of z’ y'])

lemma diff-def: (z::'a::ab-group-add) — y == = + (—y)
by (simp add: diff-minus)

lemma le-add-right-mono:

assumes
a <= b + (c::'a::ordered-ab-group-add)
c<=d

shows a <=0 + d

apply (rule-tac order-transwhere y = b+c|)
apply (simp-all add: prems)

done

4.8 Tools setup

lemma add-mono-thms-linordered-semiring [no-atp):
fixes i j k :: 'a::ordered-ab-semigroup-add
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shows i < jJANEL ]I =i+ k<5 +1
andi=jANEk<I=1i4+k<j+1
and i <jAk=1=i+k<j+I
andi=jANk=l=i4+k=j5+1
by (rule add-mono, clarify+)+

lemma add-mono-thms-linordered-field [no-atp):
fixes i j k :: 'a::ordered-cancel-ab-semigroup-add
shows i < jAk=]l= i+ k<j+1
andi=jANk<]l=i+k<j+1
and i< jAk<I]I= i+ k<j+1
and i < jANEk<I=1i4+k<j+1
andi<jANk<l=i+k<j+1
by (auto intro: add-strict-right-mono add-strict-left-mono
add-less-le-mono add-le-less-mono add-strict-mono)

Simplification of z — y < (0::'a), etc.

lemmas diff-less-0-iff-less [simp, no-atp] = less-iff-diff-less-0 [symmetric]
lemmas diff-le-0-iff-le [simp, no-atp] = le-iff-diff-le-0 [symmetric]

ML (
structure ab-group-add-cancel = Abel-Cancel

(

(x term order for abelian groups *)

fun agrp-ord (Const (a, -)) = find-index (fn o’ => a = a’)
[@{ const-name Groups.zero}, @{const-name Groups.plus},
@{ const-name Groups.uminus}, Q{ const-name Groups.minus}]
| agrp-ord - = ~1;

fun termless-agrp (a, b) = (Term-Ord.term-lpo agrp-ord (a, b) = LESS);

local
val acl = mk-meta-eq Q{thm add-assoc};
val ac2 = mk-meta-eq Q{thm add-commute};
val ac3 = mk-meta-eq Q{thm add-left-commute};
fun solve-add-ac thy - (- $ (Const (Q{const-name Groups.plus},-) $ -$-) $ -) =
SOME acl
| solve-add-ac thy - (- $ x $§ (Const (Q{const-name Groups.plus},-) $ y $ 2)) =
if termless-agrp (y, z) then SOME ac3 else NONE
| solve-add-ac thy - (-$ z $ y) =
if termless-agrp (y, =) then SOME ac2 else NONE
| solve-add-ac thy - - = NONE
m
val add-ac-proc = Simplifier.simproc @{theory}
add-ac-proc [z + y::'a::ab-semigroup-add] solve-add-ac;
end;
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val eg-reflection = @Q{thm egq-reflection};
val T = Q{typ ’a::ab-group-add};

val cancel-ss = HOL-basic-ss settermless termless-agrp
addsimprocs [add-ac-proc] addsimps
[@{thm add-0-left}, Q{thm add-0-right}, @{thm diff-def},
Q@{thm minus-add-distrib}, Q{thm minus-minus}, Q{thm minus-zero},
Q@Q{thm right-minus}, @Q{thm left-minus}, @Q{thm add-minus-cancel},
Q@Q{thm minus-add-cancel }];

val sum-pats = [@{cterm x + y::'a::ab-group-add}, @{ cterm x — y::'a::ab-group-add}|;
val eql-rules = [@Q{thm less-eql }, Q{thm le-eql }, @Q{thm eq-eql };

val dest-eql =
fst o HOLogic.dest-bin @{ const-name op =} HOLogic.boolT o HOLogic.dest- Trueprop
o concl-of;

);
p)

ML (
Addsimprocs [ab-group-add-cancel.sum-conv, ab-group-add-cancel.rel-convl;

)

code-modulename SML
Groups Arith

code-modulename OCaml
Groups Arith

code-modulename Haskell
Groups Arith

end

5 Lattices: Abstract lattices

theory Lattices
imports Orderings Groups
begin

5.1 Abstract semilattice

This locales provide a basic structure for interpretation into bigger struc-
tures; extensions require careful thinking, otherwise undesired effects may
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occur due to interpretation.

locale semilattice = abel-semigroup +
assumes idem [simp]: fa a = a
begin

lemma left-idem [simp]:

fa(fad)=fabd

by (simp add: assoc [symmetric])

end

5.2 Idempotent semigroup

class ab-semigroup-idem-mult = ab-semigroup-mult +
assumes mult-idem: © * x = x

sublocale ab-semigroup-idem-mult < times!: semilattice times proof
qed (fact mult-idem)

context ab-semigroup-idem-mult
begin

lemmas mult-left-idem = times.left-idem

end

5.3 Concrete lattices

notation
less-eq (infix C 50) and
less (infix C 50) and
top (T) and
bot (L)

class semilattice-inf = order +
fixes inf :: 'a = 'a = ‘o (infixl N 70)
assumes inf-lel [simp]: c My C z
and inf-le2 [simp: x My C y
and inf-greatest: t Cy —= 2z Cz =z C y Mz

class semilattice-sup = order +
fixes sup :: 'a = ‘a = 'a (infixl U 65)
assumes sup-gel [simp]: x Tz Uy
and sup-ge2 [simpl: y Tz Uy
and sup-least: yC o — z2C 2z = yUzCux
begin

Dual lattice

lemma dual-semilattice:
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class.semilattice-inf (op >) (op >) sup
by (rule class.semilattice-inf .intro, rule dual-order)
(unfold-locales, simp-all add: sup-least)

end

class lattice = semilattice-inf + semilattice-sup

5.3.1 Intro and elim rules

context semilattice-inf
begin

lemma le-infl1:
aCz=alNbLCz
by (rule order-trans) auto

lemma le-infI2:
bEx=— alNbCx
by (rule order-trans) auto

lemma le-infl: t Ca =z C b= xCallb
by (rule inf-greatest)

lemma le-infE: 2 CaMNb— (zCa=—zCb=— P)=— P
by (blast intro: order-trans inf-lel inf-le2)

lemma le-inf-iff [simp]:
crCyMNze—— a2z CyAzCz2
by (blast intro: le-infI elim: le-infE)

lemma le-iff-inf:
rCye—zNy=zx

by (auto intro: le-infl1 antisym dest: eq-iff [THEN iffD1])

lemma inf-mono: a C c = b<d= alNbC clNd
by (fast intro: inf-greatest le-infI1 le-infI2)

lemma mono-inf:
fixes [ :: ‘a = 'b::semilattice-inf
shows mono f = f (AN B)C fANfB
by (auto simp add: mono-def intro: Lattices.inf-greatest)

end

context semilattice-sup
begin

lemma le-supll:
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rCa=—zCalbd
by (rule order-trans) auto

lemma le-supl2:
tCbhb=2sCalbd
by (rule order-trans) auto

lemma le-supl:
aCzr2—=bC2x=—alUbCx
by (rule sup-least)

lemma le-supE:
aUbCz—=—= (aCz=bCzr—=— P)=— P
by (blast intro: order-trans sup-gel sup-ge2)

lemma le-sup-iff [simp]:
rtUyCze—z L 2AyL 2
by (blast intro: le-supl elim: le-supE)

lemma le-iff-sup:
rLye—zly=y
by (auto intro: le-supI2 antisym dest: eq-iff [THEN iffD1])

lemma sup-mono: a CE ¢c = b<d=—alUbCclld
by (fast intro: sup-least le-supll le-supl2)

lemma mono-sup:
fixes [ :: 'a = 'b::semilattice-sup
shows mono f = fAUfBC f (AU B)
by (auto simp add: mono-def intro: Lattices.sup-least)

end

5.3.2 Equational laws

sublocale semilattice-inf < inf!: semilattice inf
proof
fixabc
show (aMb)MNec=aN(bNc)
by (rule antisym) (auto intro: le-infl1 le-infI2)
show a M b=>bMa
by (rule antisym) auto
show a Ma =a
by (rule antisym) auto
qed

context semilattice-inf
begin
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lemma inf-assoc: (x My) Mz =2z N (y N z)
by (fact inf.assoc)

lemma inf-commute: (z M y) = (y M z)
by (fact inf.commute)

lemma inf-left-commute: x M (y M 2) =y N (z N z)
by (fact inf.left-commute)

lemma inf-idem: x Mz = x
by (fact inf.idem)

lemma inf-left-idem: z M (z My) =z My
by (fact inf .left-idem)

lemma inf-absorbl: t C y =z Ny ==z
by (rule antisym) auto

lemma inf-absorb2: yC o —= 2z My =y
by (rule antisym) auto

lemmas inf-aci = inf-commute inf-assoc inf-left-commute inf-left-idem
end

sublocale semilattice-sup < sup!: semilattice sup
proof
fixabc
show (aUb)Uc=alU (bUc)
by (rule antisym) (auto intro: le-supll le-supl2)
show a Ub=bUa
by (rule antisym) auto
show a Ll a = a
by (rule antisym) auto
qed

context semilattice-sup
begin

lemma sup-assoc: (z U y) Uz =2 U (y U 2)
by (fact sup.assoc)

lemma sup-commute: (z U y) = (y U z)
by (fact sup.commute)

lemma sup-left-commute: z U (y U 2) =y U (z U 2)
by (fact sup.left-commute)

lemma sup-idem: z Uz = x
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by (fact sup.idem)

lemma sup-left-idem: z U (z Uy) =z Uy
by (fact sup.left-idem)

lemma sup-absorbl: yC x —= z Uy ==
by (rule antisym) auto

lemma sup-absorb2: : Ty —= x Uy =y
by (rule antisym) auto

lemmas sup-aci = sup-commute sup-assoc sup-left-commute sup-left-idem
end

context lattice
begin

lemma dual-lattice:
class.lattice (op >) (op >) sup inf
by (rule class.lattice.intro, rule dual-semilattice, rule class.semilattice-sup.intro,
rule dual-order)
(unfold-locales, auto)

lemma inf-sup-absorb: z M (z U y) =z
by (blast intro: antisym inf-lel inf-greatest sup-gel)

lemma sup-inf-absorb: z U (z Ny) =z
by (blast intro: antisym sup-gel sup-least inf-lel)

lemmas inf-sup-aci = inf-aci sup-aci
lemmas inf-sup-ord = inf-lel inf-le2 sup-gel sup-ge2

Towards distributivity
lemma distrib-sup-le: z U (y M 2) E (z U y) N (z U 2)
by (auto intro: le-infl1 le-infI2 le-supll le-supl?2)

lemma distrib-inf-le: (x M y) U (x M z) Tz N (yU z)
by (auto intro: le-infl1 le-infI2 le-supll le-supI2)
If you have one of them, you have them all.

lemma distrib-imp1:
assumes D: lzyz. 2N (yUz)=(zMNy) U (zN2)
U z)

shows z U (yMz)=(zUy) N (z

proof—
have z U (y M z) = (z U (z N 2)) U (y N z) by(simp add:sup-inf-absord)
also have ... = z U (2 N (z U y)) by(simp add:D inf-commute sup-assoc)
alsohave ... = ((z U y) Nz) U ((z Uy) M 2)
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by (simp add:inf-sup-absorb inf-commute)

also have ... = (z U y) M (z U 2) by(simp add:D)
finally show ?thesis .
qed

lemma distrib-imp2:
assumes D: lzyz. z U (y N z) =

(zUy)N(zU2)
shows z M (y U z) = (z Ny) U (z N 2)

proof—
have z M (y U z) = (z N (z U 2)) N (y U z) by(simp add:inf-sup-absord)
also have ... =z M (2 U (z M y)) by(simp add:D sup-commute inf-assoc)
alsohave ... = ((zMNy)Uz) N ((z Ny) U 2)
by (simp add:sup-inf-absorb sup-commute)
also have ... = (z M y) U (z M 2) by(simp add:D)
finally show ?thesis .
qed
end

5.3.3 Strict order

context semilattice-inf
begin

lemma less-infI1:
aCz=albCx
by (auto simp add: less-le inf-absorb1 intro: le-infI1)

lemma less-infI2:
bCe=aNbCx
by (auto simp add: less-le inf-absorb2 intro: le-infI2)

end

context semilattice-sup
begin

lemma less-supll:
xrCaea=2xzCalbd
proof —
interpret dual: semilattice-inf op > op > sup
by (fact dual-semilattice)
assume z C «a
then show z C a U b
by (fact dual.less-infI1)
qed

lemma less-supl2:
rCb=zxzCalb
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proof —
interpret dual: semilattice-inf op > op > sup
by (fact dual-semilattice)
assume z C b
then show z C a U b
by (fact dual.less-infI2)
qed

end

5.4 Distributive lattices

class distrib-lattice = lattice +
assumes sup-inf-distribl: x U (y M z) = (z U y) N (z U 2)

context distrib-lattice
begin

lemma sup-inf-distrib2:
(yNz)Uz=(yUz)N(zUx)
by (simp add: inf-sup-aci sup-inf-distribl)

lemma inf-sup-distrib1:
zMN(yUz)=(zMNy) U (zNz)
by (rule distrib-imp2[OF sup-inf-distrib1])

lemma inf-sup-distrib2:
(yUz)Nz=(yNz)U (zMNax)
by (simp add: inf-sup-aci inf-sup-distrib1)

lemma dual-distrib-lattice:
class.distrib-lattice (op >) (op >) sup inf
by (rule class.distrib-lattice.intro, rule dual-lattice)
(unfold-locales, fact inf-sup-distrib1)

lemmas sup-inf-distrib =
sup-inf-distrib1 sup-inf-distrib2

lemmas inf-sup-distrib =
inf-sup-distrib1 inf-sup-distrib2

lemmas distrib =
sup-inf-distribl sup-inf-distrib2 inf-sup-distrib1 inf-sup-distrib2

end

5.5 Bounded lattices and boolean algebras

class bounded-lattice-bot = lattice + bot
begin
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lemma inf-bot-left [simp]:
lne=_1
by (rule inf-absorbl) simp

lemma inf-bot-right [simp]:
xMNLl=_1
by (rule inf-absorb2) simp

lemma sup-bot-left [simp]:
lUuz==2
by (rule sup-absorb2) simp

lemma sup-bot-right [simp]:
rUl==x
by (rule sup-absorbl) simp

lemma sup-eg-bot-iff [simp]:
rUy=1lLe—z=1LANy=_1
by (simp add: eq-iff)

end

class bounded-lattice-top = lattice + top
begin

lemma sup-top-left [simp]:
TUz=T
by (rule sup-absorbl) simp

lemma sup-top-right [simp):
xU T =T
by (rule sup-absorb2) simp

lemma inf-top-left [simp]:
TNe==x
by (rule inf-absorb2) simp

lemma inf-top-right [simp]:
xMNT =2
by (rule inf-absorbl) simp

lemma inf-eg-top-iff [simp]:
xrMNy=T+«—z=TANy=T
by (simp add: eg-iff)

end

class bounded-lattice = bounded-lattice-bot + bounded-lattice-top

126
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begin

lemma dual-bounded-lattice:
class.bounded-lattice (op >) (op >) (op U) (op M) T L
by unfold-locales (auto simp add: less-le-not-le)

end

class boolean-algebra = distrib-lattice + bounded-lattice + minus + uminus +
assumes inf-compl-bot: x N — z = L
and sup-compl-top: z I — z = T
assumes diff-eq: x —y=xz M — y
begin

lemma dual-boolean-algebra:
class.boolean-algebra (A\x y. x U — y) uminus (op >) (op >) (op U) (op M) T L
by (rule class.boolean-algebra.intro, rule dual-bounded-lattice, rule dual-distrib-lattice)
(unfold-locales, auto simp add: inf-compl-bot sup-compl-top diff-eq)

lemma compl-inf-bot:
—zNzx=1
by (simp add: inf-commute inf-compl-bot)

lemma compl-sup-top:
—zUx=T
by (simp add: sup-commute sup-compl-top)

lemma compl-unique:
assumes z Ny = L
andz Uy=T
shows — z =y
proof —
have (z M —z)U(—zNy)=(zNy)U(—2MNy)
using inf-compl-bot assms(1) by simp
then have (—zNz)U (—zMNy)=(yNz)U (yN—x)
by (simp add: inf-commute)
then have —z M (z U y) =y N (z U — )
by (simp add: inf-sup-distrib1)
then have — z M T =y N T
using sup-compl-top assms(2) by simp
then show — z = y by simp
qged

lemma double-compl [simp]:
—(—z)==x
using compl-inf-bot compl-sup-top by (rule compl-unique)

lemma compl-eq-compl-iff [simp]:
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proof
assume — r = — g
then have — (— z) = — (— y) by (rule arg-cong)
then show z = y by simp
next
assume z = gy
then show — z = — y by simp
qed

lemma compl-bot-eq [simp):
-1 =T

proof —
from sup-compl-top have 1 LI — 1 =T .
then show %thesis by simp

qed

lemma compl-top-eq [simp]:
- T =1

proof —
from inf-compl-bot have T M — T = L .
then show ?thesis by simp

qged

lemma compl-inf [simp]:
—(@nNy)=-zU-y
proof (rule compl-unique)
have (z My) M (—zU—y)=(yNEN-2)U (@0 (yN-1y)
by (simp only: inf-sup-distrib inf-aci)
then show (z My) N (-2 U —y)=1
by (simp add: inf-compl-bot)
next
have (z My) U (—zU—y)=(—yU(@@U—-2)N(-zU(yU-y)
by (simp only: sup-inf-distrib sup-aci)
then show (z My) U (—2U —y)=T
by (simp add: sup-compl-top)

qed

lemma compl-sup [simp]:
—(@Uy)=-zN-y

proof —

interpret boolean-algebra Az y. x U — y uminus op > op > op U op M T L
by (rule dual-boolean-algebra)
then show ?thesis by simp
qed

lemma compl-mono:
rCy=——-yL -2z
proof —
assume z L y
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then have z U y = y by (simp only: le-iff-sup)
) =

then have — (z U y — y by simp
then have — z N — y = — y by simp
then have — y M — z = — y by (simp only: inf-commute)
then show — y C — = by (simp only: le-iff-inf)
qed

lemma compl-le-compl-iff :
— < —-—y+—y<cz
by (auto dest: compl-mono)

end

5.6 Uniqueness of inf and sup

lemma (in semilattice-inf) inf-unique:
fixes f (infixl A 70)
assumes lel: Az y. c AyCzandle2: N\ey.z AyCy
and greatest: Nt yz. z Cy=—=2Cz=2Cy A 2
showsz My=z Ay
proof (rule antisym)
show z A y C z M y by (rule le-infT) (rule lel, rule le2)
next
have lel: Nt yz. 2 Cy = 2 C 2 = 2z C y A z by (blast intro: greatest)
show z My C z A y by (rule lel) simp-all
qed

lemma (in semilattice-sup) sup-unique:
fixes f (infix] V 70)
assumes gel [simp]: Az y. 2 E 2V yand ge2: N\ey. yCz Vy
and least: NAeyz. yCo—= z2Cz—=yV 2Lz
showsz Uy =2V y

proof (rule antisym)
show z U y C z V y by (rule le-supl) (rule gel, rule ge2)

next
have lel: Nz yz. 2 C 2 = y C z = 2 V y C z by (blast intro: least)
show z V y C z U y by (rule lel) simp-all

qed

5.7 min/max on linear orders as special case of op M/op U

sublocale linorder < min-maz!: distrib-lattice less-eq less min mazx
proof
fixzxyz
show maz z (min y z) = min (maz x y) (maz © 2)
by (auto simp add: min-def maz-def)
qed (auto simp add: min-def maz-def not-le less-imp-le)

lemma inf-min: inf = (min = 'a::{semilattice-inf, linorder} = 'a = 'a)
by (rule ext)+ (auto intro: antisym)
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lemma sup-maz: sup = (maz :: 'a::{semilattice-sup, linorder} = 'a = 'a)

by (rule ext)+ (auto intro: antisym)

lemmas le-mazll = min-mazx.sup-gel
lemmas le-maxI2 = min-mazx.sup-ge2

lemmas min-ac = min-mazx.inf-assoc min-maz.inf-commute
min-mazx.inf .left-commute

lemmas maz-ac = min-max.sup-assoc min-max.sup-commaute
min-max.sup.left-commute

5.8 Bool as lattice

instantiation bool :: boolean-algebra
begin

definition
bool-Compl-def: uminus = Not

definition
bool-diff-def: A — B+—— AAN- B

definition
inf-bool-eqg: P @ «—— P A Q

definition
sup-bool-eq: P LU Q «—— PV @

instance proof
qed (simp-all add: inf-bool-eq sup-bool-eq le-bool-def
bot-bool-eq top-bool-eq bool-Compl-def bool-diff-def, auto)

end

lemma sup-boolll:
P= PUQ
by (simp add: sup-bool-eq)

lemma sup-booll2:
Q= PUQ
by (simp add: sup-bool-eq)

lemma sup-boolE:
PUQ=(P=R) — (Q = R)=— R
by (auto simp add: sup-bool-eq)

130
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5.9 Fun as lattice

instantiation fun :: (type, lattice) lattice
begin

definition
inf-fun-eq [code del]: f M g = (Az. fz M gx)

definition
sup-fun-eq [code del]: f U g = (Az. fa U gx)

instance proof
qed (simp-all add: le-fun-def inf-fun-eq sup-fun-eq)

end

instance fun :: (type, distrib-lattice) distrib-lattice
proof

qed (simp-all add: inf-fun-eq sup-fun-eq sup-inf-distrib1)

instance fun :: (type, bounded-lattice) bounded-lattice ..

instantiation fun :: (type, uminus) uminus
begin

definition
fun-Compl-def: — A = (Az. — A z)

instance ..
end

instantiation fun :: (type, minus) minus
begin

definition
fun-diff-def: A — B = (Az. Ax — Bux)

instance ..

end

instance fun :: (type, boolean-algebra) boolean-algebra
proof

qed (simp-all add: inf-fun-eq sup-fun-eq bot-fun-eq top-fun-eq fun-Compl-def fun-diff-def
inf-compl-bot sup-compl-top diff-eq)

no-notation
less-eq (infix C 50) and
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less (infix C 50) and
inf (infixl M 70) and
sup (infixl U 65) and
top (T) and

bot (L)

end
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6 Set: Set theory for higher-order logic

theory Set
imports Lattices
begin

6.1 Sets as predicates
global

types ‘a set = 'a => bool

consts
Collect = ('a => bool) => 'a set
op : = 'a => 'a set => bool
local
notation

op : (op :) and
op: ((-/:-)[50, 51] 50)

defs
mem-def [code]: z : S == Sz
Collect-def [code]: Collect P == P

abbreviation

— comprehension
— membership

not-mem z A ==~ (z : A) — non-membership

notation
not-mem (op ~:) and
not-mem ((-/ ~: -) [50, 51] 50)

notation (zsymbols)
op : (op €) and
op: ((-/ € -) [50, 51] 50) and
not-mem (op ¢) and
not-mem ((-/ ¢ -) [50, 51] 50)

notation (HTML output)
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op: (op €) and

op: ((-/ €-)[50, 51] 50) and
not-mem (op ¢) and

not-mem ((-/ & -) [50, 51] 50)

Set comprehensions

syntax
-Coll == pttrn => bool => "a set  ((1{-./ -}))
translations

{z. P} == CONST Collect (%z. P)

syntax

-Collect :: idt => 'a set => bool => 'a set ((1{-:/ -./ -}))
syntax (zsymbols)

-Collect :: idt => "a set => bool => 'a set ((1{- €/ -./ -}))
translations

{z:A. P} => {z. ©:A & P}

lemma mem-Collect-eq [iff]: (a : {z. P(z)}) = P(a)
by (simp add: Collect-def mem-def)

lemma Collect-mem-eq [simp]: {z. z:A} = A
by (simp add: Collect-def mem-def)

lemma Collectl: P(a) ==> a : {z. P(z)}
by simp

lemma CollectD: a : {z. P(z)} ==> P(a)
by simp

lemma Collect-cong: (Nz. Pz = Q ) ==> {z. P(z)} = {z. Q(z)}
by simp

Simproc for pulling z=t in {z. ... & z=t & ...} to the front (and similarly
for t=x):

setup (
let
val Coll-perm-tac = rtac @{thm Collect-cong} 1 THEN rtac Q{thm iffl} 1 THEN
ALLGOALS(EVERY'|REPEAT-DETERM o (etac @{thm conjE}),
DEPTH-SOLVE-1 o (ares-tac [@Q{thm conjI}])])
val defColl-regroup = Simplifier.simproc Q{theory}
defined Collect [{z. Pz & Q z}]
(Quantifier1 .rearrange-Coll Coll-perm-tac)
n
Simplifier.map-simpset (fn ss => ss addsimprocs [defColl-regroup))
end

)

lemmas CollectE = CollectD [elim-format]
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Set enumerations
abbreviation empty :: ‘a set ({}) where

{} = bot

definition insert :: 'a = 'a set = 'a set where
insert-compr: insert a B = {z. x = a V z € B}

syntax
-Finset :: args => 'a set  ({(-)})
translations

{z, s} == CONST insert x {xs}
{z} == CONST insert z {}

6.2 Subsets and bounded quantifiers

abbreviation
subset :: 'a set = 'a set = bool where
subset = less

abbreviation
subset-eq :: 'a set = 'a set = bool where
subset-eq = less-eq

notation (output)
subset (op <) and
subset ((-/ < -) [60, 51] 50) and
subset-eq (op <=) and
subset-eq ((-/ <= -) [50, 51] 50)

notation (zsymbols)
subset (op C) and
subset ((-/ C -) [50, 51] 50) and
subset-eq (op C) and
subset-eq ((-/ C -) [50, 51] 50)

notation (HTML output)
subset (op C) and
subset ((-/ C -) [50, 51] 50) and
subset-eq (op C) and
subset-eq ((-/ C -) [50, 51] 50)

abbreviation (input)
supset :: 'a set = 'a set = bool where
supset = greater

abbreviation (input)
supset-eq :: 'a set = 'a set = bool where
supset-eq = greater-eq
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notation (zsymbols)
supset (op D) and
(
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supset ((-/ D -) [50, 51] 50) and
supset-eq (op 2) and
supset-eq ((-/ 2 -) [50, 51] 50)
global
consts
Ball 2 'a set => (‘a => bool) => bool =~ — bounded universal quantifiers
Bezx o set => (‘a => bool) => bool — bounded existential
quantifiers
local
defs
Ball-def:  Ball A P == ALL z. ©:A —> P(z)
Beaz-def: Bex A P == EX z. ©:A & P(z)
syntax
-Ball o opttrn => 'a set => bool => bool ((3ALL -:-./ -) [0, 0, 10] 10)
-Bex :opttrn => 'a set => bool => bool ((3EX --./ -) [0, 0, 10] 10)
-Bezl i pttrn => 'a set => bool => bool ((3EX! -/ ) [0, 0, 10] 10)
-Bleast  ::id => 'a set => bool => 'a ((8SLEAST -:-./ -) [0, 0, 10]
10)

syntax (HOL)

-Ball i pttrn => 'a set => bool => bool
-Bezx o opttrn => 'a set => bool => bool
-Bexl i pttrn => 'a set => bool => bool

syntax (zsymbols)

-Ball 2 opttrn => 'a set => bool => bool
-Bezx o opttrn => 'a set => bool => bool
-Bexl i pttrn => 'a set => bool => bool
-Bleast  ::id => 'a set => bool => 'a

10)

syntax (HTML output)

-Ball i pttrn => 'a set => bool => bool

-Bex o pttrn => 'a set => bool => bool

-Bexl o pttrn => 'a set => bool => bool
translations

ALL z:A. P == CONST Ball A (%x. P)
EX z:A. P == CONST Bex A (%x. P)
EX!z:A. P => EX!z. 2:A & P
LEAST z:A. P => LEAST z. x:A & P

(3! ==/ ) [0, 0, 10] 10)
(37 =~/ ) [0, 0, 10] 10)
(321 =~/ -) [0, 0, 10] 10)

((3V-e-/ ) [0, 0, 10] 10)
((83-e-./ -) [0, 0, 10] 10)
((331-e-./ -) [0, 0, 10] 10)
((SLEAST-€-./ -) [0, 0, 10]

((8Y-e-./ -) [0, 0, 10] 10)
((33-e-/ ) [0, 0, 10] 10)
((331-€-/ ) [0, 0, 10] 10)
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syntax (output)

-setlessAll :: [idt, 'a, bool] => bool ((3ALL -<-./ -) [0, 0, 10] 10)

-setlessEx :: [idt, 'a, bool] => bool ((SEX -<-./-) [0, 0, 10] 10)
-setleAll  :: [idt, 'a, bool] => bool ((SALL -<=-./ -) [0, 0, 10] 10)
-setleEx  :: [idt, 'a, bool] => bool ((3EX -<=-./ -) [0, 0, 10] 10)
-setleExl  :: [idt, 'a, bool] => bool ((3EX! -<=-./ -) [0, 0, 10] 10)
syntax (zsymbols)
-setlessAll :: [idt, 'a, bool] => bool ((3V-C-./-) [0, 0, 10] 10)
-setlessEx :: [idt, 'a, bool] => bool ((33-C-./-) [0, 0, 10] 10)
-setleAll  :: [idt, 'a, bool] => bool ((3V-C-./ -) [0, 0, 10] 10)
-setleEx  :: [idt, 'a, bool] => bool ((33-C-./ -) [0, 0, 10] 10)
-setleExl :: [idt, 'a, bool] => bool ((83!-C-./ -) [0, 0, 10] 10)

syntax (HOL output)
-setlessAll :: [idt, 'a, bool] => bool

-setlessEx :: [idt, 'a, bool] => bool
-setleAll  :: [idt, 'a, bool] => bool
-setleEx  :: [idt, 'a, bool] => bool
-setleExl :: [idt, 'a, bool] => bool

syntax (HTML output)

-setlessAll :: [idt, 'a, bool] => bool

-setlessEx :: [idt, 'a, bool] => bool

-setleAll  :: [idt, 'a, bool] => bool

-setleEx  :: [idt, 'a, bool] => bool

-setleExl :: [idt, 'a, bool] => bool
translations

/=) [0, 0, 10] 10)
-c-./ ) [0, 0, 10] 10)
/

C-./ ) [0, 0, 10] 10)
(331-C-./ ) [0, 0, 10] 10)

VACB. P => ALLA. ACcB —-——>2P

JACB. P => EXA AcCcB&P

YVACB. P => ALLA.ACB—-——>P

JACB. P => EXA A
JIACB. P => EX! A A

CB&P
CB&P

print-translation

let

val Type (set-type, -) = Q{typ 'a set};

val All-binder = Syntaz.binder-name Q{ const-syntazx All};

val Ex-binder = Syntaz.binder-name

@{ const-syntax Ex};

val impl = Q{ const-syntaz op ——>};

val conj = @Q{ const-syntazx op &};
val sbset = @Q{ const-syntaz subset};

val sbset-eq = @{ const-syntax subset-eq};

val trans =

[((All-binder, impl, sbset), Q{syntaz-const -setlessAll}),
((All-binder, impl, sbset-eq), @Q{ syntaz-const -setleAll}),

(* FIXME 'a => bool (1?!) )

136
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((Bz-binder, conj, sbset), @{syntaz-const -setlessEx}),
((Ez-binder, conj, sbset-eq), @Q{syntaz-const -setleEx})];

funmkvv cn P =
if v = v’ andalso not (Term.exists-subterm (fn Free (z, -) =>xz =v | - =>

false) n)

then Syntaz.const ¢ $ Syntax.mark-bound v’ $ n $ P else raise Match;

fun tr' ¢ = (q,
fn [Const (Q{syntaz-const -bound}, -) $ Free (v, Type (T, -)),
Const (c, -) $
(Const (d, -) $ (Const (Q{syntaz-const -bound}, -) $ Free (v’, -)) $ n)
$ P] =>
if T = set-type then
(case AList.lookup (op =) trans (q, ¢, d) of
NONE => raise Match
| SOME | => mkvv'ln P)
else raise Match
| - => raise Match);
m
[tr’ All-binder, tr' Ez-binder]
end

)

Translate between {e | zI...2n. P} and {u. EX zl..2n. u = e & P}; {y.
EX z1..2n. y = e & P} is only translated if [0..n] subset bus(e).

syntax
-Setcompr = 'a => idts => bool => 'a set  ((1{-|/-./ -}))

parse-translation ({
let
val ex-tr = snd (mk-binder-tr (EX , @Q{const-syntaz Ezx}));

fun nvars (Const (Q{syntax-const -idts}, -) $ - $ idts) = nvars idts + 1
| nvars - = 1;

fun setcompr-tr [e, idts, b] =
let
val eq = Syntazx.const @{const-syntaz op =} $ Bound (nvars idts) $ e;
val P = Syntaz.const Q{const-syntax op &} $ eq $ b;
val exP = ex-tr [idts, PJ;
in Syntax.const @Q{const-syntax Collect} $ Term.absdummy (dummyT, exP)
end;

in [(Q{syntaz-const -Setcompr}, setcompr-tr)] end,;

)

print-translation (
[Syntaz.preserve-binder-abs2-tr’ @Q{ const-syntax Ball} @Q{syntaz-const -Ball},
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Syntax.preserve-binder-abs2-tr’ Q{ const-syntax Bex} Q{syntax-const -Bex}]
) — to avoid eta-contraction of body

print-translation ((
let
val ex-tr’ = snd (mk-binder-tr’ (Q{ const-syntax Ex}, DUMMY));

fun setcompr-tr’ [Abs (abs as (-, -, P))] =
let
fun check (Const (Q{const-syntax Ex}, -) $ Abs (-, -, P), n) = check (P, n
+ 1)
| check (Const (@Qfconst-syntax op &}, -) $
(Const (Q{const-syntax op =}, -) $ Bound m $ e) $§ P, n) =
n > 0 andalso m = n andalso not (loose-bvarl (P, n)) andalso
subset (op =) (0 upto (n — 1), add-loose-bnos (e, 0, []))
| check - = false;

fun tr’ (- $ abs) =
letval - $ idts $ (-3 (-8 -8 ¢e)$ Q) = ex-tr’ [abs]
in Syntax.const Q{syntax-const -Setcompr} $ e $ idts $ Q end;

in
if check (P, 0) then tr' P
else
let
val (z as - $ Free(zN, -), t) = atomic-abs-tr’ abs;
val M = Syntaz.const Q{syntaz-const -Coll} $ © $ t;
m
case t of
Const (@{const-syntax op &}, -) $
(Const (@{const-syntaz op :}, -) $
(Const (@Q{syntaz-const -bound}, -) $ Free (yN, -)) $ A) $ P =>
if tN = yN then Syntaz.const Q{syntax-const -Collect} $ x $§ A $ P else
M
| -=>M
end
end;

in [(Q{ const-syntaz Collect}, setcompr-tr')] end,;

)

setup (
let
val unfold-bex-tac = unfold-tac Q{thms Bez-def};
fun prove-bez-tac ss = unfold-bex-tac ss THEN Quantifier] .prove-one-point-ez-tac;
val rearrange-bex = Quantifier! .rearrange-bex prove-bex-tac;
val unfold-ball-tac = unfold-tac Q{thms Ball-def };
fun prove-ball-tac ss = unfold-ball-tac ss THEN Quantifier! .prove-one-point-all-tac;
val rearrange-ball = Quantifierl .rearrange-ball prove-ball-tac;
val defBEX-regroup = Simplifier.simproc @Q{theory}
defined BEX [EX x:A. Pz & @ z] rearrange-bex;
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val defBALL-regroup = Simplifier.simproc Q{theory}
defined BALL [ALL z:A. P x ——> @ x| rearrange-ball;
mn
Simplifier.map-simpset (fn ss => ss addsimprocs [defBALL-regroup, defBEX-regroup])
end

)

lemma balll [intro!]: (Nz. 2:A ==> P x) ==> ALL ©:A. Pz
by (simp add: Ball-def)

lemmas strip = impl alll balll

lemma bspec [dest?]: ALL x:A. Px ==> x:A ==> Pz
by (simp add: Ball-def)

Gives better instantiation for bound:

declaration { fn - =>
Classical.map-cs (fn cs => cs addbefore (bspec, datac Q{thm bspec} 1))

)

ML (
structure Simpdata =
struct

open Simpdata;
val mksimps-pairs = [(Qf const-name Ball}, @{thms bspec})] @ mksimps-pairs;
end;

open Simpdata;

)

declaration ( fn - =>
Simplifier.map-ss (fn ss => ss setmksimps (mksimps mksimps-pairs))

)

lemma ballE [elim]: ALL :A. Pz ==> (Pz ==> Q) ==> (z ~: A ==> Q)
by (unfold Ball-def) blast

lemma bexl [intro]: P v ==> 1:A ==> EX 1:A. Pz
— Normally the best argument order: P z constrains the choice of z € A.
by (unfold Bex-def) blast

lemma rev-bexl [intro?]: x:A ==> Pz ==> EX z:A. Pz
— The best argument order when there is only one z € A.
by (unfold Bex-def) blast



THEORY “Set” 140

lemma bexCI: (ALL 2:A. “Px ==> P a) ==> a:A ==> EX 1:A. Pz
by (unfold Bex-def) blast

lemma bezE [elim!]: EX ©:A. Pz ==> (lz. ©:A ==> Pz ==> Q) ==> Q
by (unfold Bex-def) blast

lemma ball-triv [simp]: (ALL z:A. P) = ((EX z. :A) ——> P)
— Trival rewrite rule.
by (simp add: Ball-def)

lemma bez-triv [simp]: (EX z:A. P) = ((EX z. x:4) & P)
— Dual form for existentials.
by (simp add: Bez-def)

lemma bex-triv-one-pointl [simp]: (EX x:A. © = a) = (a:A)
by blast

lemma bex-triv-one-point2 [simp]: (EX x:A. a = z) = (a:A)
by blast

lemma bex-one-point! [simpl: (EX ©:A. 2 = a & Pz) = (a:A & P a)
by blast

lemma bez-one-point2 [simp): (EX 2:A. a = 2 & Pz) = (a:A & P a)
by blast

lemma ball-one-point! [simp|: (ALL z:A. x = a ——> P z) = (a:A ——> P a)
by blast

lemma ball-one-point2 [simp]: (ALL z:A. a = ¢ ——> P z) = (a:A ——> P a)
by blast

Congruence rules

lemma ball-cong:
A=B==> (llz. :B==>Pz=Quz)==>
(ALL z:A. P z) = (ALL z:B. Q )
by (simp add: Ball-def)

lemma strong-ball-cong [cong]:
A =B ==> (2. z:B =simp=> Pz = Q z) ==>
(ALL z:A. P z) = (ALL z:B. Q )
by (simp add: simp-implies-def Ball-def)

lemma bez-cong:
A=B==> (llz. :B==>Pz=Quz)==>
(EX z:A. Px) = (EX z:B. Q x)
by (simp add: Bez-def cong: conj-cong)

lemma strong-bex-cong [cong|:
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A=B==> (llz. ©:B =simp=> Pz = Qz) ==>
(EX z:A. Pz) = (EX z:B. Q x)
by (simp add: simp-implies-def Bex-def cong: conj-cong)

6.3 Basic operations

6.3.1 Subsets

lemma subset! [introl]: (Nz. 2 € A= 2 € B)=— ACB
unfolding mem-def by (rule le-funl, rule le-booll)

Map the type 'a set => anything to just 'a; for overloading constants whose
first argument has type ‘a set.
lemma subsetD [elim, intro?]: AC B==>ce€ A==>ceB

unfolding mem-def by (erule le-funE, erule le-boolE)

— Rule in Modus Ponens style.

lemma rev-subsetD [no-atp,intro?]: c € A ==> A C B==>c€B
— The same, with reversed premises for use with erule — cf rev-mp.
by (rule subsetD)

Converts A C Btoz € A = 2 € B.

lemma subsetCE [no-atp,elim]: A C B ==> (¢ ¢ A ==> P) ==> (¢ € B==>
P)==>P

— Classical elimination rule.

unfolding mem-def by (blast dest: le-funE le-boolE)

lemma subset-eq [no-atp]: A < B = (Vz€A. z € B) by blast

lemma contra-subsetD [no-atp]: AC B==>c¢ B==>c¢ A
by blast

lemma subset-refl [simp]: A C A
by (fact order-refl)

lemma subset-trans: AC B==>B C C ==>ACC(C
by (fact order-trans)

lemma set-rev-mp: ©:A ==> A C B ==> 1:B
by (rule subsetD)

lemma set-mp: A C B ==> 1:A ==> x:B
by (rule subsetD)

lemma eg-mem-trans: a=b ==>b € A==>a€ A
by simp

lemmas basic-trans-rules [trans] =
order-trans-rules set-rev-mp set-mp eq-mem-trans
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6.3.2 Equality

lemma set-ext: assumes prem: (lz. (z:A) = (2:B)) shows 4 = B
apply (rule prem [THEN ext, THEN arg-cong, THEN boz-equals))
apply (rule Collect-mem-eq)
apply (rule Collect-mem-eq)
done

lemma expand-set-eq: (A = B) = (ALL z. (2:A) = (2:B))
by (auto intro:set-ext)

lemma subset-antisym [introl]: A C B==>B C A==>A=2DB
— Anti-symmetry of the subset relation.
by (iprover intro: set-ext subsetD)

Equality rules from ZF set theory — are they appropriate here?

lemma equalityD1: A= B ==> AC B
by simp

lemma equalityD2: A= B ==> B C A
by simp

Be careful when adding this to the claset as subset-empty is in the simpset:
A ={} goes to {} C Aand A C {} and then back to A = {}!

lemma equalityf: A= B ==> (A C B==>BC A==>P)==>P
by simp

lemma equalityCE [elim]:
A=B==>(ceA==>ce€B==>P)==>(c¢ A==>c¢ B==>P)
==>P
by blast

lemma egset-imp-iff: A = B ==> (¢ : A) = (¢ : B)
by simp

lemma egelem-imp-iff: © = y ==> (¢ : A) = (y : A)
by simp

6.3.3 The universal set — UNIV

abbreviation UNIV :: 'a set where

UNIV = top

lemma UNIV-def:
UNIV = {z. True}
by (simp add: top-fun-eq top-bool-eq Collect-def)

lemma UNIV-I [simp]: z : UNIV
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by (simp add: UNIV-def)
declare UNIV-I [intro] — unsafe makes it less likely to cause problems

lemma UNIV-witness [intro?]: EX z. x : UNIV
by simp

lemma subset-UNIV [simp]: A C UNIV
by (rule subsetl) (rule UNIV-I)

Eta-contracting these two rules (to remove P) causes them to be ignored
because of their interaction with congruence rules.

lemma ball-UNIV [simp]: Ball UNIV P = All P
by (simp add: Ball-def)

lemma bex-UNIV [simp]: Bex UNIV P = Ex P
by (simp add: Bez-def)

lemma UNIV-eq-I: (Nz. ©z € A) = UNIV = A
by auto

6.3.4 The empty set

lemma empty-def:
{} = {z. False}
by (simp add: bot-fun-eq bot-bool-eq Collect-def)

lemma empty-iff [simp]: (¢ : {}) = False
by (simp add: empty-def)

lemma emptyE [elim!]: a : {} ==> P
by simp

lemma empty-subsetl [iff]: {} C A
— One effect is to delete the ASSUMPTION {} C A
by blast

lemma equalsOI: (ly. y € A ==> False) ==> A = {}
by blast

lemma equalsOD: A = {} ==> a ¢ A
— Use for reasoning about disjointness: A Int B = {}
by blast

lemma ball-empty [simp]: Ball {} P = True
by (simp add: Ball-def)

lemma bex-empty [simp]: Bex {} P = Fulse
by (simp add: Bez-def)
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lemma UNIV-not-empty [iff]: UNIV ~= {}
by (blast elim: equalityE')

6.3.5 The Powerset operator — Pow

definition Pow :: ‘a set => 'a set set where

Pow-def: Pow A = {B. B < A}

lemma Pow-iff [iff]: (A € Pow B) = (A C B)
by (simp add: Pow-def)

lemma Powl: A C B==> A € PowB
by (simp add: Pow-def)

lemma PowD: A € Pow B==> A C B
by (simp add: Pow-def)

lemma Pow-bottom: {} € Pow B
by simp

lemma Pow-top: A € Pow A
by simp

6.3.6 Set complement
lemma Compl-iff [simp]: (¢ € —A) = (¢ ¢ A)
by (simp add: mem-def fun-Compl-def bool-Compl-def)

lemma Compll [intro!]: (¢ € A ==> Fualse) ==> c € —A
by (unfold mem-def fun-Compl-def bool-Compl-def) blast

This form, with negated conclusion, works well with the Classical prover.
Negated assumptions behave like formulae on the right side of the notional
turnstile ...

lemma ComplD [destl]: ¢ : —A ==> ¢™:A
by (simp add: mem-def fun-Compl-def bool-Compl-def )

lemmas ComplE = ComplD [elim-format)]
lemma Compl-eq: — A = {z. ~ z : A} by blast

6.3.7 Binary union — Un

abbreviation union :: ‘a set = 'a set = 'a set (infix] Un 65) where
op Un = sup

notation (zsymbols)
union (infixl U 65)
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notation (HTML output)
union (infixl U 65)

lemma Un-def:
AUB={z.z € AV z € B}
by (simp add: sup-fun-eq sup-bool-eq Collect-def mem-def)

lemma Un-iff [simp]: (¢ : A Un B) = (¢:A | ¢:B)
by (unfold Un-def) blast

lemma Unll [elim?]: c:A ==>c¢: A Un B
by simp

lemma Unl2 [elim?]: ¢:B ==>c¢: A Un B
by simp

Classical introduction rule: no commitment to A vs B.

lemma UnCI [introl]: (¢™:B ==> ¢:A) ==>c: A Un B
by auto

lemma UnFE [elim!]: ¢ : A Un B ==> (c:A ==> P) ==> (¢:B ==> P) ==>
P
by (unfold Un-def) blast

lemma insert-def: insert a B = {x. x = a} U B
by (simp add: Collect-def mem-def insert-compr Un-def)

lemma mono-Un: mono f = fAU fB C f (AU B)
by (fact mono-sup)

6.3.8 Binary intersection — Int

abbreviation inter :: 'a set = 'a set = 'a set (infix]l Int 70) where
op Int = inf

notation (zsymbols)
inter (infixl N 70)

notation (HTML output)
inter (infixl N 70)

lemma Int-def:
ANB={z.z € ANz € B}
by (simp add: inf-fun-eq inf-bool-eq Collect-def mem-def)

lemma Int-iff [simp]: (¢ : A Int B) = (¢:A & ¢:B)
by (unfold Int-def) blast
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lemma Intl [introl]: c:A ==> ¢:B ==>c: A Int B
by simp

lemma IntD1: ¢ : A Int B ==> c:A
by simp

lemma IntD2: ¢ : A Int B ==> ¢:B
by simp

lemma IntE [elim!]: ¢ : A Int B ==> (c:A ==> ¢:B ==> P) ==> P
by simp

lemma mono-Int: mono f = f (ANB)CfANfB
by (fact mono-inf)

6.3.9 Set difference
lemma Diff-iff [simp]: (¢ : A — B) = (c:A & ¢™:B)
by (simp add: mem-def fun-diff-def bool-diff-def)

lemma DiffI [intro!]: ¢ : A==>c¢~: B==>c¢: A - B
by simp

lemma DiffDi: ¢c: A — B==>c¢: A
by simp

lemma DiffD2: ¢ : A — B==>c¢: B ==>P
by simp

lemma DiffE [elim!]: ¢ : A — B ==> (¢:A ==> ¢™:B ==> P) ==> P
by simp

lemma set-diff-eq: A — B ={z.z: A& ™~ z: B} by blast

lemma Compl-eq-Diff-UNIV: —A = (UNIV — A)

by blast

6.3.10 Augmenting a set — insert

lemma insert-iff [simp]: (a : insert b A) = (a = b | a:A)

by (unfold insert-def) blast

lemma insertll: a : insert a B
by simp

lemma insertl2: a : B ==> a : insert b B
by simp

lemma insertE [elim!]: a : insert b A ==> (a = b ==> P) ==> (a:A ==> P)
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by (unfold insert-def) blast

lemma insertCI [introl]: (a™:B ==> a = b) ==> a: insert b B
— Classical introduction rule.
by auto

lemma subset-insert-iff: (A C insert x B) = (if z:A then A — {z} C Belse A C
B)
by auto

lemma set-insert:

assumes z € A

obtains B where A = insert ¢ B and = ¢ B
proof

from assms show A = insert x (A — {z}) by blast
next

show z ¢ A — {z} by blast
qed

lemma insert-ident: © ~: A ==> z ~: B ==> (insert x A = insert ¢ B) = (A
by auto

6.3.11 Singletons, using insert

lemma singletonl [intro!,no-atp]: a : {a}
— Redundant? But unlike insertCI, it proves the subgoal immediately!
by (rule insertl1)

lemma singletonD [dest!,no-atp]: b : {a} ==> b =a
by blast

lemmas singletonE = singletonD [elim-format]

lemma singleton-iff: (b : {a}) = (b = a)
by blast

lemma singleton-inject [dest!]: {a} = {b} ==>a = b
by blast

lemma singleton-insert-inj-eq [iff ,no-atp:
({b} =insert a A) = (a = b & A C {b})
by blast

lemma singleton-insert-inj-eq’ [iff ,no-atp]:
(insert a A = {b}) = (a = b & A C {b})
by blast

lemma subset-singletonD: A C {z} ==> A ={} | A = {=z}
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by fast

lemma singleton-conv [simp]: {z. = = a} = {a}
by blast

lemma singleton-conv2 [simp]: {z. a = z} = {a}
by blast

lemma diff-single-insert: A — {z} C B ==>x2 € A ==> A C insert x B
by blast

lemma doubleton-eq-iff: ({a,b} = {¢,d}) = (a=c & b=d | a=d & b=c)
by (blast elim: equalityE)

6.3.12 Image of a set under a function

Frequently b does not have the syntactic form of f z.

definition image :: (‘a => 'b) => 'a set => 'b set (infixr ‘ 90) where
image-def [no-atp]: f ‘A ={y. EXz:A. y = f(z)}

abbreviation
range :: (‘'a => 'b) => 'b set where — of function
range f == f * UNIV

lemma image-eql [simp, intro]: b = fa ==> x:A ==>b: fA
by (unfold image-def) blast

lemma imagel: x : A==> fzx:f‘A
by (rule image-eql) (rule refl)

lemma rev-image-eql: ©:A ==> b = fo ==> b : fA
— This version’s more effective when we already have the required z.
by (unfold image-def) blast

lemma imageE [elim!]:
b: (%r. fo)A==>(Nz. b=fzr==>1:A==>P)==>P
— The eta-expansion gives variable-name preservation.
by (unfold image-def) blast

lemma image-Un: f(A Un B) = f‘A Un fB
by blast

lemma image-iff: (z : f'A) = (EX z:A. z = f 1)
by blast

lemma image-subset-iff: (f'A C B) = (Vz€A. fz € B)
— This rewrite rule would confuse users if made default.
by blast
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lemma subset-image-iff: (B C f‘A) = (EX AA. AA C A& B = f‘4A)
apply safe
prefer 2 apply fast
apply (rule-tac x = {a. a : A & fa : B} in ezl, fast)
done

lemma image-subsetl: (lz. z € A ==> fz € B) ==> fAC B

— Replaces the three steps subsetl, imageE, hypsubst, but breaks too many existing
proofs.

by blast

Range of a function — just a translation for image!

lemma range-eql: b = fx ==> b € range f
by simp

lemma rangel: fx € range f
by simp

lemma rangeE [elim?]: b € range (M\z. fz) ==> (lz. b = fz ==> P) ==> P
by blast

6.3.13 Some rules with if

Elimination of {z. ... & z=t & ...}.

lemma Collect-conv-if: {x. x=a & P z} = (if P a then {a} else {})
by auto

lemma Collect-conv-if2: {x. a=z & P z} = (if P a then {a} else {})
by auto

Rewrite rules for boolean case-splitting: faster than split-if [split].
lemma split-if-eql: ((if Q then zelsey) =b) = (Q ——>z=0) & (™ Q ——>
y =1b))

by (rule split-if )

lemma split-if-eq2: (a = (if Q then zelsey)) = (@ ——> a=2z) & (7 Q ——>

a=y))
by (rule split-if )

Split ifs on either side of the membership relation. Not for [simp] — can
cause goals to blow up!

lemma split-if-mem1: ((if Q then x else y) : b) = ((Q ——>z :b) & (¥ Q ——>

y: b))
by (rule split-if )

lemma split-if-mem?2: (a : (if Q then zelsey)) = ((Q —>a:2) & (¥ Q —>
a:y))
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by (rule split-if [where P=%S. a : S])

lemmas split-ifs = if-bool-eq-conj split-if-eql split-if-eq2 split-if-mem1 split-if-mem2

6.4 Further operations and lemmas

6.4.1 The “proper subset” relation

lemma psubsetl [intro!,no-atp]: AC B==>A# B==>ACB
by (unfold less-le) blast

lemma psubsetE [elim!,no-atp]:
[[Ac B; [|[AC B;~ (BCA)] ==> R[] ==> R
by (unfold less-le) blast

lemma psubset-insert-iff :

(A Cinsert  B) = (if v € Bthen A C Belseifx € A then A — {z} C B else
A C B)

by (auto simp add: less-le subset-insert-iff )

lemma psubset-eq: (A C B) = (A C B & A # B)
by (simp only: less-le)

lemma psubset-imp-subset: A C B ==> A C B
by (simp add: psubset-eq)

lemma psubset-trans: [| AC By BC C||==>AcCC
apply (unfold less-le)

apply (auto dest: subset-antisym)

done

lemma psubsetD: [| AC B;ce€ A|]==>c€B
apply (unfold less-le)

apply (auto dest: subsetD)

done

lemma psubset-subset-trans: A C B==> B C C ==> A C C
by (auto simp add: psubset-eq)

lemma subset-psubset-trans: A C B ==> B C C ==> A cC C
by (auto simp add: psubset-eq)

lemma psubset-imp-ez-mem: A C B ==> 3b. b € (B — A)
by (unfold less-le) blast

lemma atomize-ball:
(Nz. z € A ==> Pz) == Trueprop (Vz€A. P x)

by (simp only: Ball-def atomize-all atomize-imp)

lemmas [symmetric, rulify] = atomize-ball
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and [symmetric, defn] = atomize-ball

6.4.2 Derived rules involving subsets.

insert.
lemma subset-insertl: B C insert a B

by (rule subsetl) (erule insertl2)

lemma subset-insertl2: A C B = A C insert b B
by blast

lemma subset-insert: x ¢ A ==> (A C insert v B) = (A C B)
by blast

Finite Union — the least upper bound of two sets.
lemma Un-upperl: AC AU B
by (fact sup-gel)

lemma Un-upper2: B C AU B
by (fact sup-ge2)

lemma Un-least: AC C ==> B C (C==>AUBCC(C
by (fact sup-least)

Finite Intersection — the greatest lower bound of two sets.
lemma Int-lowerl: AN B C A
by (fact inf-lel)

lemma Int-lower2: AN B C B
by (fact inf-le2)

lemma Int-greatest: C C A==>C C B==>CCANB
by (fact inf-greatest)

Set difference.
lemma Diff-subset: A — B C A
by blast

lemma Diff-subset-conv: (A — B C C) = (A C BU ()
by blast

6.4.3 Equalities involving union, intersection, inclusion, etc.

{}-

lemma Collect-const [simp]: {s. P} = (if P then UNIV else {})
— supersedes Collect-False-empty
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by auto

lemma subset-empty [simp]: (A C {}) = (4 ={})
by blast

lemma not-psubset-empty [iff]: = (A < {})
by (unfold less-le) blast

lemma Collect-empty-eq [simp]: (Collect P = {}) = (Vz. = P x)
by blast

lemma empty-Collect-eq [simp]: ({} = Collect P) = (Vx. = P x)
by blast

lemma Collect-neg-eq: {x. -~ Pz} = — {z. Pz}
by blast

lemma Collect-disj-eq: {z. Pz | Q 2} = {z. Pz} U {z. Q =}
by blast

lemma Collect-imp-eq: {x. Px ——> Q z} = —{z. Pz} U {z. Q z}
by blast

lemma Collect-conj-eq: {x. Pz & Q z} = {z. Pz} N {z. Q z}
by blast

insert.

lemma insert-is-Un: insert a A = {a} Un A
— NOT SUITABLE FOR REWRITING since {a} == insert a {}
by blast

lemma insert-not-empty [simp]: insert a A # {}
by blast

lemmas empty-not-insert = insert-not-empty [symmetric, standard)
declare empty-not-insert [simp]

lemma insert-absorb: a € A ==> insert a A = A
— [simp] causes recursive calls when there are nested inserts
— with quadratic running time
by blast

lemma insert-absorb2 [simp]: insert z (insert © A) = insert x A
by blast

lemma insert-commute: insert x (insert y A) = insert y (insert z A)
by blast

lemma insert-subset [simp): (insert t A C B) = (r € B& A C B)
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by blast

lemma mk-disjoint-insert: a € A ==> 3B. A =insert a B & a ¢ B
— use new B rather than A — {a} to avoid infinite unfolding
apply (rule-tac x = A — {a} in exl, blast)
done

lemma insert-Collect: insert a (Collect P) = {u. u # a ——> P u}
by auto

lemma insert-inter-insert[simp]: insert a A N insert a B = insert a (A N B)
by blast

lemma insert-disjoint [simp,no-atp]:

(insert a ANB={})=(a¢ BANANB={})
({} =inserta AN B)=(a¢ BA{} =ANB)
by auto

lemma disjoint-insert [simp,no-atpl:
(BNninserta A={})=(a¢ BABNA={})
{}=Aninsertb By =(b¢ AN{} =ANB)
by auto

1mage.

lemma image-empty [simp]: f{} = {}
by blast

lemma image-insert [simpl: f < insert a B = insert (f a) (fB)
by blast

lemma image-constant: ¥ € A ==> (Az. ¢) ‘A = {c}
by auto

lemma image-constant-conv: (%x. ¢) * A = (if A = {} then {} else {c})
by auto

lemma image-image: f < (¢ ‘ A) = (\z. f (g x)) ‘A
by blast

lemma insert-image [simp]: x € A ==> insert (fz) (f‘A) = fA
by blast

lemma image-is-empty [iff]: (ffA={}) = (4 ={})
by blast

lemma empty-is-image[iff]: ({} =f“A) = (A = {})
by blast
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lemma image-Collect [no-atp]: f * {z. Px} ={fz | z. P}

— NOT suitable as a default simprule: the RHS isn’t simpler than the LHS,
with its implicit quantifier and conjunction. Also image enjoys better equational
properties than does the RHS.

by blast

lemma if-image-distrib [simp]:
(Az. if P x then fx else gx) S
= (Sn{z. Pz}) U (g (SN{z. = Pz}))
by (auto simp add: image-def)

lemma image-cong: M = N ==> Nz. x € N ==> fz = gz) ==> f‘M = ¢‘N
by (simp add: image-def)

range.
lemma full-SetCompr-eq [no-atp]: {u. Iz. uw = fz} = range
by auto

lemma range-composition: range (Az. f (g z)) = frange g
by (subst image-image, simp)
Int

lemma Int-absord [simp]: AN A=A
by (fact inf-idem)

lemma Int-left-absorb: AN (ANB)=ANB
by (fact inf-left-idem)

lemma Int-commute: AN B=BNA
by (fact inf-commute)

lemma Int-left-commute: AN (BN C)=BN (AN C)
by (fact inf-left-commute)

lemma Int-assoc: (AN B)NC =A4An (BN ()
by (fact inf-assoc)

lemmas Int-ac = Int-assoc Int-left-absorb Int-commute Int-left-commute
— Intersection is an AC-operator

lemma Int-absorbl: B C A==> AN B =18
by (fact inf-absorb2)

lemma Int-absorb2: A C B==> ANB=A
by (fact inf-absorb1)

lemma Int-empty-left [simp]: {} N B = {}
by (fact inf-bot-left)
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lemma Int-empty-right [simp]: A N {} = {}
by (fact inf-bot-right)

lemma disjoint-eq-subset-Compl: (AN B ={}) = (A C —B)
by blast

lemma disjoint-iff-not-equal: (AN B = {}) = (Vz€A. VyeB. © # y)
by blast

lemma Int-UNIV-left [simp]: UNIV N B = B
by (fact inf-top-left)

lemma Int-UNIV-right [simp]: AN UNIV = A
by (fact inf-top-right)

lemma Int-Un-distrib: AN (BUC)=(ANB)U (AN C)
by (fact inf-sup-distrib1)

lemma Int-Un-distrib2: (B U C) N A= (BN A)U(CnN A
by (fact inf-sup-distrib2)

lemma Int-UNIV [simp,no-atp]: (AN B = UNIV) = (A= UNIV & B = UNIV)
by (fact inf-eq-top-iff)

lemma Int-subset-iff [simp]: (C C AN B)=(CC A& CC B)
by (fact le-inf-iff)

lemma Int-Collect: (x € AN{z. Pz})=(r € A& Pux)
by blast

Un.

lemma Un-absorb [simp]: AU A=A
by (fact sup-idem)

lemma Un-left-absorb: AU (AU B) =AU B
by (fact sup-left-idem)

lemma Un-commute: AU B =B U A
by (fact sup-commute)

lemma Un-left-commute: AU (BU C) =B U (AU C)
by (fact sup-left-commute)

lemma Un-assoc: (AU B)U C =AU (BUCQ)
by (fact sup-assoc)

lemmas Un-ac = Un-assoc Un-left-absorb Un-commute Un-left-commute
— Union is an AC-operator



THEORY “Set” 156

lemma Un-absorbl: AC B==>AUB =B
by (fact sup-absorb?2)

lemma Un-absorb2: B C A ==> AU B=A4
by (fact sup-absorbl)

lemma Un-empty-left [simp]: {} U B = B
by (fact sup-bot-left)

lemma Un-empty-right [simp]: AU {} = A
by (fact sup-bot-right)

lemma Un-UNIV-left [simp]: UNIV U B = UNIV
by (fact sup-top-left)

lemma Un-UNIV-right [simp]: A U UNIV = UNIV
by (fact sup-top-right)

lemma Un-insert-left [simp]: (insert a B) U C = insert a (B U C)
by blast

lemma Un-insert-right [simp]: A U (insert a B) = insert a (A U B)
by blast

lemma Int-insert-left:
(insert a B) Int C' = (if a € C then insert a (B N C) else BN ()
by auto

lemma Int-insert-left-if0[simp]:
a ¢ C = (inserta B) Int C =BnC
by auto

lemma Int-insert-left-if1[simp]:
a € C = (insert a B) Int C' = insert a (B Int C)
by auto

lemma Int-insert-right:
A N (insert a B) = (if a € A then insert a (A N B) else AN B)
by auto

lemma Int-insert-right-if0[simp]:
a ¢ A= A Int (insert a B) = A Int B
by auto

lemma Int-insert-right-if1 [simp):
a € A= A Int (insert a B) = insert a (A Int B)
by auto
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lemma Un-Int-distrib: AU (BN C)=(AUB)n (AU C)
by (fact sup-inf-distrib1)

lemma Un-Int-distrib2: (BN C)U A= (BUA) N (CUA)
by (fact sup-inf-distrib2)

lemma Un-Int-crazy:
(ANB)UBNC)U(CNA) =(AUB)N(BUC)N(CUA)
by blast

lemma subset-Un-eq: (A C B) = (AU B = B)
by (fact le-iff-sup)

lemma Un-empty [iff: (AU B={})=(A={} &B={})
by (fact sup-eq-bot-iff)

lemma Un-subset-iff [simp]: (AUB C C)=(AC C & BC ()
by (fact le-sup-iff)

lemma Un-Diff-Int: (A — B)U(ANB)=A
by blast

lemma Diff-Int2: ANC —-—BNC=ANnC - B
by blast

Set complement
lemma Compl-disjoint [simp]: AN —A = {}
by (fact inf-compl-bot)

lemma Compl-disjoint2 [simp]: —A N A = {}
by (fact compl-inf-bot)

lemma Compl-partition: A U —A = UNIV
by (fact sup-compl-top)

lemma Compl-partition2: —A U A = UNIV
by (fact compl-sup-top)

lemma double-complement [simp]: — (—A) = (A::'a set)
by (fact double-compl)

lemma Compl-Un [simp]: —(A U B) = (=4) N (—B)
by (fact compl-sup)

lemma Compl-Int [simp]: —(A N B) = (—A) U (—B)
by (fact compl-inf)

lemma subset-Compl-self-eq: (A C —A) = (A ={})
by blast
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lemma Un-Int-assoc-eq: (AN B)U C=AN(BUC)) =(CCA)
— Halmos, Naive Set Theory, page 16.
by blast

lemma Compl-UNIV-eq [simp]: —UNIV = {}
by (fact compl-top-eq)

lemma Compl-empty-eq [simp]: —{} = UNIV
by (fact compl-bot-eq)

lemma Compl-subset-Compl-iff [iff]: (A C —B) = (B C A)
by (fact compl-le-compl-iff)

lemma Compl-eq-Compl-iff [iff]: (—4A = —B) = (A = (B::'a set))
by (fact compl-eq-compl-iff )

Bounded quantifiers.
The following are not added to the default simpset because (a) they duplicate
the body and (b) there are no similar rules for Int.

lemma ball-Un: (Vz € AU B. Pz) = ((Vz€A. Pz) & (Vz€B. P z))
by blast

lemma bex-Un: (3z € AU B. Pz) = ((3z€A. Pz) | (3z€B. P x))
by blast

Set difference.

lemma Diff-eg: A — B= AN (—B)
by blast

lemma Diff-eq-empty-iff [simp,no-atp]: (A — B = {}) = (A C B)
by blast

lemma Diff-cancel [simp]: A — A = {}
by blast

lemma Diff-idemp [simp]: (A — B) — B = A — (B:a set)
by blast

lemma Diff-triv: ANB={}==>A-B=A
by (blast elim: equalityE)

lemma empty-Diff [simp]: {} — A ={}
by blast

lemma Diff-empty [simp]: A — {} = A
by blast
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lemma Diff-UNIV [simp]: A — UNIV = {}
by blast

lemma Diff-insert0 [simp,no-atp]: t ¢ A ==> A — insertt B=A — B
by blast

lemma Diff-insert: A — insert a B = A — B — {a}
— NOT SUITABLE FOR REWRITING since {a} == insert a 0
by blast

lemma Diff-insert2: A — insert a B=A — {a} — B
— NOT SUITABLE FOR REWRITING since {a} == insert a 0
by blast

lemma insert-Diff-if: insert t A — B = (if ¢ € B then A — B else insert x (A —

B))

by auto

lemma insert-Diff! [simp]: x € B ==> insert t A— B=A — B
by blast

lemma insert-Diff-single[simp]: insert a (A — {a}) = insert a A
by blast

lemma insert-Diff: a € A ==> insert a (A — {a}) = A
by blast

lemma Diff-insert-absorb: © ¢ A ==> (insert ¢ A) — {z} = A
by auto

lemma Diff-disjoint [simp]: AN (B — A) = {}
by blast

lemma Diff-partition: A C B ==> AU (B - A) =B
by blast

lemma double-diff: AC B==>BC (C==>B-(C-A4)=A4
by blast

lemma Un-Diff-cancel [simp]: AU (B — A)=AUB
by blast

lemma Un-Diff-cancel2 [simp]: (B — A)UA=BUA
by blast

lemma Diff-Un: A — (BUC)=(A—-B)n (4 - C)
by blast

lemma Diff-Int: A — (BN C)=(A—-B)U(A - C)
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by blast

lemma Un-Diff: (AUB) - C=(A—-C)U (B - ()
by blast

lemma Int-Diff: (AN B) — C=AnNn (B - ()
by blast

lemma Diff-Int-distrib: C N (A — B) = (C N A) — (CnNB)
by blast

lemma Diff-Int-distrib2: (A — B)Nn C = (AN C) — (Bn C)
by blast

lemma Diff-Compl [simp]: A — (- B)=ANB
by auto

lemma Compl-Diff-eq [simp]: — (A — B) = —-AUB
by blast

Quantification over type bool.
lemma bool-induct: P True — P Fualse — P x

by (cases z) auto

lemma all-bool-eq: (Vb. P b) «— P True A P False
by (auto intro: bool-induct)

lemma bool-contrapos: P x+ —> — P False — P True
by (cases z) auto

lemma ex-bool-eq: (3b. P b) «— P True V P False
by (auto intro: bool-contrapos)

Pow
lemma Pow-empty [simp]: Pow {} = {{}}
by (auto simp add: Pow-def)

lemma Pow-insert: Pow (insert a A) = Pow A U (insert a * Pow A)
by (blast intro: image-eql [where ?z = u — {a}, standard))

lemma Pow-Compl: Pow (— A) = {—B | B. A € Pow B}
by (blast intro: exl [where %z = — u, standard))

lemma Pow-UNIV [simp]: Pow UNIV = UNIV
by blast

lemma Un-Pow-subset: Pow A U Pow B C Pow (A U B)
by blast
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lemma Pow-Int-eq [simp]: Pow (A N B) = Pow AN Pow B
by blast

Miscellany.
lemma set-eq-subset: (A = B) = (A C B & B C A)
by blast

lemma subset-iff: (A C B) = (Vt.t € A ——> t € B)
by blast

lemma subset-iff-psubset-eq: (A C B) = ((A C B) | (A = B))
by (unfold less-le) blast

lemma all-not-in-conv [simp]: Vz. z ¢ A) = (A = {})
by blast

lemma ex-in-conv: (Jz. z € A) = (A # {})
by blast

lemma distinct-lemma: fo # fy==>z #y
by iprover

6.4.4 Monotonicity of various operations

lemma image-mono: A C B ==> f‘A C fB

by blast

lemma Pow-mono: A C B ==> Pow A C Pow B
by blast

lemma insert-mono: C C D ==> insert a C C insert a D
by blast

lemma Un-mono: AC C ==>BCD==>AUBCCUD
by (fact sup-mono)

lemma Int-mono: AC C ==>BCD==>ANBCCND
by (fact inf-mono)

lemma Diff-mono: AC C ==>DCB==>A—-BCC-D
by blast

lemma Compl-anti-mono: A C B ==> —B C —A
by (fact compl-mono)

Monotonicity of implications.

lemma in-mono: AC B==>zr¢c A——>z€B
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apply (rule impl)
apply (erule subsetD, assumption)
done

lemma conj-mono: P1 ——> Q1 ==> P2 ——> Q2 ==> (P1 & P2) ——> (Q!
& Q2)
by iprover

lemma disj-mono: P1 ——> Q1 ==> P2 ——> Q2 ==> (P! | P2) ——> (Q1 |
Q2)
by iprover

lemma imp-mono: Q1 ——> P1 ==> P2 ——> @2 ==> (P1 ——> P2) ——>

(Q1 ——> Q2)
by iprover

lemma imp-refl: P ——> P ..

lemma not-mono: Q ——> P ==>"~ P ——> "~ (@
by iprover

lemma ex-mono: (lz. Pz —> Qz) ==> (EXz. Pz) —> (EX z. Q )
by iprover

lemma all-mono: Nz. Pz ——> Q z) ==> (ALL z. Pz) ——> (ALL 2. Q )
by iprover

lemma Collect-mono: (Mz. Pz ——> @ x) ==> Collect P C Collect Q
by blast

lemma Int-Collect-mono:
ACB==>(lz.2 € A==> Pz —> Qz) ==> AN Collect PC BN
Collect @
by blast

lemmas basic-monos =
subset-refl imp-refl disj-mono conj-mono
ex-mono Collect-mono in-mono

lemma eg-to-mono: a = b==>c=d==>b—-—>d==>a——>c
by iprover
6.4.5 Inverse image of a function
definition vimage :: ('a => 'b) => 'b set => 'a set (infixr —* 90) where

[code del]: f —*B == {z. fz : B}

lemma vimage-eq [simp]: (a : f —*B) = (fa: B)
by (unfold vimage-def) blast
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lemma vimage-singleton-eq: (a : f —“ {b}) = (fa = b)
by simp

lemma vimagel [intro]: fa = b ==>b:B==>a:f—‘B
by (unfold vimage-def) blast

lemma vimagel2: fa: A==>a:f —‘A
by (unfold vimage-def) fast

lemma vimageE [elim!]: a: f — B ==> (lz. fa = 2 ==> ©:B ==> P) ==>
P
by (unfold vimage-def) blast

lemma vimageD: a : f —“A==> fa: A
by (unfold vimage-def) fast

lemma vimage-empty [simp]: f —¢ {} = {}
by blast

lemma vimage-Compl: f —* (—=A) = —(f —* A)
by blast

lemma vimage-Un [simp]: f —° (A Un B) = (f —“A) Un (f —*B)
by blast

lemma vimage-Int [simpl: f —¢ (A Int B) = (f = A) Int (f = B)
by fast

lemma vimage-Collect-eq [simp]: f —* Collect P = {y. P (fy)}
by blast

lemma vimage-Collect: (Nz. P (fz) = Q ) ==> f —* (Collect P) = Collect Q
by blast

lemma vimage-insert: f—*‘(insert a B) = (f—‘{a}) Un (f—‘B)
— NOT suitable for rewriting because of the recurrence of {a}.
by blast

lemma vimage-Diff: f —* (A — B)=(f —“A) — (f =“B)
by blast

lemma vimage-UNIV [simp]: f —¢ UNIV = UNIV
by blast

lemma vimage-mono: A C B==>f—-‘ACf—-‘B
— monotonicity
by blast
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lemma vimage-image-eq [no-atp: f —“ (f ‘' A) = {y. EX x:A. fz = fy}
by (blast intro: sym)

lemma image-vimage-subset: f < (f —“A) <= A
by blast

lemma image-vimage-eq [simp): f < (f —¢ A) = A Int range f
by blast

lemma vimage-const [simpl: (Az. ¢) —¢ A) = (if ¢ € A then UNIV else {})
by auto

lemma vimage-if [simp]: (Az. if v € B then c else d) —“ A) =
(if c € A then (if d € A then UNIV else B)
else if d € A then —B else {})
by (auto simp add: vimage-def)

lemma vimage-inter-cong:
ANwweS=fu=gw)=f-—yNnS=g—-"yNS
by auto

lemma image-Int-subset: f‘(A Int B) <= f‘A Int ‘B
by blast

lemma image-diff-subset: f'A — f'B <= f(A — B)
by blast

6.4.6 Getting the Contents of a Singleton Set

definition contents :: 'a set = 'a where
[code del]: contents X = (THE z. X = {z})

lemma contents-eq [simp]: contents {z} = z
by (simp add: contents-def)

6.4.7 Least value operator

lemma Least-mono:

mono (f:'a:order => 'border) ==> EX x:S. ALL y:S. z <=y
==> (LEAST y.y:f‘S)=f (LEAST z. z : S)
— Courtesy of Stephan Merz

apply clarify

apply (erule-tac P = %x. z : S in LeastI2-order, fast)

apply (rule LeastI2-order)

apply (auto elim: monoD intro!: order-antisym)

done

6.5 Misc

Rudimentary code generation
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lemma insert-code [code]: insert y Az «—— y=2V Az
by (auto simp add: insert-compr Collect-def mem-def)

lemma vimage-code [code]: (f —“A) z = A (fz)
by (simp add: vimage-def Collect-def mem-def)

Misc theorem and ML bindings

lemmas equalityl = subset-antisym

ML (

val Ball-def = Q{thm Ball-def}

val Bex-def = @Q{thm Bex-def}

val CollectD = @Q{thm CollectD}

val CollectE = @{thm CollectE}

val Collect] = @{thm Collectl}

val Collect-conj-eq = @Q{thm Collect-conj-eq}
val Collect-mem-eq = @Q{thm Collect-mem-eq}
val IntD1 = @Q{thm IntD1}

val IntD2 = @Q{thm IntD2}

val IntE = @Q{thm IntE}

val Intl = @Q{thm Intl}

val Int-Collect = Q{thm Int-Collect}

val UNIV-I = @{thm UNIV-I}

val UNIV-witness = @Q{thm UNIV-witness}
val UnE = Q{thm UnE}

val Unll = @{thm Unl1}

val Unl2 = @{thm UnI2}

val ballE = @Q{thm ballE'}

val balll = @Q{thm balll}

val bexCI = Q{thm bexCI}

val bexE = Q{thm bexE'}

val bex] = @Q{thm bexl}

val bex-triv = Q{thm bex-triv}

val bspec = @Q{thm bspec}

val contra-subsetD = @Q{thm contra-subsetD}
val distinct-lemma = Q{thm distinct-lemma}
val eg-to-mono = @Q{thm eq-to-mono}

val equalityCE = Q{thm equalityCE}

val equalityD1 = @Q{thm equalityD1}

val equalityD2 = Q{thm equalityD2}

val equalityEl = Q{thm equalityE'}

val equalityl = Q{thm equalityl }

val imageE = Q{thm imageE}

val imagel = Q{thm imagel }

val image-Un = Q{thm image-Un}

val image-insert = Q{thm image-insert}

val insert-commute = Q{thm insert-commute}
val insert-iff = Q{thm insert-iff }

val mem-Collect-eq = @Q{thm mem-Collect-eq}
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val rangeE = @Q{thm rangeE}

val rangel = Q{thm rangel }

val range-eql = @Q{thm range-eql }

val subsetCE = Q{thm subsetCE}

val subsetD = Q{thm subsetD}

val subsetl = Q{thm subsetl}

val subset-refl = Q{thm subset-refl}
val subset-trans = Q{thm subset-trans}
val vimageD = @Q{thm vimageD}

val vimageE = @Q{thm vimageE}

val vimagel = Q{thm vimagel }

val vimagel2 = Q{thm vimagel2}

val vimage-Collect = Q{thm vimage-Collect}
val vimage-Int = @Q{thm vimage-Int}
val vimage-Un = Q{thm vimage-Un}

)

end

7 Typedef: HOL type definitions

theory Typedef
imports Set
uses
(Tools/typedef . ML)
(Tools  typecopy. ML)
(Tools / typedef-codegen. ML)
begin

ML
structure HOL = struct val thy = theory HOL end;
) — belongs to theory HOL

locale type-definition =
fixes Rep and Abs and A
assumes Rep: Repx € A
and Rep-inverse: Abs (Rep ) = x
and Abs-inverse: y € A ==> Rep (Abs y) = y
— This will be axiomatized for each typedef!
begin

lemma Rep-inject:
(Rep z = Rep y) = (z = y)

proof
assume Rep © = Rep y
then have Abs (Rep ) = Abs (Rep y) by (simp only:)
moreover have Abs (Rep x) = z by (rule Rep-inverse)
moreover have Abs (Rep y) = y by (rule Rep-inverse)
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ultimately show z = y by simp
next

assume z = y

thus Rep x = Rep y by (simp only:)
qed

lemma Abs-inject:
assumes z: z € Aand y: y € A
shows (Abs x = Abs y) = (z = y)

proof
assume Abs z = Abs y
then have Rep (Abs ) = Rep (Abs y) by (simp only:)
moreover from z have Rep (Abs ) = x by (rule Abs-inverse)
moreover from y have Rep (Abs y) = y by (rule Abs-inverse)
ultimately show z = y by simp

next
assume z = y
thus Abs z = Abs y by (simp only:)

qed

lemma Rep-cases [cases set):
assumes y: y € A
and hyp: 'z. y = Rep x ==> P
shows P
proof (rule hyp)
from y have Rep (Abs y) = y by (rule Abs-inverse)
thus y = Rep (Abs y) ..
qed

lemma Abs-cases [cases type]:
assumes 7: ly. z = Absy ==>y € A ==> P
shows P

proof (rule r)
have Abs (Rep z) = x by (rule Rep-inverse)
thus z = Abs (Rep z) ..
show Rep x € A by (rule Rep)

qed

lemma Rep-induct [induct set]:
assumes y: y € A
and hyp: !!z. P (Rep x)
shows Py
proof —
have P (Rep (Abs y)) by (rule hyp)
moreover from y have Rep (Abs y) = y by (rule Abs-inverse)
ultimately show P y by simp
qed

lemma Abs-induct [induct type):

167
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assumes r: ly. y € A ==> P (Abs y)
shows P x
proof —
have Rep © € A by (rule Rep)
then have P (Abs (Rep z)) by (rule r)
moreover have Abs (Rep z) = z by (rule Rep-inverse)
ultimately show P z by simp
qed

lemma Rep-range: range Rep = A
proof
show range Rep <= A using Rep by (auto simp add: image-def)
show A <= range Rep
proof
fix z assume z : 4
hence z = Rep (Abs z) by (rule Abs-inverse [symmetric])
thus z : range Rep by (rule range-eql)
qed
qed

lemma Abs-image: Abs * A = UNIV
proof
show Abs ¢ A <= UNIV by (rule subset-UNIV)
next
show UNIV <= Abs ‘ A
proof
fix z
have © = Abs (Rep z) by (rule Rep-inverse [symmetric])
moreover have Rep z : A by (rule Rep)
ultimately show z : Abs ¢ A by (rule image-eql)
qed
qed

end

use Tools/typedef . ML setup Typedef.setup
use Tools/typecopy. ML setup Typecopy.setup
use Tools/typedef-codegen. ML setup TypedefCodegen.setup

end

8 Complete-Lattice: Complete lattices, with spe-
cial focus on sets
theory Complete-Lattice

imports Set
begin
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notation
less-eq (infix T 50) and
less (infix C 50) and
inf (infixl M 70) and
sup (infixl U 65) and
top (T) and
bot (L)

8.1 Syntactic infimum and supremum operations

class Inf =
fixes Inf :: 'a set = 'a ([]- [900] 900)

class Sup =
fixes Sup :: ‘a set = 'a (|- [900] 900)

8.2 Abstract complete lattices

class complete-lattice = bounded-lattice + Inf + Sup +
assumes Inf-lower: z € A = []AC x
and Inf-greatest: (N\x. 2 € A= 2Cz) = 2LC[]A4
assumes Sup-upper: t € A = x C | |4
and Sup-least: (Ne. 2 € A=z C 2) = | JAC 2
begin

lemma dual-complete-lattice:
class.complete-lattice Sup Inf (op >) (op >) (op U) (op M) T L
by (auto introl: class.complete-lattice.intro dual-bounded-lattice)
(unfold-locales, (fact bot-least top-greatest
Sup-upper Sup-least Inf-lower Inf-greatest)+)

lemma Inf-Sup: [1|A = |]{b.Va € A. b C a}
by (auto intro: antisym Inf-lower Inf-greatest Sup-upper Sup-least)

lemma Sup-Inf: | |A=[]{b.Va € A. a C b}
by (auto intro: antisym Inf-lower Inf-greatest Sup-upper Sup-least)

lemma Inf-empty:

M=T

by (auto intro: antisym Inf-greatest)
lemma Sup-empty:
L{} =1

by (auto intro: antisym Sup-least)

lemma Inf-insert: [ |insert a A=a N[]A
by (auto intro: le-infI le-infl1 le-infI2 antisym Inf-greatest Inf-lower)

lemma Sup-insert: | |insert a A = a U | |A

169
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by (auto intro: le-supl le-supll le-supI2 antisym Sup-least Sup-upper)

lemma Inf-singleton [simp]:

[T{a} =a
by (auto intro: antisym Inf-lower Inf-greatest)

lemma Sup-singleton [simp]:

LI{a} =a
by (auto intro: antisym Sup-upper Sup-least)

lemma Inf-binary:

[1{a, b} =anb
by (simp add: Inf-empty Inf-insert)

lemma Sup-binary:

Ll{a, b} =a b
by (simp add: Sup-empty Sup-insert)

lemma Inf-UNIV:

[ UNIV = bot
by (simp add: Sup-Inf Sup-empty [symmetric])

lemma Sup-UNIV:

L] UNIV = top
by (simp add: Inf-Sup Inf-empty [symmetric])

lemma Sup-le-iff: Sup AC b «— (Va€A. a C b)
by (auto intro: Sup-least dest: Sup-upper)

lemma le-Inf-iff: b C Inf A «—— (Va€A. b C a)
by (auto intro: Inf-greatest dest: Inf-lower)
definition SUPR :: 'b set = ('b = 'a) = 'a where
SUPRAf =] (f“A)
definition INFI :: 'b set = ('b = 'a) = ’'a where
INFIAf=T] (f*A)

end
syntax
-SUP1  :: pttrns => b => b ((3SUP -./ -) [0, 10] 10)
-SUP pttrn => 'a set => 'b =>'b ((3SUP -:-./ -) [0, 0, 10] 10)
-INF1  : pitrns => b =>"b ((3INF -./ -) [0, 10] 10)
-INF pttrn => 'a set => 'b =>'b ((8INF --./ -) [0, 0, 10] 10)
translations
SUPzy. B == SUPxz. SUPy.B
—— CONST SUPR CONST UNIV (%z. B)

SUP z. B
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SUPz. B == SUP z:CONST UNIV. B
SUP z:A. B == CONST SUPR A (%z. B)

INFzy. B == INFz. INFy. B

INFz. B == CONST INFI CONST UNIV (%z. B)
INFz. B == INF 2:CONST UNIV. B

INF 2:A. B == CONST INFI A (%z. B)

print-translation (
[Syntaz.preserve-binder-abs2-tr’ @Q{ const-syntax SUPR} @Q{syntax-const -SUP},
Syntazx.preserve-binder-abs2-tr’ Q{ const-syntax INFI} Q{syntaz-const -INF}]
) — to avoid eta-contraction of body

context complete-lattice
begin

lemma le-SUPI: i : A= M i C (SUP i:A. M i)
by (auto simp add: SUPR-def intro: Sup-upper)

lemma SUP-lel: (N\i.i: A= MiC u) = (SUP i:A. M i) C u
by (auto simp add: SUPR-def intro: Sup-least)

lemma INF-lel: i : A = (INF i:A. M i) C M
by (auto simp add: INFI-def intro: Inf-lower)

lemma le-INFI: (Ai. i : A= v C M i) = u C (INF i:A. M i)
by (auto simp add: INFI-def intro: Inf-greatest)

lemma SUP-le-iff: (SUP i:A. M i) Cu «— (Vi € A. M i C u)
unfolding SUPR-def by (auto simp add: Sup-le-iff)

lemma le-INF-iff: w C (INF i:A. M i) «— (Vi € A. u C M 1)
unfolding INFI-def by (auto simp add: le-Inf-iff)

lemma SUP-const[simp]: A # {} = (SUP i:A. M) = M
by (auto intro: antisym SUP-lel le-SUPI)

lemma INF-const[simp]: A # {} = (INF i:A. M) = M
by (auto intro: antisym INF-lel le-INFI)

end

8.3 bool and - = - as complete lattice
instantiation bool :: complete-lattice

begin

definition
Inf-bool-def: [ 1A «— (Vz€A. )
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definition
Sup-bool-def: | | A «—— (Fz€A. z)

instance proof
qed (auto simp add: Inf-bool-def Sup-bool-def le-bool-def)

end

lemma Inf-empty-bool [simp]:

M4}
unfolding Inf-bool-def by auto

lemma not-Sup-empty-bool [simp]:
- U3
unfolding Sup-bool-def by auto

lemma INFI-bool-eq:

INFI = Ball
proof (rule ext)+
fix A :: 'a set

fix P :: 'a = bool
show (INF z:A. Pz) «—— (Vz € A. P x)
by (auto simp add: Ball-def INFI-def Inf-bool-def)
qed

lemma SUPR-bool-eq:

SUPR = Bex
proof (rule ext)+

fix A :: 'a set

fix P :: 'a = bool

show (SUP z:A. P 1) «— (3z € A. Px)

by (auto simp add: Bex-def SUPR-def Sup-bool-def)

qed

instantiation fun :: (type, complete-lattice) complete-lattice
begin

definition

Inf-fun-def [code del]: [1A = (Az. [|{y. If€A. y = fz})

definition
Sup-fun-def [code del]: | |A = (Az. | |{y. 3f€A. y = fz})
instance proof
qed (auto simp add: Inf-fun-def Sup-fun-def le-fun-def
intro: Inf-lower Sup-upper Inf-greatest Sup-least)

end
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lemma Inf-empty-fun:

[Ty = - THY
by (simp add: Inf-fun-def)

lemma Sup-empty-fun:

L3 = - LD
by (simp add: Sup-fun-def)

8.4 Union

abbreviation Union :: 'a set set = 'a set where
Union S = | |S

notation (zsymbols)
Union (- [90] 90)

lemma Union-eq:
UAd={z.3B € A z € B}
proof (rule set-ext)
fix z
have (3Qe{P. 3B€A. P «—— z € B}. Q) «— (3B€A. z € B)
by auto
then show z € |JA «+— z € {z. 3B€A. z € B}
by (simp add: Sup-fun-def Sup-bool-def) (simp add: mem-def)
qged

lemma Union-iff [simp, no-atp):
AelUC «— (IXeC. AeX)
by (unfold Union-eq) blast

lemma Unionl [intro]:

XelC=A4AceX=AeclyC

— The order of the premises presupposes that C is rigid; A may be flexible.

by auto

lemma UnionE [elim!]:
AceJC = (AX. AeX = Xe(C = R) =R
by auto

lemma Union-upper: B € A ==> B C Union A
by (iprover intro: subsetl Unionl)

lemma Union-least: (N1X. X € A==> X C C) ==> Union A C C
by (iprover intro: subsetl elim: UnionE dest: subsetD)

lemma Un-eg-Union: AU B = |J{A4, B}
by blast

lemma Union-empty [simp]: Union({}) = {}

173
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by blast

lemma Union-UNIV [simp]: Union UNIV = UNIV
by blast

lemma Union-insert [simp]: Union (insert a B) = a U |J B
by blast

lemma Union-Un-distrib [simp]: |J(A Un B) = |JAU B
by blast

lemma Union-Int-subset: | J(AN B) CUANUB
by blast

lemma Union-empty-conv [simp,no-atp]: (JA = {}) = (VzeA. z = {})
by blast

lemma empty-Union-conv [simp,no-atp]: ({} = JA) = (Vze€Ad. z = {})
by blast

lemma Union-disjoint: (JC N A= {}) = (VBeC. BN A ={})
by blast

lemma subset-Pow-Union: A C Pow (|JA)
by blast

lemma Union-Pow-eq [simp]: |J (Pow A) = A
by blast

lemma Union-mono: A C B==>|JA C|JB
by blast

8.5 Unions of families

abbreviation UNION :: ‘a set = ('a = 'b set) = 'b set where
UNION = SUPR

syntax
-UNION1  :: pttrns => 'b set => 'b set ((3UN -./ -) [0, 10] 10)
-UNION i opttrn => 'a set => 'b set => 'b set ((3UN -:-./ -) [0, 0, 10]
10)
syntax (zsymbols)
-UNION1  : pttrns => 'b set => 'b set ((8y-./ - [0 10] 10)
-UNION  :: pttrn => 'a set => b set => b set ((3U-€-./ -) [0, 0, 10] 10)

syntax (latex output)
-UNION1  :: pttrns => 'b set => 'b set ((3U (00 )/ -) [0, 10] 10)
-UNION iopttrn => 'a set => 'b set => 'b set (83U (00-¢-)/ -) [0, 0, 10]
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10)
translations
UNzy. B == UNgz. UNy. B
UN z. B == CONST UNION CONST UNIV (%z. B)
UN z. B == UN z:CONST UNIV. B
UN z:A. B == CONST UNION A (%z. B)

Note the difference between ordinary xsymbol syntax of indexed unions and
intersections (e.g. |J a1€A41. B) and their WTEX rendition: |J 4,c4, B. The
former does not make the index expression a subscript of the union/intersection
symbol because this leads to problems with nested subscripts in Proof Gen-
eral.

print-translation (

[Syntaz.preserve-binder-abs2-tr’ @{ const-syntax UNION } @{ syntax-const -UNION }]
) — to avoid eta-contraction of body

lemma UNION-eq-Union-image:
(Uzed. Bz) = (BA)
by (fact SUPR-def)

lemma Union-def:

Us = (UzeS. z)
by (simp add: UNION-eq-Union-image image-def )

lemma UNION-def [no-atp]:
(UzeA. Bz) ={y. Jz€A. y € Bz}
by (auto simp add: UNION-eq-Union-image Union-eq)

lemma Union-image-eq [simp]:
U (B‘A) = (Jze€A. Bz)
by (rule sym) (fact UNION-eq-Union-image)

lemma UN-iff [simp]: (b: (UN z:A. B z)) = (EX 2:A. b: B x)
by (unfold UNION-def) blast

lemma UN-I [intro]: a:A ==> b: B a ==> b: (UN z:A. B x)
— The order of the premises presupposes that A is rigid; b may be flexible.
by auto

lemma UN-E [elim!]: b : (UN z:A. B z) ==> (lz. ::A ==> b: Bz ==> R)

==> R
by (unfold UNION-def) blast

lemma UN-cong [cong]:
A=B==> (llz. :B==>Czx=Duz)==> (UNx:A. Cz) = (UNxz:B. D
x)

by (simp add: UNION-def)
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lemma strong-UN-cong:
A =B ==> (lz. 2:B =simp=> Cz = D z) ==> (UN x:A. Cz) = (UN
z:B. D x)
by (simp add: UNION-def simp-implies-def)

lemma image-eq-UN: f‘A = (UN z:A. {f z})
by blast

lemma UN-upper: a € A ==> Ba C (Jz€A. Bz)
by (fact le-SUPI)

lemma UN-least: (lz. x € A ==> Bz C C) ==> (Jz€Ad. Bz) C C
by (iprover intro: subsetl elim: UN-E dest: subsetD)

lemma Collect-bez-eq [no-atp]: {x. Jy€A. Pz y} = (JyeA. {z. Pz y})
by blast

lemma UN-insert-distrib: w € A ==> (|Jz€A. insert a (B z)) = insert a (|Jz€A.
B 1)
by blast

lemma UN-empty [simp,no-atp]: (Jze{}. Bz) = {}
by blast

lemma UN-empty2 [simp]: (Jz€A. {}) = {}
by blast

lemma UN-singleton [simp]: (Jz€A. {z}) = A
by blast

lemma UN-absorb: k € I ==> A kU (Jiel. Ai) = (Jiel. A1)
by auto

lemma UN-insert [simp]: ((Jxz€insert a A. Bz) = Ba U UNION A B
by blast

lemma UN-Un[simp]: (Ui € AU B. Mi) = (Ji€ed. M i) U (UieB. M)
by blast

lemma UN-UN-flatten: (Jz € (Jy€A. By). Cz) = (Jycd. UzeBy. Cx)
by blast

lemma UN-subset-iff: ({[Ji€l. Ai) C B) = (Viel. Ai C B)
by (fact SUP-le-iff )

lemma image-Union: f ‘S = (UzeS. f‘x)
by blast

lemma UN-constant [simp]: (Jy€A. ¢) = (if A = {} then {} else ¢)
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by auto

lemma UN-eq: (Jz€A. Bz) =J{Y.Jz€A. Y = Bz})
by blast

lemma UNION-empty-conv[simp]:
({} = (UNz:A. Bz)) = (Vz€A. Bz = {})
((UN z:A. Bz) ={}) = (Vz€A. Bz = {})
by blast+

lemma Collect-ez-eq [no-atp): {z. Jy. Pz y} = (Uy. {z. Pz y})
by blast

lemma ball-UN: (Vz € UNION A B. P z) = (Vez€A.Vz € Bz. P z)
by blast

lemma bex-UN: (32 € UNION A B. P z) = (3z€A. 3z€B z. P 2)
by blast

lemma Un-eq-UN: AU B = (|Jb. if b then A else B)
by (auto simp add: split-if-mem?2)

lemma UN-bool-eq: (|J b::bool. A b) = (A True U A False)
by (auto intro: bool-contrapos)

lemma UN-Pow-subset: (|Jx€A. Pow (B z)) C Pow ((Jz€A. B x)
by blast

lemma UN-mono:
ACB==>lz.ze A==>fa Cgz)==>

(Uzed. fz) C (JzeB. gx)
by (blast dest: subsetD)

lemma vimage-Union: f —* (Union A) = (UN X:A. f —°X)
by blast

lemma vimage-UN: f—‘(UN z:A. Bz) = (UN x:A. f —‘ B x)
by blast

lemma vimage-eq-UN: f—‘B = (UN y: B. f—‘{y})
— NOT suitable for rewriting
by blast

lemma image-UN: (f * (UNION A B)) = (UN z:A.(f * (B 1)))
by blast

8.6 Inter

abbreviation Inter :: 'a set set = 'a set where
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Inter S =[S

notation (zsymbols)
Inter (- [90] 90)

lemma Inter-eq [code del]:
NA={z.VB e A. z € B}
proof (rule set-ext)
fix z
have (VQe{P. 3B€A. P «—— z € B}. Q) «— (VB€A. z € B)
by auto
then show z € (A «— z € {z. VB € A. 2z € B}
by (simp add: Inf-fun-def Inf-bool-def) (simp add: mem-def)
qed

lemma Inter-iff [simp,no-atp]: (A : Inter C) = (ALL X:C. A:X)
by (unfold Inter-eq) blast

lemma Interl [intro!]: N X. X:C ==> A:X) ==> A : Inter C
by (simp add: Inter-eq)

A “destruct” rule — every X in C contains A as an element, but A € X can
hold when X € C does not! This rule is analogous to spec.

lemma InterD [elim]: A : Inter C ==> X:C ==> A:X
by auto

lemma InterE [elim]: A : Inter C ==> (X~:C ==> R) ==> (A:X ==> R)
==>R

— “Classical” elimination rule — does not require proving X € C.

by (unfold Inter-eq) blast

lemma Inter-lower: B € A ==> Inter A C B

by blast

lemma Inter-subset:
["X. X eA=>XCB;A~={}||]==>NACB
by blast

lemma Inter-greatest: (!X. X € A ==> C C X) ==> C C Inter A
by (iprover intro: Interl subsetl dest: subsetD)

lemma Int-eq-Inter: AN B = ({4, B}
by blast

lemma Inter-empty [simp): (\{} = UNIV
by blast

lemma Inter-UNIV [simp]: (V1 UNIV = {}
by blast
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lemma Inter-insert [simp]: () (insert a B) = a N (B
by blast

lemma Inter-Un-subset: (VAU (B C (AN B)
by blast

lemma Inter-Un-distrib: (J{ (AU B) =ANNB
by blast

lemma Inter-UNIV-conv [simp,no-atp):
(NA = UNIV) = (Vz€A. z = UNIV)
(UNIV = NA) = (Yz€A. 2 = UNIV)
by blast+

lemma Inter-anti-mono: B C A ==> (1A C (B
by blast

8.7 Intersections of families

abbreviation INTER : ’a set = ('a = 'b set) = 'b set where
INTER = INFI
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syntax
-INTER1  : pttrns => 'b set => 'b set ((8INT -./ -) [0, 10] 10)
-INTER opttrn => 'a set => 'b set => 'b set ((3INT -:-./ -) [0, 0, 10]
10)
syntax (zsymbols)
-INTER1  : pttrns => 'b set => 'b set ((3N-/ -) [0, 10] 10)
-INTER wopttrn => 'a set => 'b set => b set ((3()-€-./ -) [0, 0, 10] 10)
syntax (latex output)
-INTER1  : pttrns => 'b set => 'b set (8N (00.)/ -) [0, 10] 10)
-INTER = opttrn => 'a set => b set => b set ((3((00-¢-)/ -) [0, 0, 10]
10)
translations
INTzy. B == INT z. INT y. B
INT z. B == CONST INTER CONST UNIV (%z. B)
INT z. B == INT z:CONST UNIV. B
INT z:A. B == CONST INTER A (%z. B)
print-translation (
[Syntaz.preserve-binder-abs2-tr’ @{ const-syntax INTER} @Q{syntaz-const -INTER}]

Y — to avoid eta-contraction of body

lemma INTER-eq-Inter-image:
(Nz€A. Bz) = (B‘A)
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by (fact INFI-def)

lemma Inter-def:

NS =(NzeS. z)
by (simp add: INTER-eq-Inter-image image-def)

lemma INTER-def:
(Nz€A. Bz) ={y. Vz€A. y € Bz}
by (auto simp add: INTER-eq-Inter-image Inter-eq)

lemma Inter-image-eq [simp]:
N (B‘A) = (N z€A. B )
by (rule sym) (fact INTER-eq-Inter-image)

lemma INT-iff [simp]: (b: (INT z:A. B z)) = (ALL z:A. b: B x)
by (unfold INTER-def) blast

lemma INT-I [introl]: (Nz. :A ==> b: Bz) ==> b : (INT z:A. B 1)
by (unfold INTER-def) blast

lemma INT-D [elim]: b : (INT z:A. Bz) ==> a:A==>b: Ba
by auto

lemma INT-E [elim]: b : (INT z:A. B ) ==> (b: B a ==> R) ==> (a™:A
==> R)==> R

— "Classical” elimination — by the Excluded Middle on a € A.

by (unfold INTER-def) blast

lemma INT-cong [cong]:
A=B==> (z. :B==>Cz=Dz)==> (INT x:A. Cz)= (INT z:B.
D z)
by (simp add: INTER-def)

lemma Collect-ball-eq: {x. VycA. Pz y} = (y€A. {z. Pz y})
by blast

lemma Collect-all-eq: {x. Vy. Pz y} = (Ny. {z. Pz y})
by blast

lemma INT-lower: a € A ==> ((2€A. Bz) C Ba
by (fact INF-lel)

lemma INT-greatest: (!z. z € A ==> C C Bz) ==> C C ([\z€A. Bx)
by (fact le-INFI)

lemma INT-empty [simp]: (N ze{}. Bz) = UNIV
by blast

lemma INT-absorb: k € I ==> A kn (iel. Ai) = (Ni€l. A1)
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by blast

lemma INT-subset-iff: (B C (i€l. A i)) = (Viel. B C A1)
by (fact le-INF-iff)

lemma INT-insert [simp]: (\z € insert a A. Bz) = Ba N INTER A B
by blast

lemma INT-Un: (i € AUB. Mi)= (i€ A Mi)n (i€B. M)
by blast

lemma INT-insert-distrib:
u € A==> (Nz€A. insert a (B z)) = insert a ([(z€A. B x)
by blast

lemma INT-constant [simp]: ((y€A. ¢) = (if A = {} then UNIV else c)
by auto

lemma INT-eq: (Nz€A. Bz) =(({Y.3z€d. Y = Bz}
— Look: it has an existential quantifier
by blast

lemma INTER-UNIV-conv[simp]:

(UNIV = (INT z:A. Bz)) = (Va€A. Bx = UNIV)
((INT z:A. Bz) = UNIV) = (Vz€A. Bz = UNIV)
by blast+

lemma INT-bool-eq: ([ b::bool. A b) = (A True N A False)
by (auto intro: bool-induct)

lemma Pow-INT-eq: Pow ((z€A. Bz) = ((Nz€A. Pow (B z))
by blast

lemma INT-anti-mono:
BCA==>(lz.z e A==>fzCgz)==>
(NzeA. fz) C (Nze€A. g z)
— The last inclusion is POSITIVE!
by (blast dest: subsetD)

lemma vimage-INT: f—‘(INT z:A. Bz) = (INT z:A. f —‘ B z)
by blast

8.8 Distributive laws

lemma Int-Union: AN|JB = (JCeB. An ()
by blast

lemma Int-Union2: |JB N A= (JCeB. C N A4)
by blast



THEORY “Complete-Lattice” 182

lemma Un-Union-image: ((Jz€C. Az U Bz) =J(AC) UU(BC)
— Devlin, Fundamentals of Contemporary Set Theory, page 12, exercise 5:
— Union of a family of unions
by blast

lemma UN-Un-distrib: (|Ji€l. A iU Bi)= (Jicl. Ai)U (Jiel. Bi)
— Equivalent version
by blast

lemma Un-Inter: AU (B = ((1CeB. AU C)
by blast

lemma Int-Inter-image: (z€C. Az N Bz)=(4C) NN (BC)
by blast

lemma INT-Int-distrib: (i€l. AiN Bi) = (iel. Ai)n (Ni€l. Bi)
— Equivalent version
by blast

lemma Int-UN-distrib: B N (|Jiel. A i) = (Uiel. BN A4)
— Halmos, Naive Set Theory, page 35.
by blast

lemma Un-INT-distrib: B U ((i€l. A i) = ((i€l. BU A i)
by blast

lemma Int-UN-distrib2: (Jicl. A i) n (JjeJ. Bj) = (Uiel. JjeJ. Ain B

7)
by blast

lemma Un-INT-distrib2: (icl. Ai) U (NjeJ. Bj)=(Nicl.NjeJ. AiUB

7)
by blast

8.9 Complement
lemma Compl-UN [simp]: —(|Jz€A. Bz) = (((z€A. —B 1)
by blast

lemma Compl-INT [simp]: —((z€A. Bz) = (Jz€A. —B z)
by blast

8.10 Miniscoping and maxiscoping

Miniscoping: pushing in quantifiers and big Unions and Intersections.

lemma UN-simps [simp]:
la B C. (UN z:C. insert a (B x)) = (if C={} then {} else insert a (UN z:C. B
z))
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WA BC.(UNxz:C. Ax UnB) = ((if C={} then {} else (UN z:C. A z) Un
B))

"A BC.(UNuz:C. AUnBz) = ((if C={} then {} else A Un (UN 2:C. B
z)))

WABC.(UNz:C. Az Int B) = (UNz:C. A z) Int B)

"ABC.(UNz:C. AInt Bz) = (A Int (UNx:C. Bx))

WABC. (UNz:C. Az — B) = ((UNz:C. Az)— B)

WABC. (UNz:C. A—Bz) =(A—- (INTz:C. Bz))

"A B. (UN z: Union A. B z) = (UN y:A. UN z:y. B x)

A BC.(UNz: UNION A B. Cz) = (UN z:A. UN z: B(z). C z2)

WA Bf.(UNz:f'A. Bz) = (UN a:A. B (f a))

by auto

lemma INT-simps [simp]:

WA B C. (INT z:C. A x Int B) = (if C={} then UNIV else (INT z:C. A z) Int
B)

WA B C.(INT z:C. A Int B z) = (if C={} then UNIV else A Int (INT z:C. B
z))

WA BC.(INTz:C. Az — B) = (if C={} then UNIV else (INT z:C. A x) —
B)

WA BC. (INT 2:C. A— Bz) = (if C={} then UNIV else A — (UN z:C. B
z))

la B C. (INT z:C. insert a (B z)) = insert a (INT z:C. B x)

WA BC. (INTz:C. Az UnB) = (INT z:C. A z) Un B)

WA BC.(INTz:C. AUnBz) = (A Un (INT 2:C. B z))

WA B. (INT z: Union A. Bx) = (INT y:A. INT z:y. B )

WA B C. (INT z: UNION A B. C z) = (INT z:A. INT z: B(z). C 2)

WABf. (INTz:f'A. Bx) = (INT a:A. B (fa))

by auto

lemma ball-simps [simp,no-atp]:
WA PQ. (ALL z:A. Pz | Q) = ((ALL z:A. Pz) | Q)
WAPQ. (ALLx:A. P | Qz) = (P | (ALL z:A. Q x))
WA PQ. (ALL 1:A. P —> Qz) = (P ——> (ALL z:A. Q x))
WAPQ. (ALLz:A. Pz —> Q) = (EX z:A. Pz) —> @)
WP. (ALL z:{}. P z) = True
"P. (ALL z:UNIV. P z) = (ALL z. P x)
"a B P. (ALL z:insert a B. Px) = (P a & (ALL z:B. P z))
WA P. (ALL z:Ungon A. P z) = (ALL y:A. ALL x:y. P x)
WA B P.(ALL z: UNION A B. P z) = (ALL a:A. ALL z: B a. P z)
WP Q. (ALL z:Collect Q. P z) = (ALLz. Qz ——> P x)
WA Pf.(ALL z:f‘A. Px) = (ALL z:A. P (fx))
WA P. (¥(ALL z:A. Px)) = (EX z:A. P x)
by auto

lemma bez-simps [simp,no-atp):
NAPQ (EX2:A Pz & Q)= ((EX2:A. Pz) & Q)
NAPQ (EX2:A P& Quz)=(P & (EX z:A. Q 1))
"P. (EX z:{}. P x) = False
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"P. (EX z:UNIV. Pz) = (EX z. P 1)

"a B P. (EX z:insert a B. Px) = (P(a) | (EX x:B. P x))

WA P. (EX z:Union A. P z) = (EX y:A. EX z:y. P 1)

WA B P. (EX x: UNION A B. P z) = (EX a:A. EX ©:B a. P 1)
P Q. (EX z:Collect Q. Pz) = (EXz. Qz & P z)

WA Pf. (EXa:fA. Pz) = (EX ©:A. P (fz))

WA P. (Y(EX z:A. Px)) = (ALL z:A. ~P x)

by auto

lemma ball-conj-distrib:
(ALL z:A. Pz & Q z) = ((ALL x:A. P z) & (ALL z:A. Q z))
by blast

lemma bex-disj-distrib:
(EX2:A. Pz | Qz) = (EX z:A. Pz) | (EX :A. Q x))
by blast

Maxiscoping: pulling out big Unions and Intersections.

lemma UN-extend-simps:

la B C. insert a (UN z:C. B z) = (if C={} then {a} else (UN z:C. insert a
(B 1))

WABC.(UNxz:C. Az) Un B (if C={} then B else (UN z:C. A z Un B))

"ABC.AUn (UNz:C. Bzx) (if C={} then A else (UN z:C. A Un B z))

WA BC. ((UNz:C. Az) Int B) = (UNz:C. Az Int B)

WA BC.(AInt (UNx:C. Bz)) = (UNz:C. A Int B x)

WABC. ((UNz:C. Az) — B) = (UNz:C. Az — B)

WABC.(A— (INTz:C. Bz)) = (UNz:C. A — Bu)

"A B. (UN y:A. UN z:y. B z) = (UN z: Union A. B x)

WA BC.(UN z:A. UN z: B(z). C z) = (UN z: UNION A B. C z2)

WA Bf.(UN a:A. B (fa)) = (UN z:fA. B x)

by auto

lemma INT-extend-simps:
WA B C. (INT z:C. A z) Int B = (if C={} then B else (INT z:C. A z Int B))
WA BC. AInt (INT z:C. Bz) = (if C={} then A else (INT z:C. A Int B z))
WA BC.(INT2:C. Az) — B = (if C={} then UNIV—B else (INT z:C. A z
~ B))
WABC.A— (UNz:C. Bx) = (if C={} then A else (INT z:C. A — B x))
"a B C.insert a (INT z:C. Bx) = (INT z:C. insert a (B z))
WABC. (INTz:C. Az) Un B) = (INT z:C. A z Un B)
WABC.AUn (INTz:C. Bz) = (INT z:C. A Un B 1)
WA B. (INT y:A. INT z:y. Bz) = (INT x: Union A. B )
WA B C. (INT @:A. INT z: B(z). C z) = (INT z: UNION A B. C 2)
WA Bf. (INT a:A. B (fa)) = (INT z:f‘A. B 1)
by auto

no-notation
less-eq (infix C 50) and
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less (infix C 50) and
inf (infixl M 70) and
sup (infixl U 65) and
Inf ([]-[900] 900) and
Sup (L]~ [900] 900) and
top (T) and

bot (L)

lemmas mem-simps =

insert-iff empty-iff Un-iff Int-iff Compl-iff Diff-iff
mem-Collect-eq UN-iff Union-iff INT-iff Inter-iff
— Each of these has ALREADY been added [simp] above.

end

185

9 Inductive: Knaster-Tarski Fixpoint Theorem and

inductive definitions

theory Inductive

imports Complete-Lattice

uses
(Tools /inductive. ML)
Tools/dseq. ML
(Tools/inductive-codegen. ML)
Tools / Datatype / datatype-aux. ML
Tools/ Datatype/ datatype-prop. ML
Tools/ Datatype/ datatype-case. ML
(Tools / Datatype / datatype-abs-proofs. ML)
(Tools/ Datatype / datatype-data. ML)
(Tools/ old-primrec. ML)
(Tools/primrec. ML)

(Tools/ Datatype / datatype-codegen. ML)

begin

9.1 Least and greatest fixed points
context complete-lattice

begin

definition
Ifp : (Yla = 'a) = 'a where
Up f = Inf {u. fu<u} — least fixed point

definition
afp = (Ya = 'a) = 'a where

gfp f = Sup {u. u < fu} — greatest fixed point
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9.2 Proof of Knaster-Tarski Theorem using Ifp

Ifp f is the least upper bound of the set {u. fu < u}

lemma Ifp-lowerbound: fA < A==>1Ifpf < A
by (auto simp add: lfp-def intro: Inf-lower)

lemma Ifp-greatest: Nu. fu<u==>A<u)==>A<lIfpf
by (auto simp add: lfp-def intro: Inf-greatest)

end

lemma [fp-lemma2: mono f ==>f (ifp f) < Ifp f
by (iprover intro: lfp-greatest order-trans monoD Ifp-lowerbound)

lemma Ifp-lemma8: mono f ==>Ifp f < f (ifp f)
by (iprover intro: lfp-lemma2 monoD Ifp-lowerbound)

lemma [fp-unfold: mono f ==> Ifp f = f (ifp f)

by (iprover intro: order-antisym lfp-lemma2 lfp-lemma3)

lemma Ifp-const: ifp (Az. t) =t
by (rule lfp-unfold) (simp add:mono-def)

9.3 General induction rules for least fixed points

theorem Ifp-induct:
assumes mono: mono [ and ind: f (inf (ifp f) P) <= P
shows Ifp f <= P
proof —
have inf (Ifp f) P <= lfp f by (rule inf-lel)
with mono have f (inf (ifp f) P) <=f (ifp f) ..
also from mono have f (ifp f) = Ifp f by (rule lfp-unfold [symmetric])
finally have f (inf (Ifp f) P) <=1Ifp | .
from this and ind have f (inf (Ifp f) P) <= inf (Ifp f) P by (rule le-infI)
hence Ifp f <= inf (Ifp f) P by (rule lfp-lowerbound)
also have inf (ifp f) P <= P by (rule inf-le2)
finally show ?thesis .
qed

lemma [fp-induct-set:

assumes lfp: a: Ifp(f)
and mono: mono(f)
and indhyp: Nx. [| z: f(ifp(f) Int {z. P(z)}) || ==> P(x)
shows P(a)
by (rule ifp-induct [THEN subsetD, THEN CollectD, OF mono - lfp])
(auto simp: intro: indhyp)

lemma [fp-ordinal-induct:
fixes [ :: '‘a::complete-lattice = 'a
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assumes mono: mono f
and P-f: AS. PS = P (f9)
and P-Union: A\M.VSeM. P S = P (Sup M)
shows P (ifp f)
proof —
let M ={S.S<IfpfAPS}
have P (Sup ?M) using P-Union by simp
also have Sup ?M = Ifp f
proof (rule antisym)
show Sup ?M < Ifp f by (blast intro: Sup-least)
hence f (Sup ?M) < f (ifp ) by (rule mono [THEN monoD])
hence f (Sup ?M) < Ilfp f using mono [THEN Ifp-unfold] by simp
hence [ (Sup ?M) € ?M using P-f P-Union by simp
hence f (Sup ?M) < Sup ?M by (rule Sup-upper)
thus Ifp f < Sup ?M by (rule ifp-lowerbound)
qged
finally show ?thesis .
qed

lemma [fp-ordinal-induct-set:
assumes mono: mono f
and P-f: IIS. PS ==> P(f9)
and P-Union: WM. 1S:M. P S ==> P(Union M)
shows P(Ifp f)
using assms by (rule lfp-ordinal-induct [where P=P])

Definition forms of Ifp-unfold and Ifp-induct, to control unfolding

lemma def-ifp-unfold: [| h==Ifp(f); mono(f) |] ==> h = f(h)
by (auto intro!: lfp-unfold)

lemma def-Ifp-induct:
| 4 == Ufp(f); mono (/)
f (inf AP) < P
] ==>A4A<P
by (blast intro: Ifp-induct)

lemma def-Ifp-induct-set:
[| A==1Ifp(f); mono(f); a:A;
Wa. [| z: f(A Int {z. P(x)}) |] ==> P(x)
|| ==> P(a)
by (blast intro: Ifp-induct-set)

lemma Ifp-mono: Z. fZ < gZ)==>1fpf <lfpyg
by (rule Iifp-lowerbound [THEN Ifp-greatest], blast intro: order-trans)

9.4 Proof of Knaster-Tarski Theorem using g¢fp

gfp [ is the greatest lower bound of the set {u. u < fu}
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lemma gfp-upperbound: X < fX ==> X < gfp f
by (auto simp add: gfp-def intro: Sup-upper)

lemma gfp-least: (Nu. u < fu==>u<X)==>gfpf <X
by (auto simp add: gfp-def intro: Sup-least)

lemma gfp-lemma2: mono f ==> gfp f < f (gfp f)
by (iprover intro: gfp-least order-trans monoD gfp-upperbound)

lemma gfp-lemma8: mono f ==> f (gfp f) < gfp |
by (iprover intro: gfp-lemma2 monoD gfp-upperbound)

lemma gfp-unfold: mono f ==> gfp f = f (4fp f)
by (iprover intro: order-antisym gfp-lemma2 gfp-lemma3)

9.5 Coinduction rules for greatest fixed points

weak version

lemma weak-coinduct: [| a: X; X C f(X) || ==> a : gfp(f)
by (rule gfp-upperbound [THEN subsetD], auto)

lemma weak-coinduct-image: 'X. [| a : X; ¢ X C f (¢X) || ==>ga:gfpf
apply (erule gfp-upperbound [THEN subsetD))

apply (erule imagel)

done

lemma coinduct-lemma:

[| X < f (sup X (gfp f)); mono f || ==> sup X (gfp f) < [ (sup X (gfp f))

apply (frule gfp-lemma2)
apply (drule mono-sup)

apply (rule le-supl)
apply assumption
apply (rule order-trans)
apply (rule order-trans)
apply assumption
apply (rule sup-ge2)
apply assumption
done

strong version, thanks to Coen and Frost

lemma coinduct-set: [| mono(f); a: X; X C f(X Un gfp(f)) |] ==> a : gfp(f)
by (blast intro: weak-coinduct [OF - coinduct-lemmal)

lemma coinduct: [| mono(f); X < f (sup X (gfp f)) || ==> X < gfp(f)
apply (rule order-trans)
apply (rule sup-gel)
apply (erule gfp-upperbound [OF coinduct-lemmal)
apply assumption
done
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lemma gfp-fun-UnI2: || mono(f); a: gfo(f) || ==> a: £(X Un gfp(f))
by (blast dest: gfp-lemma2 mono-Un)

9.6 Even Stronger Coinduction Rule, by Martin Coen

Weakens the condition X C f X to one expressed using both Ifp and gfp

lemma coinduct3-mono-lemma: mono(f) ==> mono(%z. f(z) Un X Un B)
by (iprover intro: subset-refl monol Un-mono monoD)

lemma coinduct3-lemma:
(| X € f(fp(%x. f(z) Un X Un gfp(f))); mono(f) ]
==> Ifp(%z. f(z) Un X Un gfp(f)) € f(Ufp(%z. f(z) Un X Un gfp(f)))
apply (rule subset-trans)
apply (erule coinduct3-mono-lemma [THEN Ifp-lemma3])
apply (rule Un-least [THEN Un-least))
apply (rule subset-refl, assumption)
apply (rule gfp-unfold [THEN equalityD1, THEN subset-trans], assumption)
apply (rule monoD [where f=f], assumption)
apply (subst coinduct3-mono-lemma [THEN Ifp-unfold], auto)
done

lemma coinduct3:

(| mono(f); a:X; X C f(Ufp(%ox. f(z) Un X Un gfp(f))) [| ==> a: gfp(f)
apply (rule coinduct3-lemma [THEN [2] weak-coinduct))

apply (rule coinduct3-mono-lemma [THEN Ifp-unfold, THEN ssubst], auto)
done

Definition forms of gfp-unfold and coinduct, to control unfolding

lemma def-gfp-unfold: [| A==gfp(f); mono(f) [| ==> A = f(4)
by (auto intro!: gfp-unfold)

lemma def-coinduct:
(| A==gfp(f); mono(f); X < f(sup X A) || ==> X < 4
by (iprover intro!: coinduct)

lemma def-coinduct-set:
(| A==gfp(f); mono(f); a:X; X Cf(X UnA)|]==>a: A
by (auto introl: coinduct-set)

lemma def-Collect-coinduct:
[| A== gfp(%w. Collect(P(w))); mono(%w. Collect(P(w)));
a: X; 2. 22 X ==>P (X Un A) z || ==>
a: A
apply (erule def-coinduct-set, auto)
done

lemma def-coinduct3:
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(| A==gfp(f); mono(f); a:X; X C f(ifp(%x. f(z) Un X Un A)) || ==> a: A
by (auto introl: coinduct3)

Monotonicity of gfp!

lemma gfp-mono: NZ. fZ < gZ)==>gfpf <gfpg
by (rule gfp-upperbound [THEN gfp-least], blast intro: order-trans)

9.7 Inductive predicates and sets

Package setup.

theorems basic-monos =
subset-refl imp-refl disj-mono conj-mono ex-mono all-mono if-bool-eq-conj
Collect-mono in-mono vimage-mono

use Tools /inductive. ML
setup Inductive.setup

theorems [mono| =
imp-refl disj-mono conj-mono ex-mono all-mono if-bool-eq-conj
1mp-mono not-mono
Ball-def Bez-def
induct-rulify-fallback

9.8 Inductive datatypes and primitive recursion

Package setup.

use Tools/Datatype / datatype-abs-proofs. ML
use Tools/ Datatype / datatype-data. ML
setup Datatype-Data.setup

use Tools/ Datatype / datatype-codegen. ML
setup Datatype-Codegen.setup

use Tools/old-primrec. ML
use Tools/primrec. ML

use Tools/inductive-codegen. ML
setup InductiveCodegen.setup

Lambda-abstractions with pattern matching:

syntax

-lam-pats-syntaz :: cases-syn => 'a => b ((%-) 10)
syntax (zsymbols)

-lam-pats-syntax :: cases-syn => 'a => 'b ((A\-) 10)

parse-translation (advanced) ({
let
fun fun-tr ctzt [cs] =
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let
val © = Free (Name.variant (Term.add-free-names cs []) z, dummyT);
val ft = Datatype-Case.case-tr true Datatype-Data.info-of-constr ctat [z, cs];
in lambda z ft end
in [(Q{syntaz-const -lam-pats-syntax}, fun-tr)] end

)

end

10 Fun: Notions about functions

theory Fun
imports Complete-Lattice
begin

As a simplification rule, it replaces all function equalities by first-order equal-
ities.

lemma expand-fun-eq: f = g «—— (Vz. fz = g 2)

apply (rule iffI)

apply (simp (no-asm-simp))

apply (rule ext)

apply (simp (no-asm-simp))

done

lemma apply-inverse:

fr=u= (Nz. P2 = g (fe)=2) = Pz =2z=gu
by auto

10.1 The Identity Function id

definition
id:'a = 'a
where
id = (\z. 1)

lemma id-apply [simp]: id z = z
by (simp add: id-def)

lemma image-ident [simp]: (%ox. z) ‘Y =Y
by blast

lemma image-id [simp]: id ‘Y =Y
by (simp add: id-def)

lemma vimage-ident [simp): (%oz. z) —*Y =Y
by blast

lemma vimage-id [simp]: id —° A = A
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by (simp add: id-def)

10.2 The Composition Operator f o g

definition
comp :: ('b = 'c) = (la = 'b) = 'a = 'c (infixl 0 55)
where

fog= @z f (g2))

notation (zsymbols)
comp (infixl o 55)

notation (HTML output)
comp (infixl o 55)

compatibility
lemmas o-def = comp-def

lemma o-apply [simp]: (fo g) v = f (g z)
by (simp add: comp-def)

lemma o-assoc: fo (goh)=fogoh
by (simp add: comp-def)

lemma id-o [simp]: id 0 g = ¢
by (simp add: comp-def)

lemma o-id [simp]: foid = f
by (simp add: comp-def)

lemma 0-eg-dest:
aob=cod= a(bv)=c(dv)
by (simp only: o-def) (fact fun-cong)

lemma o-eq-elim:
aob=cod= (Av.a(bv)=c(dv))= R) = R
by (erule meta-mp) (fact o-eq-dest)

lemma image-compose: (f o g) ‘r = f(g‘r)
by (simp add: comp-def, blast)

lemma vimage-compose: (g o f) —‘z =f —“ (g —*x)
by auto

lemma UN-o: UNION A (g o f) = UNION (f‘A) g
by (unfold comp-def, blast)

10.3 The Forward Composition Operator fcomp

definition
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feomp 2 ('a = 'b) = ('b = '¢) = 'a = ’c (infix]l 0> 60)
where
fo>g=(z g (fz))

lemma fcomp-apply: (f o> g) . = g (f z)
by (simp add: fcomp-def)

lemma fcomp-assoc: (f o> g) o> h = fo> (g 0> h)
by (simp add: feomp-def)

lemma id-fcomp [simp]: id 0> g = g
by (simp add: fcomp-def)

lemma feomp-id [simp]: f o> id = f
by (simp add: feomp-def)

code-const fcomp
(Eval infix]l 1 #>)

no-notation fecomp (infixl o> 60)

10.4 Injectivity and Surjectivity

definition
inj-on :: ['a => 'b, 'a set] => bool where
— injective
injron fA =="1x:A. | y:A. f(z)=f(y) ——> z=y

A common special case: functions injective over the entire domain type.

abbreviation
inj [ == inj-on f UNIV

definition
bij-betw :: (a => 'b) => 'a set => 'b set => bool where — bijective
[code del]: bij-betw f A B «—— inj-on fA& f‘A =B

definition
surj :: ("a => 'b) => bool where
— surjective
surj f ==1y. 2 z. y=f(z)
definition
bij : (‘a => 'b) => bool where
— bijective

bij f == inj f & surj f

lemma injl:
assumes Az y. fe =fy=—= 2z =y
shows inj f
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using assms unfolding inj-on-def by auto

For Proofs in Tools/ Datatype/ datatype-rep-proofs

lemma datatype-ingl:

(Mz. ALL y. f(z) = f(y) ——> z=y) ==> inj(f)
by (simp add: inj-on-def)

theorem range-exi-eq: inj f = b : range f = (EX! z. b = fz)
by (unfold inj-on-def, blast)

lemma injD: [| inj(f); f(z) = f(y) || ==> 2=y
by (simp add: inj-on-def)

lemma inj-on-eq-iff : inj-on f A ==> 1:A ==> y:A ==> (f(z) = f(y)) = (z=y)
by (force simp add: inj-on-def)

lemma inj-eq: inj f ==> (f(x) = () = (s=y)
by (simp add: inj-on-eq-iff)

lemma inj-on-id[simp]: inj-on id A
by (simp add: inj-on-def)

lemma inj-on-id2[simp]: inj-on (%ozx. z) A
by (simp add: inj-on-def)

lemma surj-id[simp]: surj id
by (simp add: surj-def)

lemma bij-id[simp]: bij id
by (simp add: bij-def)

lemma inj-onl:

Mzy. [| =4 g4 f(z) = f(y) || ==> a=y) ==> inj-on f A
by (simp add: inj-on-def)

lemma inj-on-inversel: (Nz. v:A ==> ¢g(f(z)) = =) ==> inj-on f A
by (auto dest: arg-cong |of concl: g] simp add: inj-on-def)

lemma inj-onD: || inj-on f A; f(z)=f(y); =:4; y:A|] ==> 2=y
by (unfold inj-on-def, blast)

lemma inj-on-iff: [| inj-on f A; x:A; y:A || ==> (f(z)=f(y)) = (z=y)
by (blast dest!: inj-onD)

lemma comp-ing-on:
[| inj-on f A; inj-on g (f‘A) || ==> inj-on (g o f) A
by (simp add: comp-def inj-on-def)

lemma inj-on-imagel: inj-on (g o f) A = inj-on g (f * A)
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apply(simp add:inj-on-def image-def)
apply blast
done

lemma inj-on-image-iff: [ ALL z:A. ALL y:A. (¢9(fz) = g(fy)) = (9gz =g y);
inj-on f A ]| = inj-on g (f * A) = inj-on g A

apply (unfold inj-on-def)

apply blast

done

lemma inj-on-contraD: [| inj-on f A; ~x=y; x:A; y:A|] ==>" f(z)=f(y)
by (unfold inj-on-def, blast)

lemma inj-singleton: inj (%s. {s})
by (simp add: inj-on-def)

lemma inj-on-empty[iff]: inj-on f {}
by (simp add: inj-on-def)

lemma subset-inj-on: || inj-on f B; A <= B || ==> inj-on f A
by (unfold inj-on-def, blast)

lemma inj-on-Un:
inj-on f (A Un B) =
(inj-on f A & inj-on f B & f*(A—B) Int f{(B—A) = {})
apply (unfold inj-on-def)
apply (blast intro:sym)
done

lemma inj-on-insert[iff]:
inj-on f (insert a A) = (inj-on f A & fa ~: f(A—{a}))
apply (unfold inj-on-def)
apply (blast intro:sym)
done

lemma inj-on-diff: inj-on f A ==> inj-on f (A—DB)
apply (unfold inj-on-def)

apply (blast)

done

lemma surjl: (! z. g(fz) = ) ==> surj g
apply (simp add: surj-def)

apply (blast intro: sym)

done

lemma surj-range: surj f ==> range f = UNIV
by (auto simp add: surj-def)

lemma surjD: surj f ==> EXz. y = fz
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by (simp add: surj-def)

lemma surjE: surj f ==> (Nz. y = fz ==> C) ==> C
by (simp add: surj-def, blast)

lemma comp-surj: [| surj f; surjg|] ==> surj (g o f)
apply (simp add: comp-def surj-def, clarify)

apply (drule-tac x = y in spec, clarify)

apply (drule-tac x = z in spec, blast)

done

lemma bijl: [| ing f; surj f |] ==> bij f
by (simp add: bij-def)

lemma bij-is-inj: bij f ==> inj f
by (simp add: bij-def)

lemma bij-is-surj: bij f ==> surj f
by (simp add: bij-def)

lemma bij-betw-imp-inj-on: bij-betw f A B = inj-on f A
by (simp add: bij-betw-def)

lemma bij-comp: bij f = bij g = bij (g o f)
by (fastsimp intro: comp-inj-on comp-surj simp: bij-def surj-range)

lemma bij-betw-trans:
bij-betw f A B = bij-betw g B C = bij-betw (g o f) A C
by (auto simp add:bij-betw-def comp-ing-on)

lemma bij-betw-inv: assumes bij-betw f A B shows EX g. bij-betw g B A
proof —
have i: inj-on fAand s: f ‘A =B
using assms by (auto simp:bij-betw-def)
let 2P = %b a. a:A A fa=blet 2g = %b. The (?P b)
{ fix a b assume P: ?Pba
hence ex!: Ja. ?P b a using s unfolding image-def by blast
hence wex!: la. ?P b a by(blast dest:inj-onD[OF i])
hence ?g b = a using thel-equality]OF uexl, OF P| P by simp
} note g = this
have inj-on %9 B
proof (rule inj-onl)
fix z y assume z:B y:B gz = ?g y
from s x:B) obtain a! where al: ?P z al unfolding image-def by blast
from s (y:B) obtain a2 where a2: ?P y a2 unfolding image-def by blast
from ¢[OF al] al g[OF a2] a2 (%9 x = ?g y> show z=y by simp
qed
moreover have ?g ‘B = A
proof(auto simp:image-def)
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fix b assume b:B
with s obtain a where P: ?P b a unfolding image-def by blast
thus ?g b € A using g[OF P] by auto
next
fix a assume a:A

then obtain b where P: ?P b a using s unfolding image-def by blast

then have b:B using s unfolding image-def by blast
with g[OF P] show 3b€B. a = ?g b by blast
qed
ultimately show ?thesis by (auto simp:bij-betw-def)
qged

lemma surj-image-vimage-eq: surj f ==> f* (f —“A) = A
by (simp add: surj-range)

lemma inj-vimage-image-eq: inj f ==>f —° (f *4) = A
by (simp add: inj-on-def, blast)

lemma vimage-subsetD: surj f ==>f —‘B <= A==>B<=f‘A
apply (unfold surj-def)

apply (blast intro: sym)

done

lemma vimage-subsetl: inj f ==> B<=f‘A==>f —‘B <= A
by (unfold inj-on-def, blast)

lemma vimage-subset-eq: bij f ==> (f —*B <= A) = (B <= f‘A)
apply (unfold bij-def)

apply (blast del: subsetl intro: vimage-subset] vimage-subsetD)

done

lemma inj-on-Un-image-eq-iff : inj-on f (AUB) = f‘A=f‘B «— A=

by (blast dest: inj-onD)

lemma inj-on-image-Int:

[| inj-on f C; A<=C; B<=C|] ==> f(A Int B) = f‘A Int f'B
apply (simp add: inj-on-def, blast)
done

lemma inj-on-image-set-diff:

[| inj-on f C; A<=C; B<=C || ==> f(A-B) = f'A — ‘B
apply (simp add: inj-on-def, blast)
done

lemma image-Int: inj f ==> (A Int B) = f‘'A Int f'B
by (simp add: inj-on-def, blast)

lemma image-set-diff: inj f ==> f(A—B) = f‘A — f'B
by (simp add: inj-on-def, blast)

197
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lemma inj-image-mem-iff: inj f ==> (fa: f'A) = (a: A)
by (blast dest: ingD)

lemma inj-image-subset-iff : inj f ==> (f‘A <= f'‘B) = (A<=B)
by (simp add: inj-on-def, blast)

lemma inj-image-eq-iff: inj f ==> (f‘'A = f'‘B) = (A = B)
by (blast dest: ingD)

lemma image-INT:
[| inj-on f C; ALL z:A. Bz <= C; j:A|]
—=> f*(INTER A B) = (INT z:A. f * B x)
apply (simp add: inj-on-def, blast)
done

lemma bij-image-INT: bij f ==> f ¢ (INTER A B) = (INT z:A. f * B )
apply (simp add: bij-def)

apply (simp add: inj-on-def surj-def, blast)

done

lemma surj-Compl-image-subset: surj f ==> —(f‘A) <= f(—A)
by (auto simp add: surj-def)

lemma inj-image-Compl-subset: inj f ==> f‘(—A) <= —(f‘A)
by (auto simp add: inj-on-def)

lemma bij-image-Compl-eq: bij f ==> f(—A) = —(f‘A)

apply (simp add: bij-def)

apply (rule equalityl )

apply (simp-all (no-asm-simp) add: inj-image-Compl-subset surj-Compl-image-subset)
done

lemma (in ordered-ab-group-add) inj-uminus|simp, intro): inj-on uminus A
by (auto intro!: inj-onl)

lemma (in linorder) strict-mono-imp-inj-on: strict-mono f = inj-on f A
by (auto intro!: inj-onl dest: strict-mono-eq)

10.5 Function Updating
definition

fun-upd 2 (Ya => 'b) => 'a => b => (‘a => 'b) where
fun-upd fa b == % z. if t=a then b else f x

nonterminals
updbinds updbind
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syntax
~updbind :: ['a, 'a] => updbind ((2-:=/-)
it updbind => updbinds (-)
-updbinds:: [updbind, updbinds] => updbinds (-,/ -)
-Update :: ['a, updbinds] => 'a (-/"((-)") [1000, 0] 900)
translations
-Update f (-updbinds b bs) == -Update (-Update f b) bs

f(z:=y) == CONST fun-upd f z y

lemma fun-upd-idem-iff: (f(z:=y) = f) = (fz = y)
apply (simp add: fun-upd-def, safe)

apply (erule subst)

apply (rule-tac [2] ext, auto)

done

lemmas fun-upd-idem = fun-upd-idem-iff [THEN 4ffD2, standard]
lemmas fun-upd-triv = refl [THEN fun-upd-idem]

declare fun-upd-triv [iff]

lemma fun-upd-apply [simp]: (f (z:=y))z = (if 2=z then y else [ 2)
by (simp add: fun-upd-def)

lemma fun-upd-same: (f(z:=y)) z =y

by simp

lemma fun-upd-other: z~=x ==> (f(z:=y)) z = f 2
by simp

lemma fun-upd-upd [simp]: f(x:=y,x:=z2) = f(x:=2)
by (simp add: expand-fun-eq)

lemma fun-upd-twist: a ~= ¢ ==> (m(a:=b))(c:=d) = (m(c:=d))(a:=b)
by (rule ext, auto)

lemma inj-on-fun-updl: [ inj-on f A; y ¢ fA] = inj-on (f(z:=y)) A
by (fastsimp simp:inj-on-def image-def)

lemma fun-upd-image:

flzi=y) ‘A= (if x € A then insert y (f * (A—{x})) else f * A)
by auto

lemma fun-upd-comp: f o (g(z :==y)) = (f o g)(z := fy)



THEORY “Fun” 200

by (auto intro: ext)

10.6 owverride-on

definition

override-on :: ('la = 'b) = (la = 'b) = 'a set = 'a = 'b
where

override-on f g A = (A\a. if a € A then g a else f a)

lemma override-on-emptyset|[simp|: override-on f g {} = f
by (simp add:override-on-def)

lemma override-on-apply-notin[simp]: a ~: A ==> (override-on f g A) a = f a
by (simp add:override-on-def)

lemma override-on-apply-in[simp]: a : A ==> (override-on f g A) a = g a
by (simp add:override-on-def)

10.7  swap

definition

swap : 'a = 'a = ('a = 'b) = (Yla = 'b)
where

swap a b f =f (a:=fb, b:=fa)

lemma swap-self [simp]: swap a a f = f
by (simp add: swap-def)

lemma swap-commute: swap a b f = swap b a f
by (rule ext, simp add: fun-upd-def swap-def)

lemma swap-nilpotent [simp]: swap a b (swap a b f) = f
by (rule ext, simp add: fun-upd-def swap-def)

lemma swap-triple:
assumes a # c and b # ¢
shows swap a b (swap b ¢ (swap a b f)) = swap a ¢ f
using assms by (simp add: expand-fun-eq swap-def)

lemma comp-swap: f o swap a b g = swap a b (f o g)
by (rule ext, simp add: fun-upd-def swap-def)

lemma inj-on-imp-inj-on-swap:
(linj-on f A; a € A; b € A|] ==> inj-on (swap a b f) A
by (simp add: inj-on-def swap-def, blast)

lemma inj-on-swap-iff [simp):

assumes A: a € A b € A shows inj-on (swap a b f) A = inj-on f A
proof

assume inj-on (swap a b f) A
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with A have inj-on (swap a b (swap a b f)) A
by (iprover intro: inj-on-imp-inj-on-swap)
thus inj-on f A by simp
next
assume inj-on f A
with A show inj-on (swap a b f) A by (iprover intro: inj-on-imp-inj-on-swap)
qed

lemma surj-imp-surj-swap: surj f ==> surj (swap a b f)
apply (simp add: surj-def swap-def, clarify)

apply (case-tac y = f b, blast)

apply (case-tac y = f a, auto)

done

lemma surj-swap-iff [simp: surj (swap a b f) = surj f
proof
assume surj (swap a b f)
hence surj (swap a b (swap a b f)) by (rule surj-imp-surj-swap)
thus surj f by simp
next
assume surj f
thus surj (swap a b f) by (rule surj-imp-surj-swap)
qged

lemma bij-swap-iff: bij (swap a b f) = bij f
by (simp add: bij-def)

hide-const (open) swap

10.8 Inversion of injective functions

definition the-inv-into :: 'a set => (‘a => 'b) => (b => 'a) where
the-inv-into A f == %z. THEy. y : A& fy ==

lemma the-inv-into-f-f:
[| inj-on fA; z: Al|] ==> the-inv-into A f (fz) ==z
apply (simp add: the-inv-into-def inj-on-def')
apply blast
done

lemma f-the-inv-into-f:
inj-on f A ==>y : f'A ==> f (the-inv-into A fy) =y
apply (simp add: the-inv-into-def)
apply (rule thell2)
apply (blast dest: inj-onD)
apply blast
done

lemma the-inv-into-into:
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[| inj-on fA; z: f*A; A <= B || ==> the-inv-into A fz : B
apply (simp add: the-inv-into-def)
apply (rule the1l2)
apply (blast dest: inj-onD)
apply blast
done

lemma the-inv-into-onto[simp):
inj-on f A ==> the-inv-into A f * (f “A) = A
by (fast intro:the-inv-into-into the-inv-into-f-f [symmetric])

lemma the-inv-into-f-eq:
[| inj-on fA; fe =y; x: Al|] ==> the-inv-into A fy =z
apply (erule subst)
apply (erule the-inv-into-f-f, assumption)
done

lemma the-inv-into-comp:
[| inj-on f (g “A); injrong A; 2 : f g “A|] ==>
the-inv-into A (f o g) © = (the-inv-into A g o the-inv-into (g * A) f) z
apply (rule the-inv-into-f-eq)
apply (fast intro: comp-inj-on)
apply (simp add: f-the-inv-into-f the-inv-into-into)
apply (simp add: the-inv-into-into)
done

lemma inj-on-the-inv-into:
inj-on f A = inj-on (the-inv-into A f) (f * A)
by (auto intro: inj-onl simp: image-def the-inv-into-f-f)

lemma bij-betw-the-inv-into:
bij-betw f A B = bij-betw (the-inv-into A f) B A
by (auto simp add: bij-betw-def inj-on-the-inv-into the-inv-into-into)

abbreviation the-inv :: (‘a = 'b) = (b = ’a) where
the-inv f = the-inv-into UNIV f

lemma the-inv-f-f:
assumes inj f
shows the-inv f (f ) = z using assms UNIV-I
by (rule the-inv-into-f-f)

10.9 Proof tool setup

simplifies terms of the form f(... x:=y,...,x:=z,...) to f(...,x:=z,...)

simproc-setup fun-upd2 (f(v := w, z :=y)) = {( fn - =>
let
fun gen-fun-upd NONE T - - = NONE
| gen-fun-upd (SOME f) T z y = SOME (Const (Q{const-name fun-upd}, T)



THEORY “Fun” 203

$f828y)

fun dest-fun-T1 (Type (-, T :: Ts)) =T
fun find-double (t as Const (Q{const-name fun-upd},T)$ f Sz 8 y) =

let

fun find (Const (Q{const-name fun-upd},T) $ g $ v $ w) =
if v aconv z then SOME g else gen-fun-upd (find g) T v w
| find t = NONE
in (dest-fun-T1 T, gen-fun-upd (find f) T z y) end

fun proc ss ct =
let
val ctzt = Simplifier.the-context ss
val t = Thm.term-of ct
m
case find-double t of
(T, NONE) => NONE
| (T, SOME rhs) =>
SOME (Goal.prove ctxt [] [] (Logic.mk-equals (t, rhs))
(fn-=>
rtac eq-reflection 1 THEN
rtac ext 1 THEN
simp-tac (Simplifier.inherit-context ss Q{simpset}) 1))
end
in proc end

)

10.10 Code generator setup

types-code
fun ((- =>/-))
attach (term-of) ((
fun term-of-fun-type - aT - bT - = Free (<function>, aT ——> bT);
»
attach (test) (
fun gen-fun-type aF oT bG bT i =
let
val tab = Unsynchronized.ref [|;
fun mk-upd (z, (-, y)) t = Const (Fun.fun-upd,
(aT ——> bT) ——> aT —> bT ——> aT —>bT)$t$aFz Sy ()

m
(fnz =>
case AList.lookup op = (ltab) = of
NONE =>

let val p as (y, -) = bG ¢
in (tab := (z, p) == tab; y) end
| SOME (y, -) => vy,
fn () => Basics.fold mk-upd (1tab) (Const (HOL.undefined, aT ——> bT)))
end;

)
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code-const op o
(SML infixl 5 o)
(Haskell infixr 9 .)

code-const id
(Haskell id)

end

11 Product-Type: Cartesian products

theory Product-Type
imports Typedef Inductive Fun
uses

(Tools/ split-rule. ML)

(Tools /inductive-set. ML)
begin

11.1 bool is a datatype
rep-datatype True False by (auto intro: bool-induct)

declare case-split [cases type: bool]
— prefer plain propositional version

lemma
shows [code]: eg-class.eq False P «—— — P
and [code]: eg-class.eq True P «—— P
and [code]: eg-class.eq P False «—— — P
and [code]: eg-class.eq P True «—— P
and [code nbel: eg-class.eq P P «—— True
by (simp-all add: eq)

code-const eq-class.eq :: bool = bool = bool
(Haskell infix] / ==)

code-instance bool :: eq
(Haskell —)

11.2 The unit type

typedef unit = {True}
proof

show True : Zunit ..
qed

definition
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Unity :: unit  ('("))
where
() = Abs-unit True

lemma unit-eq [no-atpl: u = ()
by (induct u) (simp add: unit-def Unity-def)

Simplification procedure for wunit-eq. Cannot use this rule directly — it
loops!
ML (
val unit-eq-proc =
let val unit-meta-eq = mk-meta-eq Q{thm unit-eq} in
Simplifier.simproc Q{theory} unit-eq [x::unit]
(fn - => fn - => fn t => if HOLogic.is-unit t then NONE else SOME

unit-meta-eq)

end;

Addsimprocs [unit-eq-proc];

)

rep-datatype () by simp

lemma unit-all-eq1: (Nz::unit. PROP P ) == PROP P ()
by simp

lemma unit-all-eq2: (Nz::unit. PROP P) == PROP P
by (rule triv-forall-equality)

This rewrite counters the effect of unit-eq-proc on %u::unit. f u, replacing it
by f rather than by %u. f ().

lemma unit-abs-eta-conv [simp,no-atp): (You::unit. f () = f
by (rule ext) simp

instantiation unit :: default
begin

definition default = ()
instance ..
end
lemma [code]:
eq-class.eq (u::unit) v «—— True unfolding eq unit-eq [of u] unit-eq [of v] by
rule+
code-type unit

(SML unit)
(OCaml unit)
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(Haskell ()
(Scala Unit)

code-const Unity
(SML ()
(OCaml ())
(Haskell ()
(Scala ()

code-instance unit :: eq
(Haskell —)

code-const eq-class.eq :: unit = unit = bool
(Haskell infix] / ==)

code-reserved SML
unit

code-reserved OCaml
untt

code-reserved Scala
Unit

11.3 The product type
11.3.1 Type definition

definition Pair-Rep :: '‘a = 'b = 'a = 'b = bool where
Pair-Rep a b= Az y. 2 =a Ay =Db)

global

typedef (Prod)
('a, 'b) *  (infixr x 20)
={f.3ab. f = Pair-Rep (a::'a) (b::'b)}
proof
fix a b show Pair-Rep a b € ?Prod
by rule+
qed

type-notation (zsymbols)
x ((-x/-)[21, 20] 20)
type-notation (HTML output)
x ((- x/ -)[21, 20] 20)

consts
Pair 2'a="b="a x'b

local
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defs
Pair-def:  Pair a b == Abs-Prod (Pair-Rep a b)

rep-datatype (prod) Pair proof —
fix P :: 'a x 'b = bool and p
assume Aa b. P (Pair a b)
then show P p by (cases p) (auto simp add: Prod-def Pair-def Pair-Rep-def)
next
fixac:aand bd:'b
have Pair-Rep a b = Pair-Rep cd «—— a=c AN b=d
by (auto simp add: Pair-Rep-def expand-fun-eq)
moreover have Pair-Rep a b € Prod and Pair-Rep ¢ d € Prod
by (auto simp add: Prod-def)
ultimately show Pair a b = Paircd «— a=cANb=4d
by (simp add: Pair-def Abs-Prod-inject)
qed

11.3.2 Tuple syntax

global consts

split = (la="b="c)="ax'b="c
local defs
split-prod-case: split == prod-case

Patterns — extends pre-defined type pttrn used in abstractions.

nonterminals
tuple-args patterns

syntax
-tuple i e => tuple-args => 'a * 'b ((1'(-,/ -"))
-tuple-arg :: 'a => tuple-args ()
-tuple-args :: 'a => tuple-args => tuple-args  (-,/ -)
-pattern  :: [pttrn, patterns] => ptirn ('(-,/ -")
i pttrn => patterns (-)

-patterns :: [pttrn, patterns| => patterns (-/ -)

translations

(z, y) == CONST Pair z y

-tuple © (-tuple-args y z) == -tuple x (-tuple-arg (-tuple y z))

%(x, y, 2s). b == CONST split (%x (y, zs). b)

%(z, y). b == CONST split (%o y. b)

-abs (CONST Pair z y) t => %(z, y). ¢

— The last rule accommodates tuples in ‘case C ... (x,y) ... =¢ ...” The (x,y) is
parsed as ‘Pair x y’ because it is logic, not pttrn

print-translation
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let
fun split-tr’ [Abs (z, T, t as (Abs abs))] =
(x split (%ox y. t) => %(z,y) t *)
let
val (y, t') = atomic-abs-tr' abs;
val (z', t"") = atomic-abs-tr' (z, T, t');
m
Syntaz.const Q{syntax-const -abs} $
(Syntax.const Q{syntaz-const -pattern} $ z'$ y) § ¢t”
end
| split-tr' [Abs (z, T, (s as Const (Q{const-syntax split}, -) $ t))] =
(x split (Y%oz. (split (%oy z. 1)) => %o(x,y,2). t *)
let
val Const (Q{syntaz-const -abs}, -) $
(Const (Q{syntaz-const -pattern}, -) $ y $ z) $ ¢’ = split-tr’ [t];
val (z', t"") = atomic-abs-tr' (z, T, t');
m
Syntax.const Q{syntax-const -abs} $
(Syntaz.const Q{syntaz-const -pattern} $ =’ $
(Syntax.const Q{syntaz-const -patterns} $ y $ z)) § ¢
end
| split-tr’ [Const (@Q{ const-syntazx split}, -) $ t] =
(x split (split (oxy z. t)) => %((z, y), 2). t *)
split-tr' [(split-tr’ [¢])] (* inner split-tr’ creates next pattern )
| split-tr’ [Const (@Q{syntaz-const -abs}, -) $ z-y § Abs abs] =
(x split (Y%opttrn z. t) => %(pttrn,z). t )
let val (z, t) = atomic-abs-tr’ abs in
Syntax.const Q{syntax-const -abs} $
(Syntaz.const @Q{syntaz-const -pattern}t $ z-y $ 2) $ ¢
end
| split-tr’ - = raise Match;
in [(Q{ const-syntaz split}, split-tr')] end

)

typed-print-translation ((
let
fun split-guess-names-tr’ - T [Abs (x, -, Abs -)] = raise Match
| split-guess-names-tr’ - T [Abs (z, 2T, t)] =
(case (head-of t) of
Const (Q{ const-syntazx split}, -) => raise Match
| - =>

val (- = yT :: -) = binder-types (domain-type T) handle Bind => raise
Match;
val (y, t') = atomic-abs-tr’ (y, yT, incr-boundvars 1 t $ Bound 0);
val (z', t'") = atomic-abs-tr’ (z, 2T, t’);
m
Syntaz.const Q{ syntaz-const -abs} $
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(Syntaz.const @{syntaz-const -pattern} $ ' $ y) $ "
end)
| split-guess-names-tr' - T [t] =
(case head-of t of
Const (Q{ const-syntazx split}, -) => raise Match

| - =>
let
val (zT :: yT :: -) = binder-types (domain-type T) handle Bind => raise
Match;
val (y, t') = atomic-abs-tr’ (y, yT, incr-boundvars 2 t $ Bound 1 $
Bound 0);
val (z', t"") = atomic-abs-tr' (z, 2T, t');
mn
Syntaz.const @Q{syntaz-const -abs} $
(Syntaz.const Q{syntaz-const -pattern} $ ' $ y) $ ¢"
end)
| split-guess-names-tr' - - - = raise Match;
in [(@Q{ const-syntax split}, split-guess-names-tr')] end
)

11.3.3 Code generator setup

lemma split-case-cert:
assumes CASE = split f
shows CASE (a, b) = fab
using assms by (simp add: split-prod-case)

setup (
Code.add-case Q{thm split-case-cert}

)

code-type x
(SML infix 2 x)
(OCaml infix 2 x)
(Haskell 1((-),/ (-)))
(Scala ((-),/ ()

code-const Pair
(SML !((-),/ (-)))
(OCaml /((-),/ (-)))
(Haskell 1((-),/ (-)))
(Seala 1((-),/ (-)))

code-instance * :: eq
(Haskell —)

code-const eg-class.eq :: 'a::eq X 'biieq = 'a x 'b = bool
(Haskell infixl 4 ==)
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types-code
o ((-%/-))
attach (term-of) ((
fun term-of-id-42 oF oT bF bT (x, y) = HOLogic.pair-const aT bT $ oF z $ bF
Y3
»
attach (test) (
fun gen-id-42 oG oT bG bT i =
let
val (z, t) = aG i
val (y, u) = bG i
in ((z, y), fn () => HOLogic.pair-const aT bT $t () $ v () end;

consts-code

Pair— ((~/ )

setup (
let

un strip-abs-split 0t = (||, ¢
f ip-abs-split 0
| strip-abs-split i (Abs (s, T, t)) =
let
val s’ = Codegen.new-name t s;
val v = Free (s', T)
in apfst (cons v) (strip-abs-split (i—1) (subst-bound (v, t))) end
| strip-abs-split i (u as Const (Q{const-name split}, -) $ t) =
(case strip-abs-split (i+1) t of
(v 2 v’ ws, u) => (HOLogic.mk-prod (v, v’) :: vs, u)
|- => ([, w)
| strip-abs-split i t =
strip-abs-split i (Abs (z, hd (binder-types (fastype-of t)), t $ Bound 0));

fun let-codegen thy defs dep thyname brack t gr =
(case strip-comb t of
(t1 as Const (Q{const-name Let}, -), t2 :: t3 :: ts) =>
let
fun dest-let (I as Const (Q{const-name Let}, -) $t$ u) =
(case strip-abs-split 1 u of
([p], u’) => apfst (cons (p, t)) (dest-let u’)
| -=> (D)
| dest-let t = ([], t);
fun mk-code (1, r) gr =
let
val (pl, gr1) = Codegen.invoke-codegen thy defs dep thyname false I gr;
val (pr, gr2) = Codegen.invoke-codegen thy defs dep thyname false r gri;
in ((pl, pr), gr2) end
in case dest-let (t1 $ t2 $ t3) of
(], -) => NONE
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| (ps, u) =>
let
val (gs, grl) = fold-map mk-code ps gr;
val (pu, gr2) = Codegen.invoke-codegen thy defs dep thyname false u gri;
val (pargs, gr8) = fold-map
(Codegen.invoke-codegen thy defs dep thyname true) ts gr2
in
SOME (Codegen.mk-app brack
(Pretty.blk (0, [Codegen.str let , Pretty.blk (0, flat
(separate [Codegen.str ;, Pretty.brk 1] (map (fn (pl, pr) =>
[Pretty.block [Codegen.str val , pl, Codegen.str =,
Pretty.brk 1, pr]]) g¢s))),
Pretty.brk 1, Codegen.str in , pu,
Pretty.brk 1, Codegen.str end])) pargs, gr3)
end

end
| - => NONE);

fun split-codegen thy defs dep thyname brack t gr = (case strip-comb t of
(t1 as Const (Q{const-name split}, -), t2 == ts) =>
let
val ([p], u) = strip-abs-split 1 (t1 $ t2);

val (g, gr1) = Codegen.invoke-codegen thy defs dep thyname false p gr;

I (pu, gr2) = Codegen.invoke-codegen thy defs dep thyname false u gril;
al (pargs, gr3) = fold-map
(Codegen.invoke-codegen thy defs dep thyname true) ts gr2

va
v

m
SOME (Codegen.mk-app brack
(Pretty.block [Codegen.str (fn , q, Codegen.str =>,
Pretty.brk 1, pu, Codegen.str )]) pargs, gr2)

end
| - => NONE);

mn

Codegen.add-codegen let-codegen let-codegen
#> Codegen.add-codegen split-codegen split-codegen

end

)

11.3.4 Fundamental operations and properties

lemma surj-pair [simp]: EX zy. p = (z, y)
by (cases p) simp

global consts
fst e x b= 'a
snd slax 'h="b
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local defs
fst-def: fst p == case p of (a, b) = a
snd-def: snd p == case p of (a, b) = b

lemma fst-conv [simp, code]: fst (a, b) = a
unfolding fst-def by simp

lemma snd-conv [simp, code]: snd (a, b) = b
unfolding snd-def by simp

code-const fst and snd
(Haskell fst and snd)

lemma prod-case-unfold: prod-case = (%c p. ¢ (fst p) (snd p))
by (simp add: expand-fun-eq split: prod.split)

lemma fst-egD: fst (z, y) = a ==>2x = a
by simp

lemma snd-eqD: snd (z, y) = a ==> y = a
by simp

lemma pair-collapse [simp]: (fst p, snd p) = p
by (cases p) simp

lemmas surjective-pairing = pair-collapse [symmetric]

lemma Pair-fst-snd-eq: s =t «— fst s = fst t A snd s = snd t
by (cases s, cases t) simp

lemma prod-eql [intro?]: fstp = fst ¢ = sndp = snd ¢ = p = q
by (simp add: Pair-fst-snd-eq)

lemma split-conv [simp, code]: split f (a, b) = fa b
by (simp add: split-prod-case)

lemma splitl: fa b = split f (a, b)
by (rule split-conv [THEN iffD2])

lemma splitD: split f (a, b)) = fab
by (rule split-conv [THEN iffD1])

lemma split-Pair [simp]: (M(z, ). (z, y)) = id
by (simp add: split-prod-case expand-fun-eq split: prod.split)

lemma split-eta: (A(z, y). f (z, y)) = f
— Subsumes the old split-Pair when f is the identity function.
by (simp add: split-prod-case expand-fun-eq split: prod.split)
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lemma split-comp: split (f o g) z = f (g (fst z)) (snd z)
by (cases z) simp

lemma split-twice: split f (split g p) = split (Az y. split f (g xy)) p
by (cases p) simp

lemma The-split: The (split P) = (THE zy. P (fst zy) (snd zy))
by (simp add: split-prod-case prod-case-unfold)

lemma split-weak-cong: p = ¢ = split ¢ p = split c ¢
— Prevents simplification of ¢: much faster
by (erule arg-cong)

lemma cond-split-eta: Nz y. fzy =g (z,y)) ==> (%(z, y). fry) =g
by (simp add: split-eta)

lemma split-paired-all: (!z. PROP P ) == (!la b. PROP P (a, b))
proof
fix a b
assume !lz. PROP P ¢
then show PROP P (a, b) .
next
fix z
assume !la b. PROP P (a, b)
from (PROP P (fst z, snd z)) show PROP P x by simp
qged

The rule split-paired-all does not work with the Simplifier because it also
affects premises in congrence rules, where this can lead to premises of the
form a b. ... = ?P(a, b) which cannot be solved by reflexivity.

lemmas split-tupled-all = split-paired-all unit-all-eq2

ML {
(x replace parameters of product type by individual component parameters x)
val safe-full-simp-tac = generic-simp-tac true (true, false, false);
local (x filtering with exists-paired-all is an essential optimization x)
fun exists-paired-all (Const (all, -) $ Abs (-, T, t)) =
can HOLogic.dest-prodT T orelse exists-paired-all t
| exists-paired-all (t $ u) = ewxists-paired-all t orelse exists-paired-all u
| exists-paired-all (Abs (-, -, t)) = exists-paired-all t
| exists-paired-all - = false;
val ss = HOL-basic-ss
addsimps [Q{thm split-paired-all}, Q{thm unit-all-eq2}, Q{thm unit-abs-eta-conv}|
addsimprocs [unit-eq-procl;
n
val split-all-tac = SUBGOAL (fn (t, i) =>
if exists-paired-all t then safe-full-simp-tac ss i else no-tac);

val unsafe-split-all-tac = SUBGOAL (fn (t, i) =>



THEORY “Product-Type” 214

if exists-paired-all t then full-simp-tac ss i else no-tac);
fun split-all th =
if exists-paired-all (Thm.prop-of th) then full-simplify ss th else th;
end;

)

declaration ( fn - =>
Classical.map-cs (fn cs => cs addSbefore (split-all-tac, split-all-tac))

)

lemma split-paired-All [simp]: (ALL z. P z) = (ALL a b. P (a, b))
— [iff] is not a good idea because it makes blast loop
by fast

lemma split-paired-Ex [simp]: (EX z. Pz) = (EX a b. P (a, b))
by fast

lemma split-paired-The: (THE z. P z) = (THE (a, b). P (a, b))
— Can’t be added to simpset: loops!
by (simp add: split-eta)

Simplification procedure for cond-split-eta. Using split-eta as a rewrite rule
is not general enough, and using cond-split-eta directly would render some
existing proofs very inefficient; similarly for split-beta.

ML (
local
val cond-split-eta-ss = HOL-basic-ss addsimps Q{thms cond-split-eta};
fun Pair-pat k 0 (Bound m) = (m = k)
| Pair-pat k i (Const (Q{const-name Pair}, -) $ Bound m $ t) =
i > 0 andalso m = k + i andalso Pair-pat k (i — 1) ¢
| Pair-pat - - - = false;
fun no-args k i (Abs (-, -, t)) = no-args (k + 1) it
| no-args ki (t $ u) = no-args k i t andalso no-args k i u
| no-args ki (Bound m) = m < k orelse m >k + i
| no-args - - - = true;
fun split-pat tp i (Abs (-, -, t)) = if tp 0 i t then SOME (i, t) else NONE
| split-pat tp i (Const (Q{const-name split}, -) $ Abs (-, -, t)) = split-pat tp (i
+ 1)t
| split-pat tp i - = NONE};
fun metaeq ss lhs rhs = mk-meta-eq (Goal.prove (Simplifier.the-context ss) || ]
(HOLogic.mk-Trueprop (HOLogic.mk-eq (lhs, rhs)))
(K (simp-tac (Simplifier.inherit-context ss cond-split-eta-ss) 1)));

fun beta-term-pat k i (Abs (-, -, t)) = beta-term-pat (k + 1) it
| beta-term-pat ki (t $ u) =
Pair-pat ki (t $ u) orelse (beta-term-pat k i t andalso beta-term-pat k i u)
| beta-term-pat k i t = no-args k i t;
fun eta-term-pat k i (f $ arg) = no-args k i f andalso Pair-pat k i arg
| eta-term-pat - - - = false;
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fun subst arg ki (Abs (z, T, t)) = Abs (z, T, subst arg (k+1) i t)
| subst arg ki (¢ $ u) =
if Pair-pat k i (¢ $ u) then incr-boundvars k arg
else (subst arg kit $ subst arg k i u)
| subst arg kit = t;
fun beta-proc ss (s as Const (Q{const-name split}, -) $ Abs (-, -, t) $ arg) =
(case split-pat beta-term-pat 1 t of
SOME (i, f) => SOME (metaeq ss s (subst arg 0 i f))
| NONE => NONE)
| beta-proc - - = NONE;
fun eta-proc ss (s as Const (Qf{const-name split}, -) $ Abs (-, -, t)) =
(case split-pat eta-term-pat 1 t of
SOME (-, ft) => SOME (metaeq ss s (let val (f $ arg) = ft in f end))
| NONE => NONE)
| eta-proc - - = NONE;
mn
val split-beta-proc = Simplifier.simproc @{theory} split-beta [split f z] (K beta-proc);
val split-eta-proc = Simplifier.simproc Q{theory} split-eta [split f] (K eta-proc);
end;

Addsimprocs [split-beta-proc, split-eta-proc];

)

lemma split-beta [monol: (%(z, y). Pxy) 2 = P (fst z) (snd 2)
by (subst surjective-pairing, rule split-conv)

lemma split-split [no-atp]: R(split ¢ p) = (ALLxy. p = (z, y) ——> R(c z y))
— For use with split and the Simplifier.
by (insert surj-pair [of p], clarify, simp)

split-split could be declared as [split] done after the Splitter has been speeded
up significantly; precompute the constants involved and don’t do anything
unless the current goal contains one of those constants.

lemma split-split-asm [no-atp]: R (split ¢ p) = (Y(EX zy. p = (z, y) & (YR (¢

zy))))

by (subst split-split, simp)

split used as a logical connective or set former.

These rules are for use with blast; could instead call simp using split as
rewrite.

lemma splitI2: !p. [| Na b. p = (a, b) ==> ca b || ==> split c p
apply (simp only: split-tupled-all)
apply (simp (no-asm-simp))
done

lemma splitI2”: p. [| Na b. (a, b)) =p==>cabz || ==>splitcpx
apply (simp only: split-tupled-all)
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apply (simp (no-asm-simp))
done

lemma splitE: split cp ==> Nz y. p = (z, y) ==>cazy ==> Q) ==> Q
by (induct p) (auto simp add: split-prod-case)

lemma splitE": split cp z ==> Nz y. p = (z,y) ==>czyz ==> Q) ==> @
by (induct p) (auto simp add: split-prod-case)

lemma splitE2:

(| Q (split P 2z); Nwy. [lz=(z,y); Q (Pzy)]==>R|==>R
proof —

assume ¢: @ (split P z)

assume 7: !z y. [|z = (z, ¥); @ (Pzy)|] ==> R

show R

apply (rule r surjective-pairing)+
apply (rule split-beta [THEN subst|, rule q)
done

qed

lemma splitD": split R (a,b) ¢ ==> R a b c
by simp

lemma mem-splitl: z: ¢ a b ==> z: split ¢ (a, b)
by simp

lemma mem-splitI2: !p. [| Na b. p = (a, b) ==> z: ca b || ==> z: split ¢ p
by (simp only: split-tupled-all, simp)

lemma mem-splitE:
assumes magor: z € split ¢ p
and cases: Az y.p=(z,y) = z€cxy = @
shows @
by (rule major [unfolded split-prod-case prod-case-unfold] cases surjective-pairing)-+

declare mem-splitI2 [intro!] mem-split] [intro!] splitI2’ [intro!] splitI2 [intro!] split]
[intro!]
declare mem-splitE [elim!] splitE’ [elim!] splitE [elim!]

ML (
local (* filtering with exists-p-split is an essential optimization %)
fun exists-p-split (Const (Q{const-name split},-) $ - $ (Const (@{const-name
Pair},-)$-$-)) = true
| exists-p-split (t $ u) = exists-p-split t orelse exists-p-split u
| exists-p-split (Abs (-, -, t)) = exists-p-split t
| exists-p-split - = false;
val ss = HOL-basic-ss addsimps Q{thms split-conv};
in
val split-conv-tac = SUBGOAL (fn (t, i) =>
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if exists-p-split t then safe-full-simp-tac ss i else no-tac);
end;

)

declaration ( fn - =>
Classical.map-cs (fn cs => cs addSbefore (split-conv-tac, split-conv-tac))

)

lemma split-eta-SetCompr [simp,no-atp]: (%ou. EX zy. u = (z, y) & P (z, y)) =
P
by (rule ext) fast

lemma split-eta-SetCompr2 [simp,no-atp]: (You. EX 2 y. u = (z, y) & Pz y) =
split P
by (rule ext) fast

lemma split-part [simp]: (%(a,b). P & @ a b) = (%ab. P & split Q ab)
— Allows simplifications of nested splits in case of independent predicates.
by (rule ext) blast

lemma split-comp-eq:
fixes f::'a=>"b=>'cand g :: '"d => "a
shows (%u. f (g (fst w)) (snd u)) = (split (%oz. f (g z)))
by (rule ext) auto

lemma pair-imagel [intro]: (a, b) : A ==> fab: (%(a, b). fad) ‘A
apply (rule-tac z = (a, b) in image-eql)
apply auto
done

lemma The-split-eq [simp]: (THE (z'y). ¢ = 2’ & y = y') = (z, y)
by blast

Setup of internal split-rule.

lemmas prod-casel = prod.cases [THEN iffD2, standard]

lemma prod-casel2: p. [| la b. p = (a, b)) ==> c a b || ==> prod-case ¢ p
by auto
lemma prod-casel2”: !p. [| Na b. (a, b) = p ==> ca bz |] ==> prod-case ¢ p x

by (auto simp: split-tupled-all)
lemma prod-caseE: prod-case ¢ p ==> Nz y. p = (z, y) ==> czy ==> Q)
by (induct p) auto

lemma prod-caseE": prod-case ¢ p z ==> Mz y. p = (z, y) ==> czxy z ==>
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Q) ==> @
by (induct p) auto

declare prod-casel2’ [intro!] prod-casel2 [introl] prod-casel [intro!]
declare prod-caseE’ [elim!] prod-caseE [elim!]

lemma prod-case-split:
prod-case = split
by (auto simp add: expand-fun-eq)

lemma prod-case-beta:

prod-case fp = [ (fst p) (snd p)
unfolding prod-case-split split-beta ..

lemma prod-cases3 [cases typel:
obtains (fields) a b ¢ where y = (a, b, ¢)
by (cases y, case-tac b) blast

lemma prod-induct3 [case-names fields, induct type]:
(Mabec P(a, b, c))==>Pz
by (cases z) blast

lemma prod-cases] [cases type]:
obtains (fields) a b ¢ d where y = (a, b, ¢, d)
by (cases y, case-tac c) blast

lemma prod-induct [case-names fields, induct type]:
Mabcd P (a,b,c,d)==>Pz
by (cases z) blast

lemma prod-cases5 [cases typel:
obtains (fields) a b ¢ d e where y = (a, b, ¢, d, ¢€)
by (cases y, case-tac d) blast

lemma prod-inductb [case-names fields, induct type]:
Mabcde P (a,b,c,d, e))==>Pux
by (cases z) blast

lemma prod-cases6 [cases typel:
obtains (fields) a b ¢ d e f where y = (a, b, ¢, d, ¢, f)
by (cases y, case-tac e) blast

lemma prod-induct6 [case-names fields, induct type]:
Mabedef.P(a, b, e, d, e f))==>Puz
by (cases z) blast

lemma prod-cases7 [cases typel:
obtains (fields) a b ¢ d e f g where y = (a, b, ¢, d, e, f, g)
by (cases y, case-tac f) blast
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lemma prod-induct? [case-names fields, induct type]:
Mabecdefg. P(a,b,c,d e f,g9)==>Pz
by (cases z) blast

lemma split-def:

split = (Ac p. ¢ (fst p) (snd p))
unfolding split-prod-case prod-case-unfold ..

definition internal-split :: ('a = 'b = '¢) = 'a x 'b = 'c where
internal-split == split

lemma internal-split-conv: internal-split ¢ (a, b) = c a b
by (simp only: internal-split-def split-conv)

use Tools/ split-rule. ML
setup Split-Rule.setup

hide-const internal-split

11.3.5 Derived operations
global consts

curry = (lax'b="c)="a="b="c

local defs
curry-def:  curry == (%c x y. ¢ (Pair z y))

lemma curry-conv [simp, code]: curry fa b = f (a, b)
by (simp add: curry-def)

lemma curryl [intro!]: f (a, b) = curry fa b
by (simp add: curry-def)

lemma curryD [dest!]: curry fa b = f (a, b)
by (simp add: curry-def)

lemma curryE: curry fa b = (f (a, b)) = Q) = @
by (simp add: curry-def)

lemma curry-split [simpl: curry (split f) = f
by (simp add: curry-def split-def)

lemma split-curry [simp]: split (curry f) = f
by (simp add: curry-def split-def)

The composition-uncurry combinator.

notation fcomp (infixl o> 60)
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definition scomp :: ('a = b x '¢) = ('b = ¢ = 'd) = 'a = 'd (infix] 0o— 60)
where
fo— g = (Az. split g (fz))

lemma scomp-apply: (f o— g) z = split g (f )
by (simp add: scomp-def)

lemma Pair-scomp: Pair z o— f = fzx
by (simp add: expand-fun-eq scomp-apply)

lemma scomp-Pair: x o— Pair = z
by (simp add: expand-fun-eq scomp-apply)

lemma scomp-scomp: (f o— g) o— h = fo— (Az. gz 0— h)
by (simp add: expand-fun-eq split-twice scomp-def)

lemma scomp-fcomp: (f o— g) 0> h = fo— (Az. g x 0> h)
by (simp add: expand-fun-eq scomp-apply fcomp-def split-def)

lemma fcomp-scomp: (f o> g) o— h = fo> (g o— h)
by (simp add: expand-fun-eq scomp-apply fcomp-apply)

code-const scomp
(Eval infixl 3 #—>)

no-notation fecomp (infixl o> 60)
no-notation scomp (infixl o— 60)

prod-fun — action of the product functor upon functions.

definition prod-fun :: ('la = '¢c) = ('b = 'd) = 'a x 'b = 'c¢ x 'd where
[code del]: prod-fun f g = (\(z, y). (fz, g y))

lemma prod-fun [simp, code]: prod-fun f g (a, b) = (f a, g b)
by (simp add: prod-fun-def)

lemma fst-prod-fun[simp]: fst (prod-fun f g ) = f (fst z)
by (cases z, auto)

lemma snd-prod-fun[simp]: snd (prod-fun f g x) = g (snd z)
by (cases z, auto)

lemma fst-comp-prod-fun[simp]: fst o prod-fun f g = f o fst
by (rule ext) auto

lemma snd-comp-prod-fun[simp]: snd o prod-fun f g = g o snd
by (rule ext) auto

lemma prod-fun-compose:
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prod-fun (f1 o f2) (g1 o ¢2) = (prod-fun f1 g1 o prod-fun f2 ¢2)
by (rule ext) auto

lemma prod-fun-ident [simp]: prod-fun (%x. z) (%y. y) = (%z. 2)
by (rule ext) auto

lemma prod-fun-imagel [intro]: (a, b) : v ==> (f a, g b) : prod-fun fg ‘r
apply (rule image-eql)
apply (rule prod-fun [symmetric], assumption)
done

lemma prod-fun-imageE [elim!]:
assumes major: c¢: (prod-fun f g)‘r
and cases: 'z y. [| e=(f(2),9(y)); (z,y):r || ==> P
shows P
apply (rule major [THEN imageE))
apply (case-tac )
apply (rule cases)
apply (blast intro: prod-fun)
apply blast
done

definition apfst :: ('/a = '¢) = 'a x 'b = ‘¢ x 'b where
apfst f = prod-fun f id

definition apsnd :: ('b = '¢) = 'a x 'b = 'a x 'c where
apsnd f = prod-fun id f

lemma apfst-conv [simp, code]:

apfst f (z, y) = (fz, y)
by (simp add: apfst-def)

lemma apsnd-conv [simp, code]:

apsnd f (z, y) = (z, f y)
by (simp add: apsnd-def)

lemma fst-apfst [simp]:

fst (apfst fx) = f (fst z)

by (cases z) simp

lemma fst-apsnd [simp]:
fst (apsnd fz) = fst x

by (cases x) simp

lemma snd-apfst [simp):
snd (apfst fz) = snd x
by (cases z) simp
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lemma snd-apsnd [simp]:
snd (apsnd fx) = f (snd )
by (cases z) simp

lemma apfst-compose:

apfst f (apfst g x) = apfst (f o g) =
by (cases x) simp

lemma apsnd-compose:
apsnd f (apsnd g x) = apsnd (f o g) z
by (cases z) simp

lemma apfst-apsnd [simp]:

apfst f (apsnd g z) = (f (fst ), g (snd z))
by (cases x) simp

lemma apsnd-apfst [simp]:

apsnd [ (apfst g x) = (g (fst ), [ (snd z))
by (cases z) simp

lemma apfst-id [simp] :
apfst id = id
by (simp add: expand-fun-eq)

lemma apsnd-id [simp)] :
apsnd id = id
by (simp add: expand-fun-eq)

lemma apfst-eq-conv [simp]:

wpfst [ = apfst g 5 — [ (fst 2) = g (fst )
by (cases x) simp

lemma apsnd-eg-conv [simp]:
apsnd fx = apsnd g x «— f (snd z) = g (snd z)
by (cases z) simp

lemma apsnd-apfst-commute:

apsnd f (apfst g p) = apfst g (apsnd f p)
by simp

Disjoint union of a family of sets — Sigma.

definition Sigma :: ['a set, 'a => b set] => ('a x 'b) set where
Sigma-def: Sigma A B == UN z:A. UN y:B z. { Pair z y}

abbreviation
Times :: ['a set, 'b set] => (‘a = 'b) set
(infixr <*> 80) where
A <x> B == Sigma A (%-. B)

222
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notation (zsymbols)
Times (infixr x 80)

notation (HTML output)
Times (infixr x 80)

syntax

-Sigma :: [pttrn, ‘a set, 'b set] => (‘a * 'b) set ((3SIGMA -:-./ -) [0, 0, 10] 10)
translations

SIGMA z:A. B == CONST Sigma A (%z. B)

lemma Sigmal [introl]: [| a:A; b:B(a) || ==> (a,b) : Sigma A B
by (unfold Sigma-def) blast

lemma SigmaFE [elim!]:
[| ¢: Sigma A B;
Nz y[| =:4; y:B(z); c=(z,y) || ==> P
) ==> P
— The general elimination rule.
by (unfold Sigma-def) blast

Elimination of (a, b) € A x B — introduces no eigenvariables.

lemma SigmaD1: (a, b) : Sigma A B ==> a : A
by blast

lemma SigmaD2: (a, b) : Sigma A B ==>b: Ba
by blast

lemma SigmaFE2:
[| (a, b) : Sigma A B;
[| a:4; b:B(a) || ==> P
| ==>P
by blast

lemma Sigma-cong:
[A=B;llz. 2 € B= Cz =D 1]
= (SIGMA z: A. Cz) = (SIGMA z: B. D x)
by auto

lemma Sigma-mono: [| A <= C; lz. x:4A ==> Bz <= Dz || ==> Sigma A B
<= Sigma C' D
by blast

lemma Sigma-emptyl [simp]: Sigma {} B = {}
by blast

lemma Sigma-empty2 [simp]: A <> {} = {}
by blast
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lemma UNIV-Times-UNIV [simp]: UNIV <x> UNIV = UNIV
by auto

lemma Compl-Times-UNIV1 [simp]: — (UNIV <x> A) = UNIV <x> (—A)
by auto

lemma Compl-Times-UNIV2 [simp]: — (A <x> UNIV) = (—A) <x> UNIV
by auto

lemma mem-Sigma-iff [iff]: ((a,b): Sigma A B) = (a:A & b:B(a))
by blast

lemma Times-subset-cancel2: z:C ==> (A <> C <= B <x> () = (A <= B)
by blast

lemma Times-eq-cancel2: z:C ==> (A <> C = B <> C) = (A = B)
by (blast elim: equalityE)

lemma SetCompr-Sigma-eq:
Collect (split (%oxy. Pz & Q zy)) = (SIGMA z:Collect P. Collect (Q z))
by blast

lemma Collect-split [simp]: {(a,b). P a & Q b} = Collect P <x> Collect @
by blast

lemma UN-Times-distrib:
(UN (a,b):(A <x> B). Fa <x> Fb) = (UNION A E) <x> (UNION B F)
— Suggested by Pierre Chartier
by blast

lemma split-paired-Ball-Sigma [simp,no-atp):
(ALL z: Sigma A B. P z) = (ALL z:A. ALL y: B z. P(x,y))
by blast

lemma split-paired-Bex-Sigma [simp,no-atp):
(EX z: Sigma A B. P z) = (EX z:A. EX y: B z. P(z,y))
by blast

lemma Sigma-Un-distribl: (SIGMA i:1 Un J. C(i)) = (SIGMA i:1. C(i)) Un
(SIGMA j:J. C(5))
by blast

lemma Sigma-Un-distrib2: (SIGMA i:1. A(i) Un B(i)) = (SIGMA i:1. A(i)) Un
(SIGMA i:1. B(i))
by blast

lemma Sigma-Int-distribl: (SIGMA :1 Int J. C(i)) = (SIGMA i:1. C(3)) Int
(SIGMA j:J. C(j))
by blast



THEORY “Product-Type” 225

lemma Sigma-Int-distrib2: (SIGMA i:I. A(i) Int B(3)) = (SIGMA i:1. A(3)) Int
(SIGMA i:1. B(i))
by blast

lemma Sigma-Diff-distribl: (SIGMA i:1 — J. C(i)) = (SIGMA :I. C(i)) —
(SIGMA j:J. C(j))
by blast

lemma Sigma-Diff-distrib2: (SIGMA i:I. A(i) — B(i)) = (SIGMA i:I. A(i)) —
(SIGMA i:1. B(i))
by blast

lemma Sigma-Union: Sigma (Union X) B = (UN A:X. Sigma A B)
by blast

Non-dependent versions are needed to avoid the need for higher-order match-
ing, especially when the rules are re-oriented.

lemma Times-Un-distribl: (A Un B) <x> C = (A <x> C) Un (B <x> C)
by blast

lemma Times-Int-distribl: (A Int B) <x> C = (A <x> C) Int (B <x> ()
by blast

lemma Times-Diff-distribl: (A — B) <x> C = (4 <x> C) — (B <x> ()
by blast

lemma Times-empty[simp]: A x B={} — A={}Vv B={}
by auto

lemma fst-image-times[simp]: fst ¢ (A x B) = (if B = {} then {} else A)
by (auto intro!: image-eql)

lemma snd-image-times[simp]: snd * (A x B) = (if A = {} then {} else B)
by (auto introl: image-eql)

lemma insert-times-insert[simp]:

insert a A X insert b B =

insert (a,b) (A x insert b B U insert a A X B)
by blast

lemma vimage-Times: f —‘ (A x B) = ((fst o f) —“A) N ((snd o f) —° B)
by (auto, case-tac f x, auto)

The following prod-fun lemmas are due to Joachim Breitner:

lemma prod-fun-inj-on:
assumes inj-on f A and inj-on g B
shows inj-on (prod-fun f g) (A x B)
proof (rule inj-onl)
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fixz:'ax’'cand y :: 'a x 'c
assume z € A x B hence fst x € A and snd x € B by auto
assume y € A X B hence fst y € A and snd y € B by auto
assume prod-fun f g x = prod-fun f g y
hence fst (prod-fun f g x) = fst (prod-fun f g y) by (auto)
hence f (fst ) = f (fst y) by (cases z,cases y,auto)
with «nj-on f A and (fst z € A and (fst y € A
have fst x = fst y by (auto dest:dest:inj-onD)
moreover from (prod-fun f g x = prod-fun f g
have snd (prod-fun f g x) = snd (prod-fun f g y) by (auto)
hence g (snd z) = g (snd y) by (cases x,cases y,auto)
with (inj-on ¢ B) and <snd z € B) and sndy € B)
have snd z = snd y by (auto dest:dest:inj-onD)
ultimately show z = y by(rule prod-eql)
qed

lemma prod-fun-surj:
assumes surj f and surj g
shows surj (prod-fun f g)

unfolding surj-def

proof
fixy::'bx'd
from (surj /) obtain a where fst y = f a by (auto elim:surjE)
moreover
from (surj ¢» obtain b where snd y = g b by (auto elim:surjE)
ultimately have (fst y, snd y) = prod-fun f g (a,b) by auto
thus dz. y = prod-fun f g x by auto

qed

lemma prod-fun-surj-on:
assumes f ‘A= A'and g ‘B = B’
shows prod-fun fg * (A x B) = A’ x B’
unfolding image-def
proof(rule set-ext,rule iffI)
fixz:'a x'c
assume z € {y:'a X ‘c. 3z::'b x 'd€EA x B. y = prod-fun f g x}
then obtain y where y € A x B and = = prod-fun f g y by blast
from «mage f A = A and <y € A x B) have f (fst y) € A’ by auto
moreover from «mage ¢ B = B) and (y € A x B) have g (snd y) € B’ by
auto
ultimately have (f (fst y), g (snd y)) € (A’ x B’) by auto
with & = prod-fun f g y» show z € A’ x B’ by (cases y, auto)
next
fix z::'a x c
assume z € A’ x B’ hence fst z € A’ and snd z € B’ by auto
from «mage f A = A’ and (fst z € A" have fst © € image f A by auto
then obtain a where a € A and fst = f a by (rule imageF)
moreover from «mage g B = B’ and (snd x € B"
obtain b where b € B and snd x = ¢ b by auto
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ultimately have (fst z, snd z) = prod-fun f g (a,b) by auto
moreover from (@ € A and % € B) have (a , b) € A x B by auto
ultimately have 3y € A x B. x = prod-fun f g y by auto
thus ¢ € {z. 3y € A x B. x = prod-fun f g y} by auto

qed

lemma swap-ingj-on:
by (auto intro!: inj-onl)

lemma swap-product:
(%(i, j)- (4, 1)) “ (A x B) =B x A
by (simp add: split-def image-def) blast

lemma image-split-eq-Sigma:
(Az. (fz, gz)) * A= Sigma (f*A) (Az. g * (f =" {z} N A4))
proof (safe intro!: imagel vimagel)
fix a b assume x: a € A b€ Aand eq: fa=fb
show (fb, ga) € (Az. (fz,gz)) ‘A
using * eq[symmetric] by auto
qed simp-all

11.4 Inductively defined sets

use Tools/inductive-set. ML
setup Inductive-Set.setup

11.5 Legacy theorem bindings and duplicates

lemma PairE:
obtains z y where p = (z, y)
by (fact prod.exhaust)
lemma Pair-inject:
assumes (a, b) = (a’, b')
and a = a'==>b=0b'==> R
shows R
using assms by simp
lemmas Pair-eq = prod.inject

lemmas split = split-conv — for backwards compatibility

end

12 Sum-Type: The Disjoint Sum of Two Types

theory Sum-Type
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imports Typedef Inductive Fun
begin

12.1 Construction of the sum type and its basic abstract
operations

definition Inl-Rep :: 'a = 'a = b = bool = bool where
Inl-Rep axyp «— x=a A p

definition Inr-Rep :: 'b = 'a = 'b = bool = bool where
Inr-Repbzyp«— y=bA-Dp

global

typedef (Sum) (‘a, 'b) + (infixr + 10) = {f. (3a. f = Inl-Rep (a::’a)) vV (3 b.
= Inr-Rep (b::'h))}
by auto

local

lemma Inl-Repl: Inl-Rep a € Sum
by (auto simp add: Sum-def)

lemma Inr-Repl: Inr-Rep b € Sum
by (auto simp add: Sum-def)

lemma inj-on-Abs-Sum: A C Sum = inj-on Abs-Sum A
by (rule inj-on-inversel, rule Abs-Sum-inverse) auto

lemma Inl-Rep-inject: inj-on Inl-Rep A
proof (rule inj-onl)
show Aa c. Inl-Rep a = Inl-Rep ¢ = a = ¢
by (auto simp add: Inl-Rep-def expand-fun-eq)
qed

lemma Inr-Rep-inject: inj-on Inr-Rep A
proof (rule inj-onlI)
show Ab d. Inr-Rep b = Inr-Rep d = b = d
by (auto simp add: Inr-Rep-def expand-fun-eq)
qed

lemma Inl-Rep-not-Inr-Rep: Inl-Rep a # Inr-Rep b
by (auto simp add: Inl-Rep-def Inr-Rep-def expand-fun-eq)

definition Inl :: ‘a = ‘a + 'b where
Inl = Abs-Sum o Inl-Rep

definition Inr :: 'b = ’‘a + 'b where
Inr = Abs-Sum o Inr-Rep
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lemma inj-Inl [simp]: inj-on Inl A
by (auto simp add: Inl-def intro!: comp-inj-on Inl-Rep-inject inj-on-Abs-Sum Inl-Repl)

lemma Inl-inject: Inlz = Inly = =z =y
using inj-Inl by (rule injD)

lemma inj-Inr [simp]: inj-on Inr A
by (auto simp add: Inr-def introl: comp-inj-on Inr-Rep-inject inj-on-Abs-Sum Inr-Repl)

lemma Inr-inject: Inrx = Inry =z =y
using inj-Inr by (rule injD)

lemma Inl-not-Inr: Inl a # Inr b
proof —

from Inl-Repl [of a] Inr-Repl [of b] have {Inl-Rep a, Inr-Rep b} C Sum by
auto

with inj-on-Abs-Sum have inj-on Abs-Sum {Inl-Rep a, Inr-Rep b} .

with Inl-Rep-not-Inr-Rep [of a b] inj-on-contraD have Abs-Sum (Inl-Rep a) #
Abs-Sum (Inr-Rep b) by auto

then show ?thesis by (simp add: Inl-def Inr-def)
qed

lemma Inr-not-Inl: Inr b # Inl a
using Inl-not-Inr by (rule not-sym)

lemma sumkE:

assumes Az::’a. s = Inlz = P

and Ay:'b. s = Inry = P

shows P
proof (rule Abs-Sum-cases [of s])

fix f

assume s = Abs-Sum f and f € Sum

with assms show P by (auto simp add: Sum-def Inl-def Inr-def)
qed

rep-datatype (sum) Inl Inr
proof —
fix P
fixs:’a+'b
assume z: Az::'a. P (Inl z) and y: Ay::’'b. P (Inr y)
then show P s by (auto intro: sumE [of s])
qed (auto dest: Inl-inject Inr-inject simp add: Inl-not-Inr)

12.2 Projections

lemma sum-case-KK [simp]: sum-case (Az. a) (Az. a) = (Az. a)
by (rule ext) (simp split: sum.split)
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lemma surjective-sum: sum-case (Az::'a. f (Inl x)) (Ay::'b. f (Inry)) = f
proof
fixs:'a+'b
show (case s of Inl (z::'a) = f (Inl z) | Inr (y::'b) = f (Inr y)) = fs
by (cases s) simp-all
qged

lemma sum-case-inject:
assumes a: sum-case f1 f2 = sum-case g1 g2
assumes r: fl = gl = f2 =92 = P
shows P
proof (rule r)
show f1 = g1 proof
fixz ::a
from o have sum-case f1 f2 (Inl ) = sum-case g1 g2 (Inl z) by simp
then show f1 x = g1 x by simp
qed
show f2 = ¢2 proof
fixy:'b
from a have sum-case f1 f2 (Inr y) = sum-case g1 g2 (Inr y) by simp
then show f2 y = g2 y by simp
qed
qed

lemma sum-case-weak-cong:
s =t = sum-case f g s = sum-case f gt
— Prevents simplification of f and ¢g: much faster.
by simp

primrec Projl :: ‘a + 'b = ’'a where
Projl-Inl: Projl (Inl z) = x

primrec Projr :: 'a + 'b = 'b where
Projr-Inr: Projr (Inr z) = x

primrec Suml :: (a = ’¢) = 'a + 'b = 'c where
Suml f (Inlx) = fz

primrec Sumr :: ('b = 'c¢) = 'a + 'b = 'c where
Sumr f (Inr z) = fz

lemma Suml-inject:
assumes Suml f = Suml g shows f = g
proof
fixz:'a
let s = Inlz :: 'a + 'b
from assms have Suml f ?2s = Suml g ?s by simp
then show fz = g z by simp
qed
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lemma Sumr-inject:
assumes Sumr f = Sumr g shows f = g
proof
fixz:'b
let s =Inrz::'a+'b
from assms have Sumr f 2s = Sumr g ?s by simp
then show fz = g x by simp
qed

12.3 The Disjoint Sum of Sets

definition Plus :: ‘a set = 'b set = (‘a + 'b) set (infixr <+> 65) where
A<+>B=Inl “AUlnr ‘B

lemma Inil [intro!]: a € A = Inla € A <+> B
by (simp add: Plus-def)

lemma Inrl [introl]: b € B = Inrb e A<+> B
by (simp add: Plus-def)

Exhaustion rule for sums, a degenerate form of induction

lemma PlusE [elim!]:

vweEA<+>B = (\Ne.2€e A= u=Ihlz —= P)= (A\y.y€ B= u=
Inry = P) =P
by (auto simp add: Plus-def)

lemma Plus-eg-empty-conv [simp]: A <+> B ={} «— A={} AN B ={}
by auto

lemma UNIV-Plus-UNIV [simp]: UNIV <+> UNIV = UNIV
proof (rule set-ext)

fix u:'a+ b

show u € UNIV <+4> UNIV «— u € UNIV by (cases u) auto
qed

hide-const (open) Suml Sumr Projl Projr

end

13 Rings: Rings

theory Rings
imports Groups
begin

class semiring = ab-semigroup-add + semigroup-mult +
assumes left-distrib[algebra-simps, field-simps]: (a + b) x c = a x ¢ + b * ¢
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assumes right-distrib[algebra-simps, field-simps]: a * (b + ¢) = a x b + a * ¢

begin

For the combine-numerals simproc

lemma combine-common-factor:
axe+(bxe+c)=(a+Dd)xe+c
by (simp add: left-distrib add-ac)

end

class mult-zero = times + zero +
assumes mult-zero-left [simp]: 0 * a = 0
assumes mult-zero-right [simp]: a x 0 = 0

class semiring-0 = semiring + comm-monoid-add + mult-zero

class semiring-0-cancel = semiring + cancel-comm-monoid-add
begin

subclass semiring-0

proof
fixa:'a
have 0 x a + 0 x a = 0 * a + 0 by (simp add: left-distrib [symmetric])
thus 0 x a = 0 by (simp only: add-left-cancel)

next
fix a :: 'a
have a x 0 + a x 0 = a * 0 + 0 by (simp add: right-distrib [symmetric])
thus a * 0 = 0 by (simp only: add-left-cancel)

qed

end

class comm-semiring = ab-semigroup-add + ab-semigroup-mult +
assumes distrib: (a + b) x c=a* c+ b*c
begin

subclass semiring
proof
fixabc:'a
show (a + ) xc=axc+ bxcby (simp add: distrib)
(

have a * (b + ¢) = (b + ¢) * a by (simp add: mult-ac)
also have ... = b x a + ¢ * a by (simp only: distrib)
also have ... = a * b + a * ¢ by (simp add: mult-ac)
finally show a % (b + ¢) = a * b + a * ¢ by blast
qed
end

class comm-semiring-0 = comm-semiring + comm-monoid-add + mult-zero
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begin
subclass semiring-0 ..
end

class comm-semiring-0-cancel = comm-semiring + cancel-comm-monoid-add
begin

subclass semiring-0-cancel ..

subclass comm-semiring-0 ..

end

class zero-neq-one = zero + one +
assumes zero-neg-one [simp|: 0 # 1

begin

lemma one-neg-zero [simpl: 1 # 0
by (rule not-sym) (rule zero-neg-one)

end

class semiring-1 = zero-neq-one + semiring-0 + monoid-mult

Abstract divisibility

class dvd = times
begin

definition dvd :: 'a = 'a = bool (infix] dvd 50) where
[code del]: b dvd a «—— (Tk. a = b * k)

lemma dvd! [intro?]: a = b+ k = b dvd a
unfolding dvd-def ..

lemma dvdE [elim?]: b dvd a = (Ak. a = b* k = P) = P
unfolding dvd-def by blast

end

class comm-semiring-1 = zero-neg-one + comm-semiring-0 + comm-monoid-mult
+ dvd

begin
subclass semiring-1 ..

lemma dvd-refi[simp]: a dvd a
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proof
show a = a * 1 by simp
qed

lemma dvd-trans:
assumes ¢ dvd b and b dvd c
shows a dvd ¢
proof —
from assms obtain v where b = a * v by (auto elim!: dvdE)
moreover from assms obtain w where ¢ = b *x w by (auto elim!: dvdE)
ultimately have ¢ = a * (v * w) by (simp add: mult-assoc)
then show ?thesis ..
qed

lemma dvd-0-left-iff [no-atp, simpl: 0 dvd a «—— a = 0
by (auto intro: dvd-refl elim!: dvdE)

lemma dvd-0-right [iff]: a dvd 0
proof

show 0 = a % 0 by simp
qed

lemma one-dvd [simp]: 1 dvd a
by (auto intro!: dvdl)

lemma dvd-mult[simp]: a dvd ¢ = a dvd (b * c)
by (auto intro!: mult-left-commute dvdl elim!: dvdE)

lemma dvd-mult2[simp]: a dvd b = a dvd (b * ¢)
apply (subst mult-commute)
apply (erule dvd-mult)
done

lemma dvd-triv-right [simpl: a dvd b * a
by (rule dvd-mult) (rule dvd-refl)

lemma dvd-triv-left [simp]: a dvd a * b
by (rule dvd-mult2) (rule dvd-refl)

lemma mult-dvd-mono:
assumes a dvd b

and ¢ dvd d
shows a * ¢ dvd b * d
proof —

from <a dvd b) obtain b’ where b = a * b’ ..
moreover from (c dvd d> obtain d’ where d = ¢ * d’ ..
ultimately have b x d = (a * ¢) x (b’ * d’) by (simp add: mult-ac)
then show ?thesis ..

qed
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lemma dvd-mult-left: a * b dvd ¢ = a dvd ¢
by (simp add: dvd-def mult-assoc, blast)

lemma dvd-mult-right: a * b dvd ¢ = b dvd ¢
unfolding mult-ac [of a] by (rule dvd-mult-left)

lemma dvd-0-left: 0 dvd a = a = 0
by simp

lemma dvd-add[simp]:
assumes ¢ dvd b and a dvd ¢ shows a dvd (b + ¢)

proof —
from (a dvd b> obtain b’ where b = a * b’ ..
moreover from (a dvd ¢) obtain ¢’ where ¢ = a * ¢’ ..
ultimately have b + ¢ = a * (b’ + ¢’) by (simp add: right-distrib)
then show ?thesis ..

qed

end

class no-zero-divisors = zero + times +
assumes no-zero-divisors: a # 0 = b # 0 = a *x b # 0
begin

lemma divisors-zero:
assumes a * b = 0
shows a =0V b =10

proof (rule classical)
assume - (a = 0V b = 0)
then have a # 0 and b # 0 by auto
with no-zero-divisors have a x b # 0 by blast
with assms show ?thesis by simp

qed

end

class semiring-1-cancel = semiring + cancel-comm-monoid-add
+ zero-neq-one + monoid-mult

begin

subclass semiring-0-cancel ..

subclass semiring-1 ..

end

class comm-semiring-1-cancel = comm-semiring + cancel-comm-monoid-add
+ zero-neg-one + comm-monoid-mult
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begin

subclass semiring-1-cancel ..
subclass comm-semiring-0-cancel ..
subclass comm-semiring-1 ..

end

class ring = semiring + ab-group-add
begin

subclass semiring-0-cancel ..

Distribution rules
lemma minus-mult-left: — (a * b) = — a * b

by (rule minus-unique) (simp add: left-distrib [symmetric])

lemma minus-mult-right: — (a * b) = a * — b
by (rule minus-unique) (simp add: right-distrib [symmetric])
Extract signs from products

lemmas mult-minus-left [simp, no-atp] = minus-mult-left [symmetric]
lemmas mult-minus-right [simp,no-atp] = minus-mult-right [symmetric]

lemma minus-mult-minus [simp]: — a * — b = a * b
by simp

lemma minus-mult-commute: — a x b = a x — b

by simp

lemma right-diff-distrib[algebra-simps, field-simps]: a * (b — ¢) =a % b — a * ¢
by (simp add: right-distrib diff-minus)

lemma left-diff-distribalgebra-simps, field-simps]: (a — b) x c = a*x ¢ — b x ¢
by (simp add: left-distrib diff-minus)

lemmas ring-distribs[no-atp] =
right-distrib left-distrib left-diff-distrib right-diff-distrib

lemma eq-add-iff1:
axet+c=bxe+d—— (a—b)xe+c=d
by (simp add: algebra-simps)

lemma eg-add-iff2:
axe+c=bxe+de——c=(b—-—a)xe+d
by (simp add: algebra-simps)

end
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lemmas ring-distribs[no-atp] =
right-distrib left-distrib left-diff-distrib right-diff-distrib

class comm-ring = comm-semiring + ab-group-add
begin

subclass ring ..
subclass comm-semiring-0-cancel ..

end

class ring-1 = ring + zero-neq-one + monoid-mult
begin

subclass semiring-1-cancel ..

end

class comm-ring-1 = comm-ring + zero-neg-one + comm-monoid-mult
begin

subclass ring-1 ..
subclass comm-semiring-1-cancel ..

lemma dvd-minus-iff [simp]: © dvd — y «—— z dvd y
proof
assume z dvd — y
then have z dvd — 1 * — y by (rule dvd-mult)
then show z dvd y by simp
next
assume z dvd y
then have z dvd — 1 * y by (rule dvd-mult)
then show z dvd — y by simp

qed
lemma minus-dvd-iff [simp]: — z dvd y «—— z dvd y
proof

assume — z dvd y

then obtain k¥ where y = — z % k ..

then have y = z x — k by simp
then show z duvd y ..

next
assume z dvd y
then obtain k where y = z x k ..
then have y = — z * — k by simp
then show — z dvd y ..

qed
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lemma dvd-diff [simp]: « dvd y = = dvd z = z dvd (y — 2)
by (simp only: diff-minus dvd-add dvd-minus-iff )

end

class ring-no-zero-divisors = ring + no-zero-divisors
begin

lemma mult-eq-0-iff [simp]:
shows a x b=0+««— (a=0V b=20)
proof (casesa =0V b = 0)
case Fualse then have a # 0 and b # 0 by auto
then show ?thesis using no-zero-divisors by simp
next
case True then show ?thesis by auto
qed

Cancellation of equalities with a common factor

lemma mult-cancel-right [simp, no-atp):
axc=bxc+—c=0Va=1»>
proof —
have (a x c=bxc¢) = ((a — b) x c = 0)
by (simp add: algebra-simps)
thus ?thesis by (simp add: disj-commute)
qed

lemma mult-cancel-left [simp, no-atp]:
cxa=c*xb+——c=0Va=>b
proof —
have (cx a=cx b) = (cx (a — b) = 0)
by (simp add: algebra-simps)
thus ?thesis by simp
qed

end

class ring-1-no-zero-divisors = ring-1 + ring-no-zero-divisors
begin

lemma square-eq-1-iff:
rxx=1—zcz=1Var=—1
proof —
have (z — 1) x (z+ 1) =z *2 — 1
by (simp add: algebra-simps)
hencez sz =1««—(z—1)x(x+1)=10
by simp
thus ?thesis
by (simp add: eg-neg-iff-add-eq-0)
qed
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lemma mult-cancel-right1 [simp]:
c=bxce——c=0Vb=1
by (insert mult-cancel-right [of 1 ¢ b], force)

lemma mult-cancel-right2 [simp]:
axc=c+—c=0Va=1
by (insert mult-cancel-right [of a ¢ 1], simp)

lemma mult-cancel-left1 [simp]:
c=cxbe——c=0Vb=1
by (insert mult-cancel-left [of ¢ 1 b], force)

lemma mult-cancel-left2 [simp]:
cxag=c+——c=0Va=1
by (insert mult-cancel-left [of ¢ a 1], simp)

end

class idom = comm-ring-1 + no-zero-divisors
begin

subclass ring-1-no-zero-divisors ..

lemma square-eq-iff: a x a = bx b «—— (a=bV a=—0b)
proof
assume a * a = b * b
then have (a — b) * (a + b) = 0
by (simp add: algebra-simps)

then show a =06V a= -5
by (simp add: eq-neg-iff-add-eq-0)
next
assume a = bVa=-—2»%
then show a * a = b x b by auto
qed

lemma dvd-mult-cancel-right [simp):
a*xcdvdbxce——c=0Vadvdbd
proof —
have a * cdvd b x ¢ — (Fk. b*x c = (a x k) * ¢)
unfolding dvd-def by (simp add: mult-ac)
also have (k. bxc=(a*xk)*xc)—c=0V advdbd
unfolding dvd-def by simp
finally show ?thesis .
qed

lemma dvd-mult-cancel-left [simp]:
cxadvdcxbe——c=0Vadvudb
proof —
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have ¢ x a dvd ¢ x b «—— (k. b *x c = (a x k) * ¢)
unfolding dvd-def by (simp add: mult-ac)
also have (3k. bxc=(axk)*xc)—— c=0V advdb
unfolding dvd-def by simp
finally show ?%thesis .
qed

end

class inverse =
fixes inverse :: 'a = 'a
and diwide :: 'a = 'a = 'a (infixl '/ 70)

class division-ring = ring-1 + inverse +
assumes left-inverse [simp]: a # 0 = inverse a *x a = 1
assumes right-inverse [simp]: @ # 0 = a * inverse a = 1
assumes divide-inverse: a / b = a * inverse b

begin

subclass ring-1-no-zero-divisors
proof
fixab:'a
assume a: o # 0 and b: b # 0
show a x b #£ 0
proof
assume ab: a x b = 0
hence 0 = inverse a x (a * b) x inverse b by simp

also have ... = (inverse a * a) * (b * inverse b)
by (simp only: mult-assoc)
also have ... = 1 using a b by simp
finally show Fulse by simp
qged
qed

lemma nonzero-imp-inverse-nonzero:
a # 0 = inverse a #* 0
proof
assume ianz: inverse a = 0
assume a # 0
hence 1 = a * inverse a by simp
also have ... = 0 by (simp add: ianz)
finally have 1 = 0 .
thus Fualse by (simp add: eq-commute)
qed

lemma inverse-zero-imp-zero:
mverse a = 0 = a = 0

apply (rule classical)

apply (drule nonzero-imp-inverse-nonzero)
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apply auto
done

lemma inverse-unique:
assumes ab: a * b = 1
shows inverse a = b
proof —
have a # 0 using ab by (cases a = 0) simp-all
moreover have inverse a * (a * b) = inverse a by (simp add: ab)
ultimately show ?thesis by (simp add: mult-assoc [symmetric])
qed

lemma nonzero-inverse-minus-eq:
a # 0 = inverse (— a) = — inverse a
by (rule inverse-unique) simp

lemma nonzero-inverse-inverse-eq:
a # 0 = inverse (inverse a) = a
by (rule inverse-unique) simp

lemma nonzero-inverse-eq-imp-eq:
assumes inverse a = inverse b and a # 0 and b # 0
shows a = b
proof —
from <inverse a = inverse b
have inverse (inverse a) = inverse (inverse b) by (rule arg-cong)
with <a # () and b # 0) show a = b
by (simp add: nonzero-inverse-inverse-eq)
qed

lemma inverse-1 [simp]: inverse 1 = 1
by (rule inverse-unique) simp

lemma nonzero-inverse-mult-distrib:
assumes a # 0 and b # 0
shows inverse (a x b) = inverse b * inverse a

proof —
have a * (b x inverse b) * inverse a = 1 using assms by simp
hence a * b x (inverse b * inverse a) = 1 by (simp only: mult-assoc)
thus ?thesis by (rule inverse-unique)

qed

lemma division-ring-inverse-add:
a# 0= b+# 0= inverse a + inverse b = inverse a * (a + b) * inverse b
by (simp add: algebra-simps)

lemma division-ring-inverse-diff :
a# 0= b+# 0= inverse a — inverse b = inverse a * (b — a) * inverse b
by (simp add: algebra-simps)
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lemma right-inverse-eq: b # 0 — a / b=1«— a=1»>
proof
assume neq: b # 0

hence a = (a / b) * b by (simp add: divide-inverse mult-assoc)
also assume a / b = 1
finally show a = b by simp
next
assume a = b
with neq show a / b = 1 by (simp add: divide-inverse)
}

qed

lemma nonzero-inverse-eq-divide: a # 0 = inverse a = 1 / a
by (simp add: divide-inverse)

lemma divide-self [simp]: a # 0 = a | a = 1
by (simp add: divide-inverse)

lemma divide-zero-left [simp]: 0 / a = 0
by (simp add: divide-inverse)

lemma inverse-eq-divide: inverse a = 1 / a
by (simp add: divide-inverse)

lemma add-divide-distrib: (a+b) / ¢ = a/c + b/c
by (simp add: divide-inverse algebra-simps)

lemma divide-1 [simp]: a / 1 = a
by (simp add: divide-inverse)

lemma times-divide-eq-right [simp): a x (b / ¢) = (a * b) / ¢
by (simp add: divide-inverse mult-assoc)

lemma minus-divide-left: — (a / b) = (—a) / b
by (simp add: divide-inverse)

lemma nonzero-minus-divide-right: b # 0 ==> — (a / b) = a / (= b)
by (simp add: divide-inverse nonzero-inverse-minus-eq)

lemma nonzero-minus-divide-divide: b # 0 ==> (—a) / (=b) =a / b
by (simp add: divide-inverse nonzero-inverse-minus-eq)

lemma divide-minus-left [simp, no-atpl: (—a) / b= — (a / b)
by (simp add: divide-inverse)

lemma diff-divide-distrib: (a —b) / c=a /c—b /¢
by (simp add: diff-minus add-divide-distrib)
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lemma nonzero-eq-divide-eq [field-simps]: ¢ 0 = a=b /[ c+—— axc=1b
proof —
assume [simp]: ¢ # 0
have a=b/c«—axc=(b/ c)* cby simp
also have ... <« a x ¢ = b by (simp add: divide-inverse mult-assoc)
finally show ?thesis .
qed

lemma nonzero-divide-eq-eq [field-simps]: ¢ # 0 = b/ c=a+«— b=ax*c
proof —
assume [simp]: ¢ # 0
have b / c=a«— (b / ¢) * ¢ = a x ¢ by simp
also have ... «— b = a * ¢ by (simp add: divide-inverse mult-assoc)
finally show ?thesis .
qed

lemma divide-eg-imp: ¢ # 0 = b=axc= b/ c=a
by (simp add: divide-inverse mult-assoc)

lemma eg-divide-imp: ¢ 2 0 = axc=b=a=10/ ¢
by (drule sym) (simp add: divide-inverse mult-assoc)

end

class division-ring-inverse-zero = division-ring +
assumes inverse-zero [simpl: inverse 0 = 0
begin

lemma divide-zero [simp):
a/0=20
by (simp add: divide-inverse)

lemma divide-self-if [simp]:
a/ a=(ifa = 0then 0 else 1)
by simp

lemma inverse-nonzero-iff-nonzero [simp]:
mverse a = 0 «—— a = 0
by rule (fact inverse-zero-imp-zero, simp)

lemma inverse-minus-eq [simp]:
inverse (— a) = — inverse a
proof cases
assume a=0 thus ?thesis by simp
next
assume a0
thus ?thesis by (simp add: nonzero-inverse-minus-eq)
qed
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lemma inverse-eq-imp-eq:
inverse a = inverse b => a = b
apply (cases a=0 | b=0)
apply (force dest!: inverse-zero-imp-zero
simp add: eq-commute [of 0::'a])
apply (force dest!: nonzero-inverse-eq-imp-eq)
done

lemma inverse-eq-iff-eq [simp]:
inverse a = inverse b «—— a = b
by (force dest!: inverse-eq-imp-eq)

lemma inverse-inverse-eq [simp]:
inverse (inverse a) = a
proof cases
assume a=0 thus ?thesis by simp
next
assume a#0
thus ?thesis by (simp add: nonzero-inverse-inverse-eq)
qed

end

class mult-mono = times + zero + ord +
assumes mult-left-mono: a < b= 0<c=c*xa<cxb
assumes mult-right-mono: a < b= 0<c=axc<bxc

The theory of partially ordered rings is taken from the books:

e Lattice Theory by Garret Birkhoff, American Mathematical Society
1979

e Partially Ordered Algebraic Systems, Pergamon Press 1963
Most of the used notions can also be looked up in

e http://www.mathworld.com by Eric Weisstein et. al.

e Algebra I by van der Waerden, Springer.

class ordered-semiring = mult-mono + semiring-0 + ordered-ab-semigroup-add
begin

lemma mult-mono:
0<b=c¢c<d=0<b=0<c
== axc<bxd
apply (erule mult-right-mono [THEN order-trans|, assumption)
apply (erule mult-left-mono, assumption)
done


http://www.mathworld.com
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lemma mult-mono”:
0<b=—=c<d=—=0<a=—0<c
— axc<bxd
apply (rule mult-mono)
apply (fast intro: order-trans)+
done

end

class ordered-cancel-semiring = mult-mono + ordered-ab-semigroup-add
+ semiring + cancel-comm-monoid-add
begin

subclass semiring-0-cancel ..
subclass ordered-semiring ..

lemma mult-nonneg-nonneg: 0 < a = 0 < b= 0 < ax*xb
using mult-left-mono [of 0 b a] by simp

lemma mult-nonneg-nonpos: 0 < a = b < 0= a*xb <0
using mult-left-mono [of b 0 a] by simp

lemma mult-nonpos-nonneg: a < 0 = 0 < b= axb < 0
using mult-right-mono [of a 0 b] by simp

Legacy - use mult-nonpos-nonneg

lemma mult-nonneg-nonpos2: 0 < a — b < 0 = b*xa < 0
by (drule mult-right-mono [of b 0], auto)

lemma split-mult-neg-le: (0 < a & b<0)|(a<0& 0<b) = ax*xb<0
by (auto simp add: mult-nonneg-nonpos mult-nonneg-nonpos?2)

end
class linordered-semiring = semiring + comm-monoid-add + linordered-cancel-ab-semigroup-add
+ mult-mono
begin
subclass ordered-cancel-semiring ..
subclass ordered-comm-monoid-add ..
lemma mult-left-less-imp-less:
cxa<cxb=—=0<c=a<d

by (force simp add: mult-left-mono not-le [symmetric])

lemma mult-right-less-imp-less:
axc<bxc—=—=0<c=a<bd



THEORY “Rings” 246

by (force simp add: mult-right-mono not-le [symmetric])
end

class linordered-semiring-1 = linordered-semiring + semiring-1
begin

lemma convez-bound-le:

assumes z < ay<al0<ul<vu+v=1

shows u xz +v*xy <a
proof—

from assms have u x  + v x y < u *x a + v % a

by (simp add: add-mono mult-left-mono)

thus ?thesis using assms unfolding left-distrib[symmetric] by simp

qed

end

class linordered-semiring-strict = semiring + comm-monoid-add + linordered-cancel-ab-semigroup-add
_l’_

assumes mult-strict-left-mono: a < b = 0 < c=c*xa < cxb

assumes mult-strict-right-mono: a < b = 0 < c = a*xc < bxc
begin

subclass semiring-0-cancel ..

subclass linordered-semiring
proof
fixabc:'a
assume A: a < b0 < ¢
from A show c*xa < cx*x b
unfolding le-less
using mult-strict-left-mono by (cases ¢ = 0) auto
from A show a x ¢ < b * ¢
unfolding le-less
using mult-strict-right-mono by (cases ¢ = 0) auto
qed

lemma mult-left-le-imp-le:
cxa<cxb=0<c=a<hb
by (force simp add: mult-strict-left-mono -not-less [symmetric])

lemma mult-right-le-imp-le:
axc<bxc=—=0<c=—a<hb
by (force simp add: mult-strict-right-mono not-less [symmetric])

lemma mult-pos-pos: 0 < a =— 0 < b= 0 < axb
using mult-strict-left-mono [of 0 b a] by simp
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lemma mult-pos-neg: 0 < a = b < 0 = a*b<0
using mult-strict-left-mono [of b 0 a] by simp

lemma mult-neg-pos: a < 0 = 0 < b= axb <0
using mult-strict-right-mono [of a 0 b] by simp

Legacy - use mult-neg-pos

lemma mult-pos-neg2: 0 < a = b < 0 = 0>bx*xa <0
by (drule mult-strict-right-mono [of b 0], auto)

lemma zero-less-mult-pos:
0<axb=0<a=0<b

apply (cases b<0)

apply (auto simp add: le-less not-less)

apply (drule-tac mult-pos-neg [of a b))
apply (auto dest: less-not-sym)

done

lemma zero-less-mult-pos2:
0<bxa=0<a=0<Db

apply (cases b<0)

apply (auto simp add: le-less not-less)

apply (drule-tac mult-pos-neg2 [of a b))
apply (auto dest: less-not-sym)

done

Strict monotonicity in both arguments

lemma mult-strict-mono:
assumes ¢ < band ¢c < dand 0 < band 0 < ¢
shows a x ¢ < b x d
using assms apply (cases ¢=0)
apply (simp add: mult-pos-pos)
apply (erule mult-strict-right-mono [THEN less-trans))
apply (force simp add: le-less)
apply (erule mult-strict-left-mono, assumption)
done

This weaker variant has more natural premises

lemma mult-strict-mono:
assumes ¢ < band ¢c < dand 0 < gand 0 < ¢
shows a x ¢ < b * d

by (rule mult-strict-mono) (insert assms, auto)

lemma mult-less-le-imp-less:
assumes ¢ < band ¢c < dand 0 < gand 0 < ¢
shows a x ¢ < b * d
using assms apply (subgoal-tac a x ¢ < b x ¢)
apply (erule less-le-trans)
apply (erule mult-left-mono)
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apply simp

apply (erule mult-strict-right-mono)
apply assumption

done

lemma mult-le-less-imp-less:
assumes ¢ < band c < dand 0 < a and 0 < ¢
shows a * ¢ < b x d
using assms apply (subgoal-tac a *x ¢ < b x c)
apply (erule le-less-trans)
apply (erule mult-strict-left-mono)
apply simp
apply (erule mult-right-mono)
apply simp
done

lemma mult-less-imp-less-left:

assumes less: ¢ x a < ¢ x b and nonneg: 0 < ¢

shows a < b
proof (rule ccontr)

assume = a < b

hence b < a by (simp add: linorder-not-less)

hence ¢ x b < ¢ * a using nonneg by (rule mult-left-mono)

with this and less show False by (simp add: not-less [symmetric))
qed

lemma mult-less-imp-less-right:
assumes less: a x ¢ < b x ¢ and nonneg: 0 < ¢
shows a < b
proof (rule ccontr)
assume — g < b
hence b < a by (simp add: linorder-not-less)
hence b * ¢ < a * ¢ using nonneg by (rule mult-right-mono)
with this and less show False by (simp add: not-less [symmetric])
qed

end

class linordered-semiring-1-strict = linordered-semiring-strict + semiring-1
begin

subclass linordered-semiring-1 ..

lemma convex-bound-lt:
assumes t < ay<al0<ul<vu+v=1
shows u x x + v x y < a
proof —
from assms have u x . + v *x y < u*xa+ v *a
by (cases u = 0)
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(auto intro!: add-less-le-mono mult-strict-left-mono mult-left-mono)
thus ?thesis using assms unfolding left-distrib[symmetric] by simp
qed

end

class mult-monol = times + zero + ord +
assumes mult-monol: a <b—=0<c=—=cxa<cxb

class ordered-comm-semiring = comm-semiring-0
+ ordered-ab-semigroup-add + mult-monol
begin

subclass ordered-semiring
proof

fixabc:'a

assume a < b0 < ¢

thus ¢ *x a < ¢ * b by (rule mult-monol)

thus a * ¢ < b * ¢ by (simp only: mult-commute)
qed

end

class ordered-cancel-comm-semiring = comm-semiring-0-cancel
+ ordered-ab-semigroup-add + mult-monol
begin

subclass ordered-comm-semiring ..
subclass ordered-cancel-semiring ..

end

class linordered-comm-semiring-strict = comm-semiring-0 + linordered-cancel-ab-semigroup-add
+

assumes mult-strict-left-mono-comm: a < b = 0 < c = c*xa < cx*x b
begin

subclass linordered-semiring-strict
proof
fixabc:'a
assume a < b 0 < ¢
thus ¢ x a < ¢ * b by (rule mult-strict-left-mono-comm)
thus a * ¢ < b * ¢ by (simp only: mult-commute)
qed

subclass ordered-cancel-comm-semiring
proof

fixabc:'a

assume a < b0 < ¢
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thus cxa < cxb
unfolding le-less
using mult-strict-left-mono by (cases ¢ = 0) auto
qed

end

class ordered-ring = ring + ordered-cancel-semiring
begin

subclass ordered-ab-group-add ..

lemma less-add-iff1:
axe+c<bxe+d—— (a—b)xet+c<d
by (simp add: algebra-simps)

lemma less-add-iff2:
axet+c<brxet+de—c<(b—a)xe+d
by (simp add: algebra-simps)

lemma le-add-iff1:
axet+c<bxet+de——(a—b)xe+c<d
by (simp add: algebra-simps)

lemma le-add-iff2:
axe+c<bxe+d—c<(b—a)xe+d
by (simp add: algebra-simps)

lemma mult-left-mono-neg:
b<a=—=c<0=cxa<cxb
apply (drule mult-left-mono [of - - — ¢])
apply simp-all
done

lemma mult-right-mono-neg:
b<a=—=c<0=axc<bxc
apply (drule mult-right-mono [of - - — ¢])
apply simp-all
done

lemma mult-nonpos-nonpos: a < 0 —= b < 0 = 0 < axb
using mult-right-mono-neg [of a 0 b] by simp

lemma split-mult-pos-le:
(0<anN0<DH)V(e<OALL0) = 0<axbh

by (auto simp add: mult-nonneg-nonneg mult-nonpos-nonpos)

end
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class linordered-ring = ring + linordered-semiring + linordered-ab-group-add +
abs-if
begin

subclass ordered-ring ..

subclass ordered-ab-group-add-abs
proof
fix a b
show |a + b| < |a| + |b]
by (auto simp add: abs-if not-less)
(auto simp del: minus-add-distrib simp add: minus-add-distrib [symmetric],
auto intro!: less-imp-le add-neg-neg)
qed (auto simp add: abs-if)

lemma zero-le-square [simp]: 0 < a * a
using linear [of 0 a]
by (auto simp add: mult-nonneg-nonneg mult-nonpos-nonpos)

lemma not-square-less-zero [simp]: = (a * a < 0)
by (simp add: not-less)

end

class linordered-ring-strict = ring + linordered-semiring-strict
+ ordered-ab-group-add + abs-if
begin

subclass linordered-ring ..

lemma mult-strict-left-mono-neg: b < a = ¢ < 0 = c*xa < cx*b
using mult-strict-left-mono [of b a — ¢] by simp

lemma mult-strict-right-mono-neg: b < a = ¢ < 0 = a*xc < bx* ¢
using mult-strict-right-mono [of b a — ¢| by simp

lemma mult-neg-neg: a < 0 = b < 0 = 0 < a=x*b
using mult-strict-right-mono-neg [of a 0 b] by simp

subclass ring-no-zero-divisors
proof
fix a b
assume a # 0 then have A: a < 0 V 0 < a by (simp add: neq-iff)
assume b # 0 then have B: b < 0 V 0 < b by (simp add: neg-iff)
have a x b < 0V 0 < axb
proof (cases a < 0)
case True note A’ = this
show ?thesis proof (cases b < 0)
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case True with A’
show %thesis by (auto dest: mult-neg-neg)
next
case Fualse with B have 0 < b by auto
with A’ show ?thesis by (auto dest: mult-strict-right-mono)
qed
next
case Fulse with A have A”: 0 < a by auto
show ?thesis proof (cases b < 0)
case True with A’
show %thesis by (auto dest: mult-strict-right-mono-neg)
next
case Fulse with B have 0 < b by auto
with A’ show ?thesis by (auto dest: mult-pos-pos)
qed
qed
then show a x b # 0 by (simp add: neg-iff)
qed

lemma zero-less-mult-iff:
0<axbe—0<aANO<bVa<OANb<O
apply (auto simp add: mult-pos-pos mult-neg-neq)
apply (simp-all add: not-less le-less)
apply (erule disjE) apply assumption defer
apply (erule disjE) defer apply (drule sym) apply simp
apply (erule disjE) defer apply (drule sym) apply simp

)

apply (drule sym) apply simp
apply (blast dest: zero-less-mult-pos)
apply (blast dest: zero-less-mult-pos2)
done

(
(
(
(
apply (erule disjE) apply assumption apply (drule sym) apply simp
(
(
(

lemma zero-le-mult-iff:
0<a*xb+«——0<aN0<bVa<OANb<

by (auto simp add: eq-commute [of 0] le-less not-less zero-less-mult-iff)

lemma mult-less-0-iff :
axb< 00— 0<aNb<OVa<OANO<D
apply (insert zero-less-mult-iff [of —a b))

apply force
done

lemma mult-le-0-iff :
a*xb<0+—0<aANb<0Va<OANO<D
apply (insert zero-le-mult-iff [of —a b])
apply force
done

252

Cancellation laws for ¢ * @ < ¢ * b and a * ¢ < b * ¢, also with the relations
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< and equality.

These “disjunction” versions produce two cases when the comparison is an
assumption, but effectively four when the comparison is a goal.

lemma mult-less-cancel-right-disj:

axc<bxce—— 0<cNa<bVec<OAN Db<a

apply (cases ¢ = 0)

apply (auto simp add: neg-iff mult-strict-right-mono
mult-strict-right-mono-neq)

apply (auto simp add: not-less
not-le [symmetric, of axc]
not-le [symmetric, of a])

apply (erule-tac [!] notE)

apply (auto simp add: less-imp-le mult-right-mono
mult-right-mono-neg)

done

lemma mult-less-cancel-left-disy:

cxa<cxbe— 0<cAha<bVcec<OAN b<a

apply (cases ¢ = 0)

apply (auto simp add: neg-iff mult-strict-left-mono
mult-strict-left-mono-neg)

apply (auto simp add: not-less
not-le [symmetric, of cxal
not-le [symmeltric, of a])

apply (erule-tac [!] notE)

apply (auto simp add: less-imp-le mult-left-mono
mult-left-mono-neg)

done

The “conjunction of implication” lemmas produce two cases when the com-
parison is a goal, but give four when the comparison is an assumption.

lemma mult-less-cancel-right:
axc<bxce— (0<c—a<b)A(c<0—b<a)
using mult-less-cancel-right-disj [of a ¢ b] by auto

lemma mult-less-cancel-left:
cxa<cxbe— (0<c—a<b)A(c<0—b<a)
using mult-less-cancel-left-disj [of ¢ a b] by auto

lemma mult-le-cancel-right:
axc<bxce— (0<c—a<b)A(c<0—b<a)
by (simp add: not-less [symmetric] mult-less-cancel-right-disj)

lemma mult-le-cancel-left:
cxa<cxbe— (0<c—a<b)A(c<0—0b<a)

by (simp add: not-less [symmetric] mult-less-cancel-left-disj)

lemma mult-le-cancel-left-pos:
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0<c=c*xa<cxb——a<b
by (auto simp: mult-le-cancel-left)

lemma mult-le-cancel-left-neg:
c<l0=cxa<cxb——b<a
by (auto simp: mult-le-cancel-left)

lemma mult-less-cancel-left-pos:
0<c=cxa<cxbe—a<hb
by (auto simp: mult-less-cancel-left)

lemma mult-less-cancel-left-neg:
c< 0= cxa<cxbe—b<a
by (auto simp: mult-less-cancel-left)

end

lemmas mult-sign-intros =
mult-nonneg-nonneg mult-nonneg-nonpos
mult-nonpos-nonneg mult-nonpos-nonpos
mult-pos-pos mult-pos-neg
mult-neg-pos mult-neg-neg

class ordered-comm-ring = comm-ring + ordered-comm-semiring
begin

subclass ordered-ring ..
subclass ordered-cancel-comm-semiring ..

end

class linordered-semidom = comm-semiring-1-cancel + linordered-comm-semiring-strict
_|_

assumes zero-less-one [simp]: 0 < 1
begin

lemma pos-add-strict:
shows 0 < a —=b<c=b<a+ ¢
using add-strict-mono [of 0 a b c] by simp

lemma zero-le-one [simpl: 0 < 1
by (rule zero-less-one [THEN less-imp-le])

lemma not-one-le-zero [simp]: = 1 < 0
by (simp add: not-le)

lemma not-one-less-zero [simp]: = 1 < 0
by (simp add: not-less)
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lemma less-1-mult:
assumes I < mand I < n
shows I < m x n
using assms mult-strict-mono [of 1 m 1 n]
by (simp add: less-trans [OF zero-less-one))

end

class linordered-idom = comm-ring-1 +
linordered-comm-semiring-strict + ordered-ab-group-add +
abs-if + sgn-if

begin

subclass linordered-semiring-1-strict ..
subclass linordered-ring-strict ..
subclass ordered-comm-ring ..
subclass idom ..

subclass linordered-semidom

proof
have 0 < 1 % 1 by (rule zero-le-square)
thus 0 < 1 by (simp add: le-less)

qed

lemma linorder-neqE-linordered-idom:
assumes z # y obtains z < y | y < z
using assms by (rule neqFE)

These cancellation simprules also produce two cases when the comparison
is a goal.
lemma mult-le-cancel-right1:
c<bxce— (0<c— 1< A(c<0—b<1)
by (insert mult-le-cancel-right [of 1 ¢ b], simp)

lemma mult-le-cancel-right2:
axc<ce— (0<c—a<I)AN(c<0—1<a)
by (insert mult-le-cancel-right [of a ¢ 1], simp)

lemma mult-le-cancel-left1:
c<cxbe— (0<c— 1<) A(c<0—Db< 1)
by (insert mult-le-cancel-left [of ¢ 1 b], simp)

lemma mult-le-cancel-left2:
cxa<ce—— (0<c—a<I)AN(c<0—1<a)
by (insert mult-le-cancel-left [of ¢ a 1], simp)

lemma mult-less-cancel-right1:



THEORY “Rings” 256

c<bxce— (0<c—1<bA(c<0—b<1)
by (insert mult-less-cancel-right [of 1 ¢ b], simp)

lemma mult-less-cancel-right2:
axc<c— (0<c—a<I)AN(c<0—1<a)
by (insert mult-less-cancel-right [of a ¢ 1], simp)

lemma mult-less-cancel-left1:
c<ckbe— (0<c— 1<) AN(c<0—b<1)
by (insert mult-less-cancel-left [of ¢ 1 b], simp)

lemma mult-less-cancel-left2:
cxa<ce— (0<c—a<I)AN(c<0—1<ua)
by (insert mult-less-cancel-left [of ¢ a 1], simp)

lemma sgn-sgn [simp]:
sgn (sgn a) = sgn a
unfolding sgn-if by simp

lemma sgn-0-0:
sgna =0 «—— a =0
unfolding sgn-if by simp

lemma sgn-1-pos:
sgna =1 +— a >0
unfolding sgn-if by simp

lemma sgn-1-neg:
sgna = — 1 «—— a < 0
unfolding sgn-if by auto

lemma sgn-pos [simp]:
0<a= sgna=1
unfolding sgn-1-pos .

lemma sgn-neg [simp):
a< 0= sgna=—1
unfolding sgn-1-neg .

lemma sgn-times:
sgn (a * b) = sgn a * sgn b
by (auto simp add: sgn-if zero-less-mult-iff )

lemma abs-sgn: |k| = k * sgn k
unfolding sgn-if abs-if by auto

lemma sgn-greater [simp]:
0<sgna+——0<a
unfolding sgn-if by auto
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lemma sgn-less [simp]:
sgna < 0 «— a < 0
unfolding sgn-if by auto

lemma abs-dvd-iff [simp]: |m| dvd k «—— m dvd k
by (simp add: abs-if)

lemma dvd-abs-iff [simp]: m dvd |k| < m dvd k
by (simp add: abs-if)

lemma dvd-if-abs-eq:
U] = |k| = [ dvd k
by (subst abs-dvd-iff [symmetric]) simp

end

Simprules for comparisons where common factors can be cancelled.

lemmas mult-compare-simps|[no-atp] =
mult-le-cancel-right mult-le-cancel-left
mult-le-cancel-right1 mult-le-cancel-right?2
mult-le-cancel-left1 mult-le-cancel-left2
mult-less-cancel-right mult-less-cancel-left
mult-less-cancel-right1 mult-less-cancel-right2
mult-less-cancel-left1 mult-less-cancel-left2
mult-cancel-right mult-cancel-left
mult-cancel-right1 mult-cancel-right?2
mult-cancel-left1 mult-cancel-left2

Reasoning about inequalities with division

context linordered-semidom
begin

lemma less-add-one: a < a + 1
proof —
have a + 0 < a + 1
by (blast intro: zero-less-one add-strict-left-mono)
thus ?thesis by simp
qed

lemma zero-less-two: 0 < 1 + 1
by (blast intro: less-trans zero-less-one less-add-one)

end

context [inordered-idom
begin

lemma mult-right-le-one-le:
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0<r=0<y=—=y<1=2axy<zx
by (auto simp add: mult-le-cancel-left2)

lemma mult-left-le-one-le:
0<z=0<y—=y<1=yx*xzx<zx
by (auto simp add: mult-le-cancel-right2)

end

Absolute Value

context [inordered-idom
begin

lemma mult-sgn-abs:
sgnz * |z| =z
unfolding abs-if sgn-if by auto

lemma abs-one [simp]:
1] = 1
by (simp add: abs-if zero-less-one [THEN less-not-sym))

end

class ordered-ring-abs = ordered-ring + ordered-ab-group-add-abs +
assumes abs-eq-mult:
(0<aVvVa<O0)N0O<bVDd<0)=|axb =]lalx*|b

context [inordered-idom
begin

subclass ordered-ring-abs proof
qed (auto simp add: abs-if not-less mult-less-0-iff )

lemma abs-mult:
|a * b] = |a] + |b]
by (rule abs-eg-mult) auto

lemma abs-mult-self:
la| * |a] = a * a

by (simp add: abs-if)

lemma abs-mult-less:
la] < ¢ = |b] < d=la| % |b] < cxd
proof —
assume ac: |a| < ¢
hence cpos: 0<c by (blast intro: le-less-trans abs-ge-zero)
assume |b| < d
thus ?thesis by (simp add: ac cpos mult-strict-mono)
qed
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lemma less-minus-self-iff:
a< —a+——a<
by (simp only: less-le less-eq-neg-nonpos equal-neg-zero)

lemma abs-less-iff:
la] <be—a<bAN—a<b
by (simp add: less-le abs-le-iff ) (auto simp add: abs-if)

lemma abs-mult-pos:
0<z=lyl*z=ly=zl
by (simp add: abs-mult)

end

code-modulename SML
Rings Arith

code-modulename OCaml
Rings Arith

code-modulename Haskell
Rings Arith

end

14 Fields: Fields

theory Fields
imports Rings
begin

class field = comm-ring-1 + inverse +
assumes field-inverse: a # 0 = inverse a x a = 1
assumes field-divide-inverse: a / b = a * inverse b
begin

subclass division-ring
proof

fixa:'a

assume a # 0

thus inverse a x a = 1 by (rule field-inverse)

thus a * inverse a = 1 by (simp only: mult-commute)
next

fixab:'a

show a / b = a * inverse b by (rule field-divide-inverse)
qed

259
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subclass idom ..

There is no slick version using division by zero.

lemma inverse-add:

(la#0; b#0]

==> qnverse a + inverse b = (a + b) * inverse a * inverse b
by (simp add: division-ring-inverse-add mult-ac)

lemma nonzero-mult-divide-mult-cancel-left [simp, no-atp):
assumes [simp]: b£0 and [simp]: ¢c£0 shows (cxa)/(cxb) = a/b
proof —
have (c¢xa)/(cxb) = ¢ * a * (inverse b * inverse c)
by (simp add: divide-inverse nonzero-inverse-mult-distrib)

also have ... = a * inverse b * (inverse ¢  c)
by (simp only: mult-ac)
also have ... = a * inverse b by simp
finally show ?thesis by (simp add: divide-inverse)
qed

lemma nonzero-mult-divide-mult-cancel-right [simp, no-atp:
[b#£0,¢c#0] = (axc)/ (bxc)=a /b
by (simp add: mult-commute [of - c])

lemma times-divide-eq-left [simp]: (b / ¢) x a = (bxa) / ¢
by (simp add: divide-inverse mult-ac)

These are later declared as simp rules.

lemmas times-divide-eq [no-atp] = times-divide-eg-right times-divide-eq-left

lemma add-frac-eq:
assumes y # 0 and z # 0
showsz /y+w/z=(x*xz+wx*xy)/ (y*2z)
proof —
haver [y +w/z=(zxx2)/(y*z)+ (yxw)/(y=x2)
using assms by simp
alsohave ... =(zx z + y x w) / (y * 2)
by (simp only: add-divide-distrib)
finally show ?thesis
by (simp only: mult-commute)
qed

Special Cancellation Simprules for Division

lemma nonzero-mult-divide-cancel-right [simp, no-atp):
b#£0=axb/b=a
using nonzero-mult-divide-mult-cancel-right [of 1 b a] by simp

lemma nonzero-mult-divide-cancel-left [simp, no-atp]:
a#£0=axb/a=0b
using nonzero-mult-divide-mult-cancel-left [of 1 a b] by simp
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lemma nonzero-divide-mult-cancel-right [simp, no-atp]:
[a#0;b#0]—=b/(axb)=1/a
using nonzero-mult-divide-mult-cancel-right [of a b 1] by simp

lemma nonzero-divide-mult-cancel-left [simp, no-atp]:
[a#0;b#0]=a/(axb)=1/b
using nonzero-mult-divide-mult-cancel-left [of b a 1] by simp

lemma nonzero-mult-divide-mult-cancel-left2 [simp, no-atp):
[b#0,¢c#0] = (¢cxa)/ (bxc)=a /b

using nonzero-mult-divide-mult-cancel-left [of b ¢ a] by (simp add: mult-ac)

lemma nonzero-mult-divide-mult-cancel-right2 [simp, no-atp):

[b#£0,¢c#0] = (axc)/(cxb)=a/b
using nonzero-mult-divide-mult-cancel-right [of b ¢ a] by (simp add: mult-ac)

lemma add-divide-eq-iff [field-simps]:
z#F0=z+y/z=(zxz+y)/z
by (simp add: add-divide-distrib)

lemma divide-add-eq-iff [field-simps]:
2 #0=uz/z+y=@+z%xy)/z
by (simp add: add-divide-distrib)

lemma diff-divide-eq-iff [field-simps]:
2 #20=z—y/z=(zxz—y)/z2
by (simp add: diff-divide-distrib)

lemma divide-diff-eq-iff [field-simps]:
2420 =z/z—y=(@x—2%y)/z
by (simp add: diff-divide-distrib)

lemma diff-frac-eq:
y#A0=z2#0=z/y—w/z=(xxz—-wxy)/(y*2)
by (simp add: field-simps)

lemma frac-eq-eq:
Yy#£0=2#0= (z/y=w/z)=(x*x2=w=xy)
by (simp add: field-simps)

end
class field-inverse-zero = field +
assumes field-inverse-zero: inverse 0 = 0

begin

subclass division-ring-inverse-zero proof
qed (fact field-inverse-zero)
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This version builds in division by zero while also re-orienting the right-hand
side.

lemma inverse-mult-distrib [simp]:
inverse (a x b) = inverse a * inverse b
proof cases
assume a # 0 & b # 0
thus ?thesis by (simp add: nonzero-inverse-mult-distrib mult-ac)
next
assume ~ (a # 0 & b # 0)
thus ?thesis by force
qed

lemma inverse-divide [simp]:
inverse (a / b) =b / a

by (simp add: divide-inverse mult-commute)
Calculations with fractions

There is a whole bunch of simp-rules just for class field but none for class
field and nonzero-divides because the latter are covered by a simproc.

lemma mult-divide-mult-cancel-left:
c#£0= (cxa)/(cxb)=a/b

apply (cases b = 0)

apply simp-all

done

lemma mult-divide-mult-cancel-right:
c£ 0= (axc)/(bxc)=a /b

apply (cases b = 0)

apply simp-all

done

lemma divide-divide-eg-right [simp, no-atp):

a/(b/c)=(axc)/b

by (simp add: divide-inverse mult-ac)

lemma divide-divide-eg-left [simp, no-atp]:

(a/b)/c=a/(bxc)

by (simp add: divide-inverse mult-assoc)

Special Cancellation Simprules for Division

lemma mult-divide-mult-cancel-left-if [simp,no-atp]:
shows (¢ * a) / (¢ x b) = (if ¢ = 0 then 0 else a / b)
by (simp add: mult-divide-mult-cancel-left)

Division and Unary Minus

lemma minus-divide-right:

—(a/b)=a/-1D
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by (simp add: divide-inverse)

lemma divide-minus-right [simp, no-atp):

a/—b=-1(a/b)

by (simp add: divide-inverse)

lemma minus-divide-divide:
(—a)/(~b)=a/b

apply (cases b=0, simp)

apply (simp add: nonzero-minus-divide-divide)

done

lemma eq-divide-eq:
a=b/c— (ifc# 0thena*c=belsea=10)
by (simp add: nonzero-eq-divide-eq)

lemma divide-eg-eq:
b/c=a«— (ifc# 0thenb = a * celse a = 0)
by (force simp add: nonzero-divide-eq-eq)

lemma inverse-eq-1-iff [simp]:
mverse t = 1 «—— ¢ = 1
by (insert inverse-eq-iff-eq [of x 1], simp)

lemma divide-eq-0-iff [simp, no-atp):
a/b=0«—a=0Vb=20
by (simp add: divide-inverse)

lemma divide-cancel-right [simp, no-atp):
a/c=b/c——c=0Va=0b
apply (cases ¢=0, simp)
apply (simp add: divide-inverse)
done

lemma divide-cancel-left [simp, no-atp]:
c/a=c/be——c=0Va=b
apply (cases ¢=0, simp)
apply (simp add: divide-inverse)
done

lemma divide-eq-1-iff [simp, no-atp):
a/b=1«—b#£0Na=1D
apply (cases b=0, simp)
apply (simp add: right-inverse-eq)
done

lemma one-eq-divide-iff [simp, no-atp]:
Il=a/b—b#0Na=1b
by (simp add: eq-commute [of 1])
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lemma times-divide-times-eq:

(/[ y)* (2 ) w)=(2x2)/(y*w)

by simp

lemma add-frac-num:
y#FO0=z/y+z=(@+zxy)/y
by (simp add: add-divide-distrib)

lemma add-num-frac:
y#FO0=z+tz/y=(@+zxy)/y
by (simp add: add-divide-distrib add.commute)

end

Ordered Fields

class linordered-field = field 4+ linordered-idom
begin

lemma positive-imp-inverse-positive:
assumes a-gt-0: 0 < a
shows 0 < inverse a
proof —
have 0 < a * inverse a
by (simp add: a-gt-0 [THEN less-imp-not-eq2])
thus 0 < inverse a
by (simp add: a-gt-0 [THEN less-not-sym] zero-less-mult-iff)
qed

lemma negative-imp-inverse-negative:
a < 0 = inverse a < 0
by (insert positive-imp-inverse-positive [of —al,
simp add: nonzero-inverse-minus-eq less-imp-not-eq)

lemma inverse-le-imp-le:
assumes invle: inverse a < inverse b and apos: 0 < a
shows b < a
proof (rule classical)
assume ~ b < g
hence a < b by (simp add: linorder-not-le)
hence bpos: 0 < b by (blast intro: apos less-trans)
hence a * inverse a < a * inverse b
by (simp add: apos invle less-imp-le mult-left--mono)
hence (a * inverse a) * b < (a * inverse b) * b
by (simp add: bpos less-imp-le mult-right-mono)
thus b < a by (simp add: mult-assoc apos bpos less-imp-not-eq2)
qed

lemma inverse-positive-imp-positive:
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assumes nv-gt-0: 0 < inverse a and nz: a # 0
shows 0 < a

proof —

have 0 < inverse (inverse a)

using inv-gt-0 by (rule positive-imp-inverse-positive)
thus 0 < a

using nz by (simp add: nonzero-inverse-inverse-eq)
qed

lemma inverse-negative-imp-negative:

assumes inv-less-0: inverse a < 0 and nz: a # 0
shows a < 0

proof —
have inverse (inverse a) < 0

using inv-less-0 by (rule negative-imp-inverse-negative)
thus a¢ < 0 using nz by (simp add: nonzero-inverse-inverse-eq)
qed

lemma linordered-field-no-lb:

Ve dy. y <z
proof

fix z::'a

have m1: — (1::'a) < 0 by simp
from add-strict-right-mono[OF m1, where c=x]
have (— 1) + z < z by simp

thus dy. y < z by blast
qged

lemma linordered-field-no-ub:

V. dy y>z
proof

fix z::'a

have m1: (1::'a) > 0 by simp
from add-strict-right-mono|OF m1, where c=xz)]
have I + z > z by simp

thus dy. y > = by blast
qed

lemma less-imp-inverse-less:
assumes less: a < b and apos:
shows inverse b < inverse a
proof (rule ccontr)

0<a

assume "~ inverse b < inverse a

hence inverse a < inverse b by simp
hence ~ (a < b)

by (simp add: not-less inverse-le-imp-le [OF - apos])

thus False by (rule notE [OF - less))
qed
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lemma inverse-less-imp-less:
inverse a < inverse b = 0 < a = b < a
apply (simp add: less-le [of inverse a] less-le [of b])
apply (force dest!: inverse-le-imp-le nonzero-inverse-eg-imp-eq)
done

Both premises are essential. Consider -1 and 1.

lemma inverse-less-iff-less [simp,no-atp]:
0 <a= 0 < b= inverse a < tnverse b «—— b < a
by (blast intro: less-imp-inverse-less dest: inverse-less-imp-less)

lemma le-imp-inverse-le:
a<b=—= 0 < a = inverse b < inverse a
by (force simp add: le-less less-imp-inverse-less)

lemma inverse-le-iff-le [simp,no-atp]:
0 <a—=— 0< b= inverse a < inverse b «—— b < a
by (blast intro: le-imp-inverse-le dest: inverse-le-imp-le)

These results refer to both operands being negative. The opposite-sign case
is trivial, since inverse preserves signs.

lemma inverse-le-imp-le-neg:

mverse a < tnverse b —= b < 0 = b < a
apply (rule classical)
apply (subgoal-tac a < 0)

prefer 2 apply force
apply (insert inverse-le-imp-le [of —b —a])
apply (simp add: nonzero-inverse-minus-eq)
done

lemma less-imp-inverse-less-neg:

a < b= b< 0= inverse b < inverse a
apply (subgoal-tac a < 0)
prefer 2 apply (blast intro: less-trans)
apply (insert less-imp-inverse-less [of —b —a])
apply (simp add: nonzero-inverse-minus-eq)
done

lemma inverse-less-imp-less-neg:

inverse a < tnverse b = b < 0 = b < a
apply (rule classical)
apply (subgoal-tac a < 0)
prefer 2
apply force
apply (insert inverse-less-imp-less [of —b —a])
apply (simp add: nonzero-inverse-minus-eq)
done

lemma inverse-less-iff-less-neg [simp,no-atpl:
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a< 0= b< 0 = inverse a < inverse b «—— b < a
apply (insert inverse-less-iff-less [of —b —a])
apply (simp del: inverse-less-iff-less
add: nonzero-inverse-minus-eq)
done

lemma le-imp-inverse-le-neg:
a<b=—0b< 0 ==> inverse b < inverse a
by (force simp add: le-less less-imp-inverse-less-neg)

lemma inverse-le-iff-le-neg [simp,no-atp]:
a< 0= b< 0= inverse a < inverse b «—— b < a
by (blast intro: le-imp-inverse-le-neg dest: inverse-le-imp-le-neg)

lemma one-less-inverse:
0 <a—=— a< 1= 1 < inverse a
using less-imp-inverse-less [of a 1, unfolded inverse-1] .

lemma one-le-inverse:
0<a=—= a<1=— 1 <nverse a
using le-imp-inverse-le [of a 1, unfolded inverse-1] .

lemma pos-le-divide-eq [field-simps]: 0 < ¢ ==> (a < b/c) = (axc < b)
proof —
assume less: 0<c
hence (a < b/c) = (axc < (b/c)*c)
by (simp add: mult-le-cancel-right less-not-sym [OF less] del: times-divide-eq)
also have ... = (axc < b)
by (simp add: less-imp-not-eq2 [OF less] divide-inverse mult-assoc)
finally show ?thesis .
qed

lemma neg-le-divide-eq [field-simps]: ¢ < 0 ==> (a < b/c) = (b < axc)
proof —
assume less: ¢<0
hence (a < b/c) = ((b/c)*c < axc)
by (simp add: mult-le-cancel-right less-not-sym [OF less] del: times-divide-eq)
also have ... = (b < axc)
by (simp add: less-imp-not-eq [OF less| divide-inverse mult-assoc)
finally show ?thesis .
qed

lemma pos-less-divide-eq [field-simps]:
0 <c==>(a<b/c)= (axc < D)
proof —
assume less: 0<c
hence (a < b/c) = (axc < (b/c)*c)
by (simp add: mult-less-cancel-right-disj less-not-sym [OF less| del: times-divide-eq)
also have ... = (axc < b)
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by (simp add: less-imp-not-eq2 [OF less] divide-inverse mult-assoc)
finally show ?thesis .
qed

lemma neg-less-divide-eq [field-simps):
c<0==>(a<b/c)=(b< axc)
proof —
assume less: ¢<0
hence (a < b/c) = ((b/c)*c < axc)
by (simp add: mult-less-cancel-right-disj less-not-sym [OF less] del: times-divide-eq)
also have ... = (b < axc)
by (simp add: less-imp-not-eq [OF less| divide-inverse mult-assoc)
finally show ?thesis .
qed

lemma pos-divide-less-eq [field-simps]:
0 <c==>(b/c <a)=(b< axc)
proof —
assume less: 0<c
hence (b/c < a) = ((b/c)*xc < axc)
by (simp add: mult-less-cancel-right-disj less-not-sym [OF less| del: times-divide-eq)
also have ... = (b < axc)
by (simp add: less-imp-not-eq2 [OF less] divide-inverse mult-assoc)
finally show ?thesis .
qed

lemma neg-divide-less-eq [field-simps]:
c < 0==>(b/c <a)=(axc < D)
proof —
assume less: c<0
hence (b/c < a) = (axc < (b/c)*c)
by (simp add: mult-less-cancel-right-disj less-not-sym [OF less| del: times-divide-eq)
also have ... = (axc < b)
by (simp add: less-imp-not-eq [OF less| divide-inverse mult-assoc)
finally show ?thesis .
qed

lemma pos-divide-le-eq [field-simps]: 0 < ¢ ==> (b/c < a) = (b < axc)
proof —
assume less: 0<c
hence (b/c < a) = ((b/c)*c < axc)
by (simp add: mult-le-cancel-right less-not-sym [OF less] del: times-divide-eq)
also have ... = (b < axc)
by (simp add: less-imp-not-eq2 [OF less] divide-inverse mult-assoc)
finally show ?thesis .
qed

lemma neg-divide-le-eq [field-simps]: ¢ < 0 ==> (b/c < a) = (axc < b)
proof —
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assume less: c¢<0
hence (b/c < a) = (axc < (b/c)*c)
by (simp add: mult-le-cancel-right less-not-sym [OF less] del: times-divide-eq)
also have ... = (axc < b)
by (simp add: less-imp-not-eq [OF less| divide-inverse mult-assoc)
finally show ?thesis .
qed

Lemmas sign-simps is a first attempt to automate proofs of positivity /negativity
needed for field-simps. Have not added sign-simps to field-simps because
the former can lead to case explosions.

lemmas sign-simps [no-atp] = algebra-simps
zero-less-mult-iff mult-less-0-iff

lemmas (in —) sign-simps [no-atp] = algebra-simps
zero-less-mult-iff mult-less-0-iff

lemma divide-pos-pos:
0<z==>0<y==>0<z/y
by (simp add:field-simps)

lemma divide-nonneg-pos:
O<=zx==>0<y==>0<=2z/y
by (simp add:field-simps)

lemma divide-neg-pos:
r<0==>0<y==>z/y<0
by (simp add:field-simps)

lemma divide-nonpos-pos:
r<=0==>0<y==>z/y<=10
by (simp add:field-simps)

lemma divide-pos-neg:
0<z==>y<0==>z/y<0
by (simp add:field-simps)

lemma divide-nonneg-neg:
O<=z==>y<0==>z/y<=10
by (simp add:field-simps)

lemma divide-neg-neg:
r<0==>y<0==>0<z/y
by (simp add:field-simps)

lemma divide-nonpos-neg:
r<=0==>y<0==>0<=z/y
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by (simp add:field-simps)

lemma divide-strict-right-mono:
la<b;0<c]]==>a/c<b/c
by (simp add: less-imp-not-eq2 divide-inverse mult-strict-right-mono
positive-imp-inverse-positive)

lemma divide-strict-right-mono-neg:
b<a;e<O]==>a/c<b/c
apply (drule divide-strict-right-mono [of - - —¢], simp)
apply (simp add: less-imp-not-eq nonzero-minus-divide-right [symmetric])
done

The last premise ensures that a and b have the same sign

lemma divide-strict-left-mono:
[b<a;0<c¢0<axb]]==>c/a<c/b
by (auto simp: field-simps times-divide-eq zero-less-mult-iff mult-strict-right-mono)

lemma divide-left-mono:
[b<a;0<¢0<axb]]==>c/a<c/b
by (auto simp: field-simps times-divide-eq zero-less-mult-iff mult-right-mono)

lemma divide-strict-left-mono-neg:
l[a<b;e<0;0<axb]]==>c/a<c/b
by (auto simp: field-simps times-divide-eq zero-less-mult-iff mult-strict-right-mono-neg)

lemma mult-imp-div-pos-le: 0 < y ==>z <= 2z * y ==>
T/y<=z
by (subst pos-divide-le-eq, assumption+)

lemma mult-imp-le-div-pos: 0 < y ==> z *x y <= ¢ ==>
z<=z/y
by (simp add:field-simps)

lemma mult-imp-div-pos-less: 0 < y ==>x < z x y ==>
T /y<z
by (simp add:field-simps)

lemma mult-imp-less-div-pos: 0 < y ==> z x y < x ==>
z<z/y
by (simp add:field-simps)

lemma frac-le: 0 <=z ==>
r<=y=>0<w==>uw<=z ==>z/z2<=y/w
apply (rule mult-imp-div-pos-le)
apply simp
apply (subst times-divide-eq-left)
apply (rule mult-imp-le-div-pos, assumption)
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apply (rule mult-mono)
apply simp-all
done

lemma frac-less: 0 <=z ==>
r<y==>0<w==>w<=z==>z/z<y/w
apply (rule mult-imp-div-pos-less)
apply simp
apply (subst times-divide-eq-left)
apply (rule mult-imp-less-div-pos, assumption)
apply (erule mult-less-le-imp-less)
apply simp-all
done

lemma frac-less2: 0 < © ==>
r<=y=>0<w==>w<z=>z/z<y/w
apply (rule mult-imp-div-pos-less)
apply simp-all
apply (rule mult-imp-less-div-pos, assumption)
apply (erule mult-le-less-imp-less)
apply simp-all
done

It’s not obvious whether these should be simprules or not. Their effect is
to gather terms into one big fraction, like a*b*c / x*y*z. The rationale for
that is unclear, but many proofs seem to need them.

lemma less-half-sum: a < b ==> a < (a+b) / (1+1)
by (simp add: field-simps zero-less-two)

lemma gt-half-sum: a < b ==> (a+b)/(14+1) < b
by (simp add: field-simps zero-less-two)

subclass dense-linorder
proof
fixzy:'a
from less-add-one show Jy. z < y ..
from less-add-one have z + (— 1) < (z + 1) + (— 1) by (rule add-strict-right-mono)
then have z — 1 <z + 1 — 1 by (simp only: diff-minus [symmetric))
then have z — 1 < z by (simp add: algebra-simps)
then show Jy. y < z ..
show z < y = J2>xz. z < y by (blast intro!: less-half-sum gt-half-sum)
qed

lemma nonzero-abs-inverse:
a # 0 ==> |inverse a| = inverse |al
apply (auto simp add: neg-iff abs-if nonzero-inverse-minus-eq
negative-imp-inverse-negative)
apply (blast intro: positive-imp-inverse-positive elim: less-asym)
done
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lemma nonzero-abs-divide:
b#0==>la/b|=lal /b
by (simp add: divide-inverse abs-mult nonzero-abs-inverse)

lemma field-le-epsilon:
assumes e: Ae. 0 < e=z <y + e
shows z < y
proof (rule dense-le)
fix t assume ¢t < z
hence 0 < z — t by (simp add: less-diff-eq)
from e [OF this) have © + 0 < z + (y — t) by (simp add: algebra-simps)
then have 0 < y — ¢ by (simp only: add-le-cancel-left)
then show ¢ < y by (simp add: algebra-simps)
qed

end

class linordered-field-inverse-zero = linordered-field + field-inverse-zero
begin

lemma le-divide-eq:
(a < bfe) =
(if 0 < c then axc < b
else if ¢ < 0 then b < axc
else a < 0)
apply (cases c=0, simp)
apply (force simp add: pos-le-divide-eq neg-le-divide-eq linorder-neg-iff)
done

lemma inverse-positive-iff-positive [simp]:
(0 < inverse a) = (0 < a)
apply (cases a = 0, simp)
apply (blast intro: inverse-positive-imp-positive positive-imp-inverse-positive)
done

lemma inverse-negative-iff-negative [simp):
(inverse a < 0) = (a < 0)
apply (cases a = 0, simp)
apply (blast intro: inverse-negative-imp-negative negative-imp-inverse-negative)
done

lemma inverse-nonnegative-iff-nonnegative [simp):
0 < inverse a «—— 0 < a
by (simp add: not-less [symmetric])

lemma inverse-nonpositive-iff-nonpositive [simp):
nverse a < 0 «—— a < 0
by (simp add: not-less [symmetric])
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lemma one-less-inverse-iff :
1 < inversex «— 0 <z ANz < 1
proof cases
assume (0 <
with inverse-less-iff-less [OF zero-less-one, of x|
show ?thesis by simp
next
assume notless: ~ (0 < x)
have ™~ (1 < inverse x)
proof
assume I < inverse
also with notless have ... < 0 by simp
also have ... < I by (rule zero-less-one)
finally show Fulse by auto
qged
with notless show ?thesis by simp
qed

lemma one-le-inverse-iff:
1 <iversex «— 0 <z Nz <1
proof (cases x = 1)
case True then show ?thesis by simp
next
case Fulse then have inverse x # 1 by simp
then have 1 # inverse z by blast
then have 1 < inverse x «— 1 < inverse x by (simp add: le-less)
with False show ?thesis by (auto simp add: one-less-inverse-iff)
qed

lemma inverse-less-1-iff :
mversex < 1 «— a2 < 0V 1<z
by (simp add: not-le [symmetric] one-le-inverse-iff )

lemma inverse-le-1-iff:
mverse x < 1 «— 2 < 0V 1<z
by (simp add: not-less [symmetric] one-less-inverse-iff)

lemma divide-le-eq:
(b/c < a) =
(if 0 < c then b < axc
else if ¢ < 0 then axc < b
else 0 < a)
apply (cases ¢c=0, simp)
apply (force simp add: pos-divide-le-eq neg-divide-le-eq)
done

lemma less-divide-eq:
(a < b/c) =
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(if 0 < c then axc < b
else if ¢ < 0 then b < axc
else a < 0)
apply (cases ¢=0, simp)
apply (force simp add: pos-less-divide-eq neg-less-divide-eq)
done

lemma divide-less-eq:
(b/c < a) =
(if 0 < ¢ then b < axc
else if ¢ < 0 then axc < b
else 0 < a)
apply (cases ¢c=0, simp)
apply (force simp add: pos-divide-less-eq neg-divide-less-eq)
done

Division and Signs

lemma zero-less-divide-iff :
(0<a/b)=0<a&0<bla<0&b<0)
by (simp add: divide-inverse zero-less-mult-iff)

lemma divide-less-0-iff
(a/b < 0) =
(0<a&b<0]la<0&0<D)
by (simp add: divide-inverse mult-less-0-iff )

lemma zero-le-divide-iff :
(0 <a/b) =
(0<a&0<b|la<0&b<0)

by (simp add: divide-inverse zero-le-mult-iff )

lemma divide-le-0-iff:
(a/b < 0) =
(0<a&b<0]a<0&0<D)
by (simp add: divide-inverse mult-le-0-iff)

Division and the Number One

Simplify expressions equated with 1

lemma zero-eq-1-divide-iff [simp,no-atp]:
(0=1/a) = (a =0)

apply (cases a=0, simp)

apply (auto simp add: nonzero-eq-divide-eq)

done

lemma one-divide-eq-0-iff [simp,no-atp]:
(1/a=0)=(a=0)

apply (cases a=0, simp)

apply (insert zero-neq-one [THEN not-sym))
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apply (auto simp add: nonzero-divide-eq-eq)
done

Simplify expressions such as 0 < 1/z to 0 < x

lemma zero-le-divide-1-iff [simp, no-atp]:
0<1/a—0<a
by (simp add: zero-le-divide-iff)

lemma zero-less-divide-1-iff [simp, no-atp]:
0<1/a—0<a
by (simp add: zero-less-divide-iff )

lemma divide-le-0-1-iff [simp, no-atp):
1/a<0+«——a<0
by (simp add: divide-le-0-iff )

lemma divide-less-0-1-iff [simp, no-atp]:
1/a<0—a<0
by (simp add: divide-less-0-iff)

lemma divide-right-mono:
la<b;0<c|]]==>a/c<b/c
by (force simp add: divide-strict-right-mono le-less)

lemma divide-right-mono-neg: a <= b
=>c<=0==>b/c<=a/c
apply (drule divide-right-mono [of - - — ¢])
apply auto

done

lemma divide-left-mono-neg: a <= b
==>c<=0==>0<axb==>c/a<=c/b
apply (drule divide-left-mono [of - - — ¢])
apply (auto simp add: mult-commute)
done

Simplify quotients that are compared with the value 1.

lemma le-divide-eq-1 [no-atp]:
(1 <b/a)=((0<a&a<bd)|(a<0&b<a))
by (auto simp add: le-divide-eq)

lemma divide-le-eq-1 [no-atp]:
(b/a<1)=(0<a&b<a)|(a<0&a<b)]|a=0)
by (auto simp add: divide-le-eq)

lemma less-divide-eq-1 [no-atp]:
(1 <b/a)=(0<a&a<d)|(a<0&b<a)
by (auto simp add: less-divide-eq)
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lemma divide-less-eq-1 [no-atp]:
b/a<l)=((0<a&b<a)|(a<0&a<b)|a=0)
by (auto simp add: divide-less-eq)

Conditional Simplification Rules: No Case Splits

lemma le-divide-eq-1-pos [simp,no-atp):
0<a= (1 <b/a)=(a<b)
by (auto simp add: le-divide-eq)

lemma le-divide-eq-1-neg [simp,no-atp):
a< 0= (1<b/a)=(b<a)
by (auto simp add: le-divide-eq)

lemma divide-le-eq-1-pos [simp,no-atp):
0<a= (b/a<1)=(b<a)
by (auto simp add: divide-le-eq)

lemma divide-le-eq-1-neg [simp,no-atp):
a< 0= (b/a<1)=(a<b)
by (auto simp add: divide-le-eq)

lemma less-divide-eq-1-pos [simp,no-atp]:
0 <a= (1 <b/a)=(a<Db)
by (auto simp add: less-divide-eq)

lemma less-divide-eq-1-neg [simp,no-atp]:
a< 0= (1 <b/a)=(b<a)
by (auto simp add: less-divide-eq)

lemma divide-less-eq-1-pos [simp,no-atp):
0<a= (b/la<1)=(b<a)
by (auto simp add: divide-less-eq)

lemma divide-less-eq-1-neg [simp,no-atp):
a<0=bla<1<->a<b
by (auto simp add: divide-less-eq)

lemma eg-divide-eq-1 [simp,no-atp):

(1 = b/a) = ((a £ 0 & a = b))
by (auto simp add: eq-divide-eq)

lemma divide-eq-eq-1 [simp,no-atp]:

(bfa=1)=((a#0&a=b)
by (auto simp add: divide-eq-eq)

lemma abs-inverse [simp]:
|inverse a| =
inverse |a|

apply (cases a=0, simp)
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apply (simp add: nonzero-abs-inverse)
done

lemma abs-divide [simp]:
la / bl = |a| / |b]
apply (cases b=0, simp)
apply (simp add: nonzero-abs-divide)
done

lemma abs-div-pos: 0 < y ==>
lz| / y =1z / yl
apply (subst abs-divide)
apply (simp add: order-less-imp-le)
done

lemma field-le-mult-one-interval:
assumes x: \z. [0 <z;z<1]=z%xz<y
shows z < y
proof (cases 0 < x)
assume (0 <
thus ?thesis
using dense-le-bounded[of 0 1 y/x] *
unfolding le-divide-eq if-P[OF 0 < )] by simp
next
assume 0 < z hence z < 0 by simp

obtain s::’a where s: 0 < s s < I using dense[of 0 1::'a] by auto
hence z < s x z using mult-le-cancel-right[of 1 x s] «x < 0) by auto

also note x[OF s]
finally show ?thesis .
qed

end

code-modulename SML
Fields Arith

code-modulename OCaml
Fields Arith

code-modulename Haskell
Fields Arith

end

15 Nat: Natural numbers

theory Nat
imports Inductive Typedef Fun Fields

277
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uses
~~ /src/ Tools /rat. ML
~~ [ sre/ Provers | Arith [ cancel-sums. ML
Tools / arith-data. ML
(Tools/nat-arith. ML)
~~ | src/ Provers | Arith [ fast-lin-arith. ML
(Tools /lin-arith. ML)

begin

15.1 Type ind
typedecl ind
axiomatization

Zero-Rep :: ind and
Suc-Rep :: ind => ind

where
— the axiom of infinity in 2 parts
Suc-Rep-inject: Suc-Rep © = Suc-Rep y ==> = = y and

Suc-Rep-not-Zero-Rep: Suc-Rep x # Zero-Rep

15.2 Type nat

Type definition

inductive Nat :: ind = bool
where

Zero-Repl: Nat Zero-Rep
| Suc-RepI: Nat i = Nat (Suc-Rep i)
global
typedef (open Nat)
nat = Nat
by (rule exl, unfold mem-def, rule Nat.Zero-Repl)

definition Suc :: nat => nat where
Suc-def: Suc == (%n. Abs-Nat (Suc-Rep (Rep-Nat n)))

local

instantiation nat :: zero
begin

definition Zero-nat-def [code del]:
0 = Abs-Nat Zero-Rep

instance ..

end
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lemma Suc-not-Zero: Suc m # 0

by (simp add: Zero-nat-def Suc-def Abs-Nat-inject [unfolded mem-def]

Rep-Nat [unfolded mem-def] Suc-Repl Zero-Repl Suc-Rep-not-Zero-Rep [unfolded
mem-def])

lemma Zero-not-Suc: 0 # Suc m
by (rule not-sym, rule Suc-not-Zero not-sym)

lemma Suc-Rep-inject’: Suc-Rep © = Suc-Rep y «—— = =y
by (rule iffI, rule Suc-Rep-inject) simp-all

rep-datatype 0 :: nat Suc
apply (unfold Zero-nat-def Suc-def)
apply (rule Rep-Nat-inverse [THEN subst]) — types force good instantiation
apply (erule Rep-Nat [unfolded mem-def, THEN Nat.induct])
apply (iprover elim: Abs-Nat-inverse [unfolded mem-def, THEN subst])
apply (simp-all add: Abs-Nat-inject [unfolded mem-def] Rep-Nat [unfolded
mem-def]
Suc-Repl Zero-Repl Suc-Rep-not-Zero-Rep [unfolded mem-def]
Suc-Rep-not-Zero-Rep [unfolded mem-def, symmetric]
Suc-Rep-inject’ Rep-Nat-inject)
done

lemma nat-induct [case-names 0 Suc, induct type: nat):
— for backward compatibility — names of variables differ
fixes n
assumes P (
and An. Pn = P (Suc n)
shows P n
using assms by (rule nat.induct)

declare nat.ezhaust [case-names 0 Suc, cases type: nat]

lemmas nat-rec-0 = nat.recs(1)
and nat-rec-Suc = nat.recs(2)

lemmas nat-case-0 = nat.cases(1)
and nat-case-Suc = nat.cases(2)

Injectiveness and distinctness lemmas
lemma inj-Suc[simp]: inj-on Suc N

by (simp add: inj-on-def)

lemma Suc-neq-Zero: Sucm = 0 —= R
by (rule notE, rule Suc-not-Zero)

lemma Zero-neq-Suc: 0 = Suc m = R
by (rule Suc-neg-Zero, erule sym)
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lemma Suc-inject: Suc x = Suc y = =z =y
by (rule inj-Suc [THEN injD])

lemma n-not-Suc-n: n # Suc n
by (induct n) simp-all

lemma Suc-n-not-n: Suc n # n
by (rule not-sym, rule n-not-Suc-n)

A special form of induction for reasoning about m < n and m — n

lemma diff-induct: (lz. Pz 0) ==> (lly. P 0 (Suc y)) ==>
Mz y. Pz y ==> P (Suc z) (Suc y)) ==> P mn
apply (rule-tac z = m in spec)
apply (induct n)
prefer 2
apply (rule alll)
apply (induct-tac x, iprover+)
done

15.3 Arithmetic operators

instantiation nat :: {minus, comm-monoid-add}
begin

primrec plus-nat
where
add-0: 0 4+ n = (n:nat)
| add-Suc: Suc m + n = Suc (m + n)

lemma add-0-right [simp]: m + 0 = (m::nat)
by (induct m) simp-all

lemma add-Suc-right [simp]: m + Suc n = Suc (m + n)
by (induct m) simp-all

declare add-0 [code]

lemma add-Suc-shift [code]: Suc m + n = m + Suc n
by simp

primrec minus-nat
where
diff-0:  m — 0 = (m:nat)
| diff-Suc: m — Suc n = (case m — n of 0 => 0| Suc k => k)

declare diff-Suc [simp del]
declare diff-0 [code]
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lemma diff-0-eq-0 [simp, code]: 0 — n = (0::nat)
by (induct n) (simp-all add: diff-Suc)

lemma diff-Suc-Suc [simp, code]: Suc m — Sucn =m — n
by (induct n) (simp-all add: diff-Suc)

instance proof
fix nm q :: nat
show (n + m) + ¢ = n + (m + ¢) by (induct n) simp-all
show n + m = m + n by (induct n) simp-all
show 0 + n = n by simp
qed

end
hide-fact (open) add-0 add-0-right diff-0

instantiation nat :: comm-semiring-1-cancel
begin

definition
One-nat-def [simp]: 1 = Suc 0

primrec times-nat
where
mult-0: 0 x n = (0:nat)
| mult-Suc: Suc m * n =n + (m * n)

lemma mult-0-right [simp]: (m::nat) * 0 = 0
by (induct m) simp-all

lemma mult-Suc-right [simp]: m * Suc n = m + (m * n)
by (induct m) (simp-all add: add-left-commute)

lemma add-mult-distrib: (m + n) * k = (m x k) + ((n * k):nat)
by (induct m) (simp-all add: add-assoc)

instance proof
fix nm q :: nat
show 0 # (1::nat) unfolding One-nat-def by simp
show I x n = n unfolding One-nat-def by simp
show n * m = m x n by (induct n) simp-all
show (n *x m) x ¢ = n x (m % q) by (induct n) (simp-all add: add-mult-distrib)
show (n + m) * ¢ = n x ¢ + m x ¢ by (rule add-mult-distrib)
assume n + m = n + ¢ thus m = ¢ by (induct n) simp-all
qed

end



THEORY “Nat” 282

15.3.1 Addition

lemma nat-add-assoc: (m + n) + k = m + ((n + k)::nat)
by (rule add-assoc)

lemma nat-add-commute: m + n = n + (m:nat)
by (rule add-commute)

lemma nat-add-left-commute: z + (y + 2) = y + ((z + 2)::nat)
by (rule add-left-commute)

lemma nat-add-left-cancel [simp]: (k + m = k + n) = (m = (n::nat))
by (rule add-left-cancel)

lemma nat-add-right-cancel [simp]: (m + k = n 4+ k) = (m=(n:nat))
by (rule add-right-cancel)

Reasoning about m + 0 = 0, etc.

lemma add-is-0 [iff]:
fixes m n :: nat
shows (m +n=0)=(m=0&n=20)
by (cases m) simp-all

lemma add-is-1:
(m4n= Suc 0) = (m= Suc 0 & n=0 | m=0 & n= Suc 0)
by (cases m) simp-all

lemma one-is-add:
(Suc0=m+n)=m=Suc0&n=0]|m=0%&n= Suc0)

by (rule trans, rule eq-commute, rule add-is-1)

lemma add-eq-self-zero:
fixes m n :: nat
shows m + n=m = n=10
by (induct m) simp-all

lemma inj-on-add-nat[simp]: inj-on (%n:nat. n+k) N
apply (induct k)
apply simp
apply (drule comp-ing-on[OF - inj-Suc])
apply (simp add:o-def)
done

15.3.2 Difference

lemma diff-self-eq-0 [simp]: (m:nat) — m = 0
by (induct m) simp-all

lemma diff-diff-left: (iznat) —j — k=14 — (j + k)
by (induct i j rule: diff-induct) simp-all
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lemma Suc-diff-diff [simp]: (Suc m —n) — Suck=m —n — k
by (simp add: diff-diff-left)

lemma diff-commute: (iznat) —j — k=14 —k — j
by (simp add: diff-diff-left add-commute)

lemma diff-add-inverse: (n + m) — n = (m::nat)
by (induct n) simp-all

lemma diff-add-inverse2: (m + n) — n = (m:nat)
by (simp add: diff-add-inverse add-commute [of m n])

lemma diff-cancel: (k + m) — (k + n) = m — (n::nat)
by (induct k) simp-all

lemma diff-cancel2: (m + k) — (n + k) = m — (n:nat)
by (simp add: diff-cancel add-commute)

lemma diff-add-0: n — (n + m) = (0::nat)
by (induct n) simp-all

lemma diff-Suc-1 [simp]: Sucn — 1 =n
unfolding One-nat-def by simp
Difference distributes over multiplication
lemma diff-mult-distrib: ((m:nat) — n) « k= (m * k) — (n x k)
by (induct m n rule: diff-induct) (simp-all add: diff-cancel)

lemma diff-mult-distrib2: k * ((m::nat) — n) = (k * m) — (k * n)
by (simp add: diff-mult-distrib mult-commute [of k])
— NOT added as rewrites, since sometimes they are used from right-to-left

15.3.3 Multiplication

lemma nat-mult-assoc: (m * n) * k = m * ((n x k):nat)
by (rule mult-assoc)

lemma nat-mult-commute: m * n = n x (m:nat)
by (rule mult-commute)

lemma add-mult-distrib2: k = (m + n) = (k * m) + ((k * n):nat)
by (rule right-distrib)

lemma mult-is-0 [simp]: ((m:nat) x n = 0) = (m=0 | n=0)
by (induct m) auto

lemmas nat-distrib =
add-mult-distrib add-mult-distrib2 diff-mult-distrib diff-mult-distrib2

283
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lemma mult-eq-1-iff [simp]: (m * n = Suc 0) = (m = Suc 0 & n = Suc 0)
apply (induct m)
apply simp
apply (induct n)
apply auto
done

lemma one-eqg-mult-iff [simp,no-atp]: (Suc 0 = m * n) = (m = Suc 0 & n = Suc
0)

apply (rule trans)

apply (rule-tac [2] mult-eq-1-iff , fastsimp)

done

lemma nat-mult-eq-1-iff [simp]: m * n = (I:nat) «— m =1 An =1
unfolding One-nat-def by (rule mult-eq-1-iff)

lemma nat-1-eq-mult-iff [simp]: (1:nat) = mxn—— m =1 An =1
unfolding One-nat-def by (rule one-eqg-mult-iff )

lemma mult-cancell [simp]: (k* m =k xn) = (m =n | (k = (0:nat)))
proof —
have k # 0 = ks«sm=kxn=— m=mn
proof (induct n arbitrary: m)
case ( then show m = 0 by simp
next
case (Suc n) then show m = Suc n
by (cases m) (simp-all add: eq-commute [of 0])
qged
then show ?thesis by auto
qed

lemma mult-cancel2 [simp]: (m x k = n x k) = (m = n | (k = (0::nat)))
by (simp add: mult-commute)

lemma Suc-mult-cancell: (Suc k x m = Suc k % n) = (m = n)
by (subst mult-cancell) simp

15.4 Orders on nat
15.4.1 Operation definition

instantiation nat :: linorder
begin

primrec less-eq-nat where
(0::nat) < n «— True
| Suc m < n «— (case n of 0 = False | Suc n = m < n)

declare less-eq-nat.simps [simp del]
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lemma [code]: (0:nat) < n «— True by (simp add: less-eq-nat.simps)
lemma le0 [iff]: 0 < (n:nat) by (simp add: less-eq-nat.simps)

definition less-nat where
less-eq-Suc-le: n < m «—— Sucn < m

lemma Suc-le-mono [iff]: Suc n < Sucm «—— n < m
by (simp add: less-eq-nat.simps(2))

lemma Suc-le-eq [code]: Sucm < n «—— m < n
unfolding less-eq-Suc-le ..

lemma le-0-eq [iff]: (n:nat) < 0 «— n =0
by (induct n) (simp-all add: less-eq-nat.simps(2))

lemma not-less0 [iff]: = n < (0::nat)
by (simp add: less-eq-Suc-le)

lemma less-nat-zero-code [code]: n < (0::nat) «—— False
by simp

lemma Suc-less-eq [iff]: Suc m < Sucn —— m < n
by (simp add: less-eq-Suc-le)

lemma less-Suc-eg-le [code]: m < Sucn «—— m < n
by (simp add: less-eq-Suc-le)

lemma le-Sucl: m < n — m < Sucn
by (induct m arbitrary: n)
(simp-all add: less-eq-nat.simps(2) split: nat.splits)

lemma Suc-leD: Sucm <n = m <n
by (cases n) (auto intro: le-Sucl)

lemma less-Sucl: m < n = m < Suc n
by (simp add: less-eq-Suc-le) (erule Suc-leD)

lemma Suc-lessD: Sucm < n=— m < n
by (simp add: less-eq-Suc-le) (erule Suc-leD)

instance
proof
fix nm :: nat
shown<m+——n<mA-m<n
proof (induct n arbitrary: m)
case 0 then show ?case by (cases m) (simp-all add: less-eq-Suc-le)
next
case (Suc n) then show ?case by (cases m) (simp-all add: less-eq-Suc-le)
qed
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next
fix n :: nat show n < n by (induct n) simp-all
next
fix nm :: nat assume n < mand m < n
then show n = m
by (induct n arbitrary: m)
(simp-all add: less-eq-nat.simps(2) split: nat.splits)
next
fix nm q :: nat assume n < m and m < ¢
then show n < ¢
proof (induct n arbitrary: m q)
case 0 show ?Zcase by simp
next
case (Suc n) then show ?case
by (simp-all (no-asm-use) add: less-eq-nat.simps(2) split: nat.splits, clarify,
simp-all (no-asm-use) add: less-eq-nat.simps(2) split: nat.splits, clarify,
simp-all (no-asm-use) add: less-eq-nat.simps(2) split: nat.splits)
qed
next
fix nm ::nat shown <mvVm<n
by (induct n arbitrary: m)
(simp-all add: less-eq-nat.simps(2) split: nat.splits)
qed

end

instantiation nat :: bot
begin

definition bot-nat :: nat where
bot-nat = 0

instance proof
qed (simp add: bot-nat-def)

end

15.4.2 Introduction properties
lemma lessI [iff]: n < Suc n

by (simp add: less-Suc-eq-le)

lemma zero-less-Suc [iff]: 0 < Suc n
by (simp add: less-Suc-eg-le)
15.4.3 Elimination properties

lemma less-not-refl: ~ n < (n::nat)
by (rule order-less-irrefl)
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lemma less-not-refl2: n < m ==> m # (n:nat)
by (rule not-sym) (rule less-imp-neq)

lemma less-not-refl3: (s:nat) < t ==> s # ¢
by (rule less-imp-neq)

lemma less-irrefi-nat: (n:nat) < n ==> R
by (rule notE, rule less-not-refl)

lemma less-zeroE: (n:nat) < 0 ==> R
by (rule notE) (rule not-less0)

lemma less-Suc-eq: (m < Sucn) = (m < n | m = n)
unfolding less-Suc-eg-le le-less ..

lemma less-SucO [iff]: (n < Suc 0) = (n = 0)
by (simp add: less-Suc-eq)

lemma less-one [iff, no-atp]: (n < (1:nat)) = (n = 0)
unfolding One-nat-def by (rule less-Suc0)

lemma Suc-mono: m < n ==> Suc m < Suc n
by simp

”Less than” is antisymmetric, sort of

lemma less-antisym: [~ n < m;n < Sucm ] = m =n
unfolding not-less less-Suc-eg-le by (rule antisym)

lemma nat-neg-iff: ((m:nat) #n) =(m < n|n<m)
by (rule linorder-neg-iff)

lemma nat-less-cases: assumes major: (m:nat) < n ==> P nm
and eqCase: m = n ==> P n m and lessCase: n<m ==> Pnm
shows P nm
apply (rule less-linear [THEN disjE))
apply (erule-tac [2] disjE)
apply (erule lessCase)
apply (erule sym [THEN eqCase])
apply (erule major)
done

15.4.4 Inductive (?) properties
lemma Suc-lessl: m < n ==> Suc m # n ==> Sucm < n

unfolding less-eq-Suc-le [of m] le-less by simp

lemma lessE:
assumes major: 1 < k

and pl: k = Suci ==> P and p2:!lj. i < j==>k = Sucj ==> P
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shows P
proof —
from major have 3j. i < j Ak = Sucj
unfolding less-eq-Suc-le by (induct k) simp-all
then have (3j. i < j Ak = Sucj)V k= Suci
by (clarsimp simp add: less-le)
with p! p2 show P by auto
qed

lemma less-SucE: assumes major: m < Suc n
and less: m < n ==> P and eq: m = n ==> P shows P
apply (rule major [THEN lessE])
apply (rule eq, blast)
apply (rule less, blast)
done

lemma Suc-lessE: assumes major: Suc i < k
and minor: !j. i < j ==> k = Suc j ==> P shows P
apply (rule major [THEN lessE))
apply (erule lessI [THEN minor))
apply (erule Suc-lessD [THEN minor], assumption)
done

lemma Suc-less-SucD: Suc m < Sucn ==> m < n
by simp

lemma less-trans-Suc:
assumes le: i < j shows j < k ==> Suci < k
apply (induct k, simp-all)
apply (insert le)
apply (simp add: less-Suc-eq)
apply (blast dest: Suc-lessD)
done

Can be used with less-Suc-eq to get n = m V n < m
lemma not-less-eq: = m < n «—— n < Suc m

unfolding not-less less-Suc-eq-le ..

lemma not-less-eq-eq: = m < n «— Sucn < m
unfolding not-le Suc-le-eq ..

Properties of ”less than or equal”

lemma le-imp-less-Suc: m < n ==> m < Suc n
unfolding less-Suc-eg-le .

lemma Suc-n-not-le-n: ~ Sucn < n
unfolding not-le less-Suc-eg-le ..

lemma le-Suc-eq: (m < Suc n) = (m < n | m = Suc n)
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by (simp add: less-Suc-eg-le [symmetric] less-Suc-eq)

lemma le-SucE: m < Suc n ==> (m < n ==> R) ==> (m = Suc n ==> R)
——>R
by (drule le-Suc-eq [THEN iffD1], iprover+)

lemma Suc-lel: m < n ==> Suc(m) < n
unfolding Suc-le-eq .

Stronger version of Suc-leD

lemma Suc-le-lessD: Sucm < n==>m < n

unfolding Suc-le-eq .

lemma less-imp-le-nat: m < n ==> m < (n:nat)
unfolding less-eq-Suc-le by (rule Suc-leD)

For instance, (Suc m < Suc n) = (Suc m < n) = (m < n)
lemmas le-simps = less-imp-le-nat less-Suc-eq-le Suc-le-eq
Equivalence of m < nand m <nV m =n

lemma less-or-eg-imp-le: m < n | m = n ==>m < (n:nat)

unfolding le-less .

lemma le-eq-less-or-eq: (m < (n:nat)) = (m < n | m=n)
by (rule le-less)

Useful with blast.
lemma eg-imp-le: (m:nat) = n ==>m < n

by auto -

lemma le-refl: n < (n::nat)
by simp

lemma le-trans: [| i < j; 5 < k|| ==> i < (k:nat)
by (rule order-trans)

lemma le-antisym: [| m < n; n < m || ==> m = (n:nat)
by (rule antisym)

lemma nat-less-le: ((m:nat) < n) = (m < n & m # n)
by (rule less-le)

lemma le-neg-implies-less: (m:nat) < n ==>m #n==>m < n
unfolding less-le ..

lemma nat-le-linear: (m:nat) < n|n <m
by (rule linear)
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lemmas linorder-neqE-nat = linorder-negE [where 'a = nat|

lemma le-less-Suc-eq: m < n ==> (n < Suc m) = (n = m)
unfolding less-Suc-eq-le by auto

lemma not-less-less-Suc-eq: ~ n < m ==> (n < Suc m) = (n = m)
unfolding not-less by (rule le-less-Suc-eq)

lemmas not-less-simps = not-less-less-Suc-eq le-less-Suc-eq

These two rules ease the use of primitive recursion. NOTE USE OF ==

lemma def-nat-rec-0: ('n. f n == nat-rec c hn) ==> f0 = ¢

by simp

lemma def-nat-rec-Suc: (!In. f n == nat-rec ¢ hn) ==> f (Sucn) = hn (fn)
by simp

lemma not0-implies-Suc: n # 0 ==> Im. n = Suc m

by (cases n) simp-all

lemma gr0-implies-Suc: n > 0 ==> 3dm. n = Suc m
by (cases n) simp-all

lemma gr-implies-not0: fixes n :: nat shows m<n ==> n # 0
by (cases n) simp-all

lemma neq0-conv[iff]: fixes n :: nat shows (n # 0) = (0 < n)
by (cases n) simp-all

This theorem is useful with blast
lemma g¢r0I: ((n:nat) = 0 ==> False) ==> 0 < n
by (rule neq0-conv| THEN 4ffD1], iprover)

lemma gro-conv-Suc: (0 < n) = (3m. n = Suc m)
by (fast intro: not0-implies-Suc)

lemma not-gr0 [iff ,no-atp]: "ninat. (¥ (0 < n)) = (n = 0)
using neq0-conv by blast

lemma Suc-le-D: (Suc n < m’) ==> (¢ m. m’' = Suc m)
by (induct m’) simp-all

Useful in certain inductive arguments

lemma less-Suc-eq-0-disj: (m < Sucn) = (m = 0| (3j. m = Sucj & j < n))
by (cases m) simp-all

15.4.5 min and max

lemma mono-Suc: mono Suc
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by (rule monol) simp

lemma min-0L [simp]: min 0 n = (0:nat)
by (rule min-leastL) simp

lemma min-0R [simp]: min n 0 = (0::nat)
by (rule min-leastR) simp

lemma min-Suc-Suc [simp]: min (Suc m) (Suc n) = Suc (min m n)
by (simp add: mono-Suc min-of-mono)

lemma min-Sucl:
min (Suc n) m = (case m of 0 => 0 | Suc m' => Suc(min n m’))
by (simp split: nat.split)

lemma min-Suc2:
min m (Suc n) = (case m of 0 => 0 | Suc m’ => Suc(min m’ n))
by (simp split: nat.split)

lemma maz-0L [simp]: max 0 n = (n::nat)
by (rule maz-leastL) simp

lemma maz-0R [simp]: mazx n 0 = (n::nat)
by (rule maz-leastR) simp

lemma maz-Suc-Suc [simp]: maz (Suc m) (Suc n) = Suc(maz m n)
by (simp add: mono-Suc maz-of-mono)

lemma max-Sucl:
maz (Suc n) m = (case m of 0 => Suc n | Suc m’ => Suc(maz n m’))
by (simp split: nat.split)

lemma maz-Suc?:
maz m (Suc n) = (case m of 0 => Suc n | Suc m’ => Suc(maz m’ n))
by (simp split: nat.split)

15.4.6 Monotonicity of Addition

lemma Suc-pred [simp]: n>0 ==> Suc (n — Suc 0) = n
by (simp add: diff-Suc split: nat.split)

lemma Suc-diff-1 [simp]: 0 < n ==> Suc (n — 1) =n
unfolding One-nat-def by (rule Suc-pred)

lemma nat-add-left-cancel-le [simp]: (k + m < k + n) = (m<(n::nat))
by (induct k) simp-all

lemma nat-add-left-cancel-less [simp]: (k + m < k + n) = (m<(n:nat))
by (induct k) simp-all
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lemma add-gr-0 [iff]: "m:nat. (m +n > 0) = (m>0 | n>0)
by (auto dest:gr0-implies-Suc)

strict, in 1st argument

lemma add-less-monol: i < j ==> i + k < j + (k:nat)
by (induct k) simp-all

strict, in both arguments

lemma add-less-mono: [|i < j; k < l|]] ==> i + k < j + (l::nat)
apply (rule add-less-monol [THEN less-trans], assumption—+)
apply (induct j, simp-all)
done

Deleted less-natE; use less-imp-Suc-add RS exE

lemma less-imp-Suc-add: m < n ==> (k. n = Suc (m + k))
apply (induct n)
apply (simp-all add: order-le-less)
apply (blast elim!: less-SucE
introl: Nat.add-0-right [symmetric] add-Suc-right [symmetric))
done

strict, in 1st argument; proof is by induction on k& > 0

lemma mult-less-mono2: (iznat) < j ==> 0<k ==>k x i < k % j
apply (auto simp: gro0-conv-Suc)

apply (induct-tac m)

apply (simp-all add: add-less-mono)

done

The naturals form an ordered comm-semiring-1-cancel

instance nat :: linordered-semidom
proof
fix ijk :: nat
show 0 < (1:nat) by simp
show i < j ==>Fk + i <k + j by simp
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show | < j ==> 0 <k ==>k xi <k *xj by (simp add: mult-less-mono?2)

qed

instance nat :: no-zero-divisors
proof

fix a::nat and b::nat show a = 0 = b "= 0 = a * b “= 0 by auto
qed

lemma nat-mult-1: (1::nat) * n = n
by simp

lemma nat-mult-1-right: n * (1:nat) = n
by simp
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15.4.7 Additional theorems about op <

Complete induction, aka course-of-values induction

instance nat :: wellorder proof
fix P and n :: nat
assume step: An:nat. (Am. m <n = Pm) = Pn
have A\q. ¢ < n= Pgq
proof (induct n)
case (0 n)
have P 0 by (rule step) auto
thus ?case using 0 by auto
next
case (Suc m n)
then have n < m V n = Suc m by (simp add: le-Suc-eq)
thus ?case
proof
assume n < m thus P n by (rule Suc(1))
next
assume n: n = Suc m
show P n
by (rule step) (rule Suc(1), simp add: n le-simps)
qed
qged
then show P n by auto
qed

lemma Least-Suc:
[ Pn;~ PO || ==> (LEAST n. P n) = Suc (LEAST m. P(Suc m))
apply (case-tac n, auto)
apply (frule LeastI)
apply (drule-tac P = %x. P (Suc z) in Leastl)
apply (subgoal-tac (LEAST z. P z) < Suc (LEAST z. P (Suc z)))
apply (erule-tac [2] Least-le)
apply (case-tac LEAST x. P x, auto)
apply (drule-tac P = %xz. P (Suc z) in Least-le)
apply (blast intro: order-antisym)
done

lemma Least-Suc2:
[|IPn; @m; ~P0;%. P (Suck)= QFk|] ==> Least P = Suc (Least Q)
apply (erule (1) Least-Suc [THEN ssubst))
apply simp
done

lemma ex-least-nat-le: =P(0) = P(n:nat) = k<n. (Vi<k. =P i) & P(k)
apply (cases n)
apply blast
apply (rule-tac xt=LEAST k. P(k) in exl)
apply (blast intro: Least-le dest: not-less-Least intro: Leastl-ex)
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done

lemma ex-least-nat-less: = P(0) = P(n:nat) = Fk<n. (Vi<k.-Pi) & P(k+1)
unfolding One-nat-def
apply (cases n)
apply blast
apply (frule (1) ex-least-nat-le)
apply (erule exE)
apply (case-tac k)
apply simp
apply (rename-tac k1)
apply (rule-tac z=k1 in exl)
apply (auto simp add: less-eq-Suc-le)
done

lemma nat-less-induct:
assumes !!n. Vm:inat. m < n ——> Pm ==> P n shows P n
using assms less-induct by blast

lemma measure-induct-rule [case-names less|:
fixes [ :: 'a = nat
assumes step: N\z. (Ay. fy < fz = Py)=— Pz
shows P a
by (induct m=f a arbitrary: a rule: less-induct) (auto intro: step)

old style induction rules:

lemma measure-induct:
fixes [ :: 'a = nat
shows (Az.Vy. fy<faz — Py=— Pz) = Pa
by (rule measure-induct-rule [of f P a]) iprover

lemma full-nat-induct:
assumes step: (In. (ALL m. Suc m <=n ——> P m) ==> P n)
shows P n
by (rule less-induct) (auto intro: step simp:le-simps)

An induction rule for estabilishing binary relations

lemma less-Suc-induct:
assumes less: 1 < j
and step: !i. P4 (Suc i)
and trans:ijk.i<j==>j<k==> Pij==>Pjk==>Pik
shows P ij
proof —
from less obtain k where j: j = Suc (i + k) by (auto dest: less-imp-Suc-add)
have P i (Suc (i + k))
proof (induct k)
case (
show ?case by (simp add: step)
next
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case (Suc k)
have 0 + i < Suc k + i by (rule add-less-monol) simp
hence i < Suc (i + k) by (simp add: add-commute)
from trans[OF this lessI Suc step]
show ?case by simp

qed

thus P ij by (simp add: j)

qed

The method of infinite descent, frequently used in number theory. Provided
by Roelof Oosterhuis. P(n) is true for all n € N if

e case “0”: given n = 0 prove P(n),

e case “smaller”: given n > 0 and —P(n) prove there exists a smaller
integer m such that =P(m).

A compact version without explicit base case:

lemma infinite-descent:
[ "n:inat. = Pn = Im<n.~ Pm]= Pn
by (induct n rule: less-induct, auto)

lemma infinite-descent0[case-names 0 smaller]:
[PO;!"n.n>0 = - Pn= (Imunat. n <nA-Pm)] = Pn
by (rule infinite-descent) (case-tac n>0, auto)

Infinite descent using a mapping to N: P(x) is true for all z € D if there
exists a V : D — N and

e case “0": given V(x) = 0 prove P(z),

e case “smaller”: given V(x) > 0 and —P(z) prove there exists a y € D
such that V(y) < V(z) and —P(y).

NB: the proof also shows how to use the previous lemma.

corollary infinite-descent0-measure [case-names 0 smaller]:
assumes A0: lz. Vz = (0:nat) = Pz
and Al:llz. V> 0= -Pz= (3y. Vy< Va A-Py)
shows P z
proof —
obtain n where n = V z by auto
moreover have A\z. Vo =n = Pux
proof (induct n rule: infinite-descent0)
case 0 —ie V(x)=0
with A0 show P z by auto
next — now n > 0 and P(z) does not hold for some = with V(z) =n
case (smaller n)
then obtain z where vzn: Vo =n and Vz > 0 A = Pz by auto
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with A7 obtain y where Vy < Vo A = Py by auto
with vzn obtain m where m = Vy A m<n A =~ P y by auto
then show ?case by auto
qed
ultimately show P z by auto
qed

Again, without explicit base case:

lemma infinite-descent-measure:
assumes !lz. - Pz = Jy. (V::'a=nat) y < Vz A = Py shows Pz
proof —
from assms obtain n where n = V z by auto
moreover have llz. Vo =n— Pz
proof (induct n rule: infinite-descent, auto)
fix z assume - P x
with assms show 3m < Vz. dy. Vy =m A - Py by auto
qed
ultimately show P z by auto
qged

A [clumsy] way of lifting < monotonicity to < monotonicity

lemma less-mono-imp-le-mono:
[MWijunat. i <j=fi<fj;i<j] = fi<((fj):nat)
by (simp add: order-le-less) (blast)
non-strict, in 1st argument
lemma add-le-monol: i < j ==> i+ k < j + (k::nat)
by (rule add-right-mono)
non-strict, in both arguments
lemma add-le-mono: [| i < j; k<1 ==>1i+ k <j+ (l:nat)
by (rule add-mono)

lemma le-add2: n < ((m + n)::nat)
by (insert add-right-mono [of 0 m n], simp)

lemma le-addl: n < ((n + m)::nat)
by (simp add: add-commute, rule le-add2)

lemma less-add-Sucl: i < Suc (i + m)
by (rule le-less-trans, rule le-add1, rule lessI)

lemma less-add-Suc2: i < Suc (m + 1)
by (rule le-less-trans, rule le-add2, rule lessI)

lemma less-iff-Suc-add: (m < n) = (3k. n = Suc (m + k))
by (iprover intro!: less-add-Sucl less-imp-Suc-add)
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lemma trans-le-addl: (iz:nat) < j==>i<j+m
by (rule le-trans, assumption, rule le-add1)

lemma trans-le-add2: (iz:nat) < j==>i<m+j
by (rule le-trans, assumption, rule le-add2)

lemma trans-less-addl: (iznat) < j ==>1 < j + m
by (rule less-le-trans, assumption, rule le-addl)

lemma trans-less-add2: (iznat) < j ==>1i < m + j
by (rule less-le-trans, assumption, rule le-add2)

lemma add-lessD1: i + j < (kunat) ==> i < k
apply (rule le-less-trans [of - i+j])

apply (simp-all add: le-addl)

done

lemma not-add-less! [iff]: ~ (i + j < (i:nat))
apply (rule notl)

apply (drule add-lessD1)

apply (erule less-irrefl [THEN notE))

done

lemma not-add-less2 [iff]|: ~ (j + i < (i::nat))
by (simp add: add-commute)

lemma add-leD1: m + k < n ==> m < (n:nat)
apply (rule order-trans [of - m~+k])

apply (simp-all add: le-add1)

done

lemma add-leD2: m + k < n ==> k < (n::nat)
apply (simp add: add-commute)

apply (erule add-leD1)

done

lemma add-leE: (m:nat) + k < n==>(m <n==>k<n==>R)==>R
by (blast dest: add-leD1 add-leD2)
needs 'k for add-ac to work

lemma less-add-eq-less: Nk:nat. k <l==>m +1l=k+n==>m<n
by (force simp del: add-Suc-right
simp add: less-iff-Suc-add add-Suc-right [symmetric] add-ac)

15.4.8 More results about difference

Addition is the inverse of subtraction: if n < m then n + (m — n) = m.

lemma add-diff-inverse: ~ m < n ==>n + (m — n) = (m:nat)
by (induct m n rule: diff-induct) simp-all
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lemma le-add-diff-inverse [simp]: n < m ==>n 4+ (m — n) = (m:nat)
by (simp add: add-diff-inverse linorder-not-less)

lemma le-add-diff-inverse2 [simp]: n < m ==> (m — n) + n = (m:nat)
by (simp add: add-commute)

lemma Suc-diff-le: n < m ==> Suc m — n = Suc (m — n)
by (induct m n rule: diff-induct) simp-all

lemma diff-less-Suc: m — n < Suc m
apply (induct m n rule: diff-induct)
apply (erule-tac [3] less-SucE)
apply (simp-all add: less-Suc-eq)
done

lemma diff-le-self [simp]: m — n < (m::nat)
by (induct m n rule: diff-induct) (simp-all add: le-Sucl)

lemma le-iff-add: (m::nat) < n = (3k.n=m + k)
by (auto simp: le-add1 dest!: le-add-diff-inverse sym [of - n])

lemma less-imp-diff-less: (j:nat) < k ==>j —n <k
by (rule le-less-trans, rule diff-le-self)

lemma diff-Suc-less [simp]: 0<n ==>n — Suc i < n
by (cases n) (auto simp add: le-simps)

lemma diff-add-assoc: k < (jinat) ==> (i +j) —k=1+ (j — k)
by (induct j k rule: diff-induct) simp-all

lemma diff-add-assoc2: k < (junat) ==> (j + i) — k=G — k) + i
by (simp add: add-commute diff-add-assoc)

lemma le-imp-diff-is-add: i < (junat) ==> (G —i=k) =G =k + 1)
by (auto simp add: diff-add-inverse2)

lemma diff-is-0-eq [simp]: ((m::nat) — n = 0) = (m < n)
by (induct m n rule: diff-induct) simp-all

lemma diff-is-0-eq’ [simp]: m < n ==> (munat) — n = 0
by (rule iffD2, rule diff-is-0-eq)

lemma zero-less-diff [simp]: (0 < n — (m:nat)) = (m < n)
by (induct m n rule: diff-induct) simp-all

lemma less-imp-add-positive:
assumes i < j
shows Jkunat. 0 <k & i+ k=7

298



THEORY “Nat” 299

proof
from assms show 0 < j — i & i+ (j — 1) =7
by (simp add: order-less-imp-le)
qed

a nice rewrite for bounded subtraction

lemma nat-minus-add-mazx:
fixes n m :: nat
shows n — m + m = maz n m
by (simp add: maz-def not-le order-less-imp-le)

lemma nat-diff-split:
P(a — bunat) = ((a<b ——> P 0) & (ALLd. a=b+ d —> P d))
— elimination of — on nat
by (cases a < b)
(auto simp add: diff-is-0-eq [THEN iffD2] diff-add-inverse
not-less le-less dest!: sym [of a] sym [of b] add-eq-self-zero)

lemma nat-diff-split-asm:
P(a — binat) = (" (a<b&~“PO|(EXd. a=b+d& ™~ Pd)))
— elimination of — on nat in assumptions
by (auto split: nat-diff-split)

15.4.9 Monotonicity of Multiplication

lemma mult-le-monol: i < (junat) ==>ixk <jxk
by (simp add: mult-right-mono)

lemma mult-le-mono2: i < (junat) ==>k i <k *j
by (simp add: mult-left-mono)

< monotonicity, BOTH arguments

lemma mult-le-mono: i < (junat) ==>k < l==>i%k <j x|
by (simp add: mult-mono)

lemma mult-less-monol: (iznat) < j ==> 0 < k==>ixk <jx*k
by (simp add: mult-strict-right-mono)

Differs from the standard zero-less-mult-iff in that there are no negative
numbers.

lemma nat-0-less-mult-iff [simp]: (0 < (m:nat) * n) = (0 < m & 0 < n)
apply (induct m)
apply simp
apply (case-tac n)
apply simp-all
done

lemma one-le-mult-iff [simp]: (Suc 0 < m * n) = (Suc 0 < m & Suc 0 < n)
apply (induct m)
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apply simp
apply (case-tac n)
apply simp-all
done

lemma mult-less-cancel2 [simp]: ((m:nat) x k <n*x k) = (0 < k & m < n)
apply (safe intro!: mult-less-monol)
apply (case-tac k, auto)
apply (simp del: le-0-eq add: linorder-not-le [symmetric])
apply (blast intro: mult-le-monol)
done

lemma mult-less-cancell [simp]: (k * (m:nat) < k xn) = (0 < k & m < n)
by (simp add: mult-commute [of k])

lemma mult-le-cancell [simp]: (k % (munat) < kxn)=(0 <k ——>m < n)
by (simp add: linorder-not-less [symmetric|, auto)

lemma mult-le-cancel2 [simp]: ((m:nat) x k < nx k)= (0 <k ——>m <
by (simp add: linorder-not-less [symmetric], auto)

A
S

lemma Suc-mult-less-cancell: (Suc k x m < Suc k * n) = (m < n)
by (subst mult-less-cancell) simp

lemma Suc-mult-le-cancell: (Suc k * m < Suc k x n) = (m < n)
by (subst mult-le-cancell) simp

lemma le-square: m < m * (m::nat)
by (cases m) (auto intro: le-add1)

lemma le-cube: (m::nat) < m * (m % m)
by (cases m) (auto intro: le-addl)

Lemma for ged

lemma mult-eg-self-implies-10: (m:nat) = m*sn==>n=1|m =0
apply (drule sym)
apply (rule disjCI)
apply (rule nat-less-cases, erule-tac [2] -)
apply (drule-tac [2] mult-less-mono2)
apply (auto)
done

the lattice order on nat
instantiation nat :: distrib-lattice

begin

definition
(inf :: nat = nat = nat) = min
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definition
(sup :: nat = nat = nat) = maz

instance by intro-classes
(auto simp add: inf-nat-def sup-nat-def maz-def not-le min-def
intro: order-less-imp-le antisym elim!: order-trans order-less-trans)

end

15.5 Natural operation of natural numbers on functions

We use the same logical constant for the power operations on functions and
relations, in order to share the same syntax.

consts compow :: nat = (‘a = 'b) = ('a = 'b)

abbreviation compower :: (‘a = 'b) = nat = ‘a = 'b (infixr "" 80) where
f " n = compow n f

notation (later output)
compower ((-7) [1000] 1000)

notation (HTML output)
compower ((-7) [1000] 1000)

f " n=fo.. of the n-fold composition of f

overloading
funpow == compow :: nat = (‘a = 'a) = ('a = 'a)
begin

primrec funpow :: nat = (‘a = 'a) = 'a = ’‘a where
Sfunpow 0 f = id
| funpow (Suc n) f = f o funpow n f

end

for code generation
definition funpow :: nat = (‘a = 'a) = ‘a = ’'a where
funpow-code-def [code-post]: funpow = compow

lemmas [code-unfold] = funpow-code-def [symmetric]

lemma [code]:
funpow 0 f = id
funpow (Suc n) f = f o funpow n f
unfolding funpow-code-def by simp-all

hide-const (open) funpow
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lemma funpow-add:
for(mtm)=f""mof "n
by (induct m) simp-all

lemma funpow-swapl:

FUF ) z)=(f""n) (fz)

proof —

have f ((f *"n)z)=(f "~ (n + 1)) z by simp
alsohave ... = (f ""nof " 1)z by (simp only: funpow-add)
also have ... = (f ""n) (f z) by simp
finally show ?thesis .
qed

15.6 Embedding of the Naturals into any semiring-1: of-nat

context semiring-1
begin

primrec
of-nat :: nat = 'a
where
of-nat-0: of-nat 0 = 0
| of-nat-Suc: of-nat (Suc m) = 1 + of-nat m

lemma of-nat-1 [simp]: of-nat 1 = 1
unfolding One-nat-def by simp

lemma of-nat-add [simp]: of-nat (m + n) = of-nat m + of-nat n
by (induct m) (simp-all add: add-ac)

lemma of-nat-mult: of-nat (m x n) = of-nat m x of-nat n
by (induct m) (simp-all add: add-ac left-distrib)

primrec of-nat-auz :: (‘a = 'a) = nat = 'a = ’‘a where
of-nat-auzx inc 01 = i
| of-nat-aux inc (Suc n) i = of-nat-aux inc n (inc i) — tail recursive

lemma of-nat-code:
of-nat n = of-nat-auz (Ai. ¢ + 1) n 0
proof (induct n)
case () then show ?case by simp
next
case (Suc n)
have Ai. of-nat-auz (Mi. i + 1) n (i + 1) = of-nat-auz (Ni. i + 1) ni + 1
by (induct n) simp-all
from this [of 0] have of-nat-auz (Ai. i + 1) n 1 = of-nat-aux (Ni. i + 1) n 0
+ 1
by simp
with Suc show ?case by (simp add: add-commute)
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qed
end

declare of-nat-code [code, code-unfold, code-inline del]

Class for unital semirings with characteristic zero. Includes non-ordered
rings like the complex numbers.

class semiring-char-0 = semiring-1 +
assumes of-nat-eg-iff [simpl: of-nat m = of-nat n «—— m = n
begin

Special cases where either operand is zero

lemma of-nat-0-eq-iff [simp, no-atp]: 0 = of-nat n —— 0 = n
by (rule of-nat-eq-iff [of 0 n, unfolded of-nat-0])

lemma of-nat-eq-0-iff [simp, no-atp]: of-nat m = 0 «— m = 0
by (rule of-nat-eq-iff [of m 0, unfolded of-nat-0))

lemma inj-of-nat: inj of-nat
by (simp add: inj-on-def)

end

context linordered-semidom
begin

lemma zero-le-imp-of-nat: 0 < of-nat m
by (induct m) simp-all

lemma less-imp-of-nat-less: m < n = of-nat m < of-nat n
apply (induct m n rule: diff-induct, simp-all)
apply (rule add-pos-nonneg [OF zero-less-one zero-le-imp-of-nat])
done

lemma of-nat-less-imp-less: of-nat m < of-nat n = m < n
apply (induct m n rule: diff-induct, simp-all)
apply (insert zero-le-imp-of-nat)
apply (force simp add: not-less [symmetric])
done

lemma of-nat-less-iff [simp]: of-nat m < of-nat n «—— m < n
by (blast intro: of-nat-less-imp-less less-imp-of-nat-less)

lemma of-nat-le-iff [simp]: of-nat m < of-nat n —— m < n
by (simp add: not-less [symmetric] linorder-not-less [symmetric])

Every linordered-semidom has characteristic zero.

subclass semiring-char-0
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proof qed (simp add: eq-iff order-eq-iff)

Special cases where either operand is zero

lemma of-nat-0-le-iff [simp]: 0 < of-nat n
by (rule of-nat-le-iff [of 0, simplified])

lemma of-nat-le-0-iff [simp, no-atp]: of-nat m < 0 «—— m = 0
by (rule of-nat-le-iff [of - 0, simplified])

lemma of-nat-0-less-iff [simpl: 0 < of-nat n «—— 0 < n
by (rule of-nat-less-iff [of 0, simplified])

lemma of-nat-less-0-iff [simp]: = of-nat m < 0
by (rule of-nat-less-iff [of - 0, simplified])

end

context ring-1
begin

lemma of-nat-diff: n < m = of-nat (m — n) = of-nat m — of-nat n
by (simp add: algebra-simps of-nat-add [symmetric])

end

context linordered-idom
begin

lemma abs-of-nat [simp]: |of-nat n| = of-nat n
unfolding abs-if by auto

end

lemma of-nat-id [simp]: of-nat n = n
by (induct n) simp-all

lemma of-nat-eq-id [simp]: of-nat = id
by (auto simp add: expand-fun-eq)

15.7 The Set of Natural Numbers

context semiring-1
begin

definition
Nats :: 'a set where

[code del]: Nats = range of-nat

notation (zsymbols)
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Nats (IN)

lemma of-nat-in-Nats [simp]: of-nat n € N
by (simp add: Nats-def)

lemma Nats-0 [simp]: 0 € IN
apply (simp add: Nats-def)
apply (rule range-eql)

apply (rule of-nat-0 [symmetric])
done

lemma Nats-1 [simp]: 1 € N
apply (simp add: Nats-def)
apply (rule range-eql)

apply (rule of-nat-1 [symmetric])
done

lemma Nats-add [simp]: e e N=beN=0a+becN
apply (auto simp add: Nats-def)

apply (rule range-eql)

apply (rule of-nat-add [symmetric])

done

lemma Nats-mult [simp]: a E N=be N = axbe N
apply (auto simp add: Nats-def)

apply (rule range-eql)

apply (rule of-nat-mult [symmetric])

done

lemma Nats-cases [cases set: Nats]:
assumes z € IN
obtains (of-nat) n where z = of-nat n
unfolding Nats-def
proof —
from <z € IN) have z € range of-nat unfolding Nats-def .
then obtain n where z = of-nat n ..
then show thesis ..
qed

lemma Nats-induct [case-names of-nat, induct set: Nats]:
z € N= (An. P (of-nat n)) = Px
by (rule Nats-cases) auto

end

15.8 Further Arithmetic Facts Concerning the Natural Num-
bers

lemma subst-equals:
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assumes /: ¢t =sand 2: u =t
shows u = s
using 2 1 by (rule trans)

setup Arith-Data.setup

use Tools/nat-arith. ML
declaration { K Nat-Arith.setup )

use Tools/lin-arith. ML
setup (( Lin-Arith.global-setup )
declaration {( K Lin-Arith.setup ))

lemmas [arith-split] = nat-diff-split split-min split-max

context order
begin

lemma lift-Suc-mono-le:

assumes mono: !!n. fn < f(Suc n) and n<n’

shows fn < fn'
proof (cases n < n’)

case True

thus ?thesis

by (induct n n’ rule: less-Suc-induct[consumes 1)) (auto intro: mono)

qed (insert (n < n', auto) — trivial for n = n’

lemma [lift-Suc-mono-less:
assumes mono: In. fn < f(Sucn) and n < n’
shows fn < fn'
using (n < n”
by (induct n n' rule: less-Suc-induct[consumes 1]) (auto intro: mono)

lemma lift-Suc-mono-less-iff
(Mn. fn < f(Sucn)) = f(n) < f(m) «— n<m
by (blast intro: less-asym’ lift-Suc-mono-less|of f]
dest: linorder-not-less[ THEN iffD1] le-eq-less-or-eq| THEN iffD1])

end

lemma mono-iff-le-Suc: mono f = (Vn. fn < f (Suc n))
unfolding mono-def
by (auto intro:lift-Suc-mono-lelof f])

lemma mono-nat-linear-1b:
("m ninat. m<n = fm < fn) = f(m)+k < f(m+k)
apply (induct-tac k)
apply simp
apply (erule-tac t=m+n in meta-allE)
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apply (erule-tac x=Suc(m+n) in meta-allE)

apply simp
done

Subtraction laws, mostly by Clemens Ballarin
lemma diff-less-mono: || a < (binat); ¢ < a || ==> a—c < b—c
by arith

lemma less-diff-conv: (i < j—k) = (i+k < (j::nat))
by arith

lemma le-diff-conv: (j—k < (iznat)) = (§ < i+k)
by arith

lemma le-diff-conv2: k < j ==> (i < j—k) = (i+k < (j::nat))
by arith

lemma diff-diff-cancel [simp]: i < (n:nat) ==>n — (n — i) =i
by arith

lemma le-add-diff: k < (n:nat) ==>m < n + m — k
by arith

lemma diff-less[simp]: !m:nat. [| 0<n; O<m || ==>m — n < m

by arith

Simplification of relational expressions involving subtraction

lemma diff-diff-eq: [| k < m; k < (n:nat) || ==> ((m—k) — (n—k)) = (m—n)
by (simp split add: nat-diff-split)

hide-fact (open) diff-diff-eq

lemma eg-diff-iff: [| k < m; k < (nunat) || ==> (m—k = n—k) = (m=n)
by (auto split add: nat-diff-split)

lemma less-diff-iff: [| k < m; k < (nunat) || ==> (m—k < n—k) = (m<n)
by (auto split add: nat-diff-split)

lemma le-diff-iff: [| k < m; k < (n:nat) || ==> (m—k < n—k) = (m<n)
by (auto split add: nat-diff-split)

(Anti)Monotonicity of subtraction — by Stephan Merz

lemma diff-le-mono: m < (nunat) ==> (m—1) < (n—1I)

by (simp split add: nat-diff-split)

lemma diff-le-mono2: m < (n:nat) ==> (I—n) < (I-m)
by (simp split add: nat-diff-split)



THEORY “Nat”

lemma diff-less-mono2: [| m < (n:nat); m<l || ==> (I-n) < (I-m)

by (simp split add: nat-diff-split)

lemma diffsO-imp-equal: !m::nat. [| m—n = 0; n—m = 0 || ==> m=n

by (simp split add: nat-diff-split)

lemma min-diff: min (m — (iznat)) (n — i) = minmmn — i
by auto

lemma inj-on-diff-nat:
assumes k-le-n: Vn € N. k < (n::nat)
shows inj-on (An. n — k) N
proof (rule inj-onlI)
fix zy
assume a: z € Nye Noe —k=y — k
with k-le-n have v — k + k =y — k + k by auto
with a k-le-n show = = y by auto
qed

Rewriting to pull differences out

lemma diff-diff-right [simp]: k<j ——> i — (j — k) = ¢ + (k:nat) — j

by arith

308

lemma diff-Suc-diff-eql [simp]: k < j ==>m — Suc (j — k) =m + k — Sucj

by arith

lemma diff-Suc-diff-eq2 [simp]: k < j ==> Suc (j — k) — m = Sucj — (k + m)

by arith

Lemmas for ex/Factorization

lemma one-less-mult: [| Suc 0 < n; Suc 0 < m || ==> Suc 0 < mxn

by (cases m) auto

lemma n-less-m-mult-n: [| Suc 0 < n; Suc 0 < m || ==> n<mxn

by (cases m) auto

lemma n-less-n-mult-m: [| Suc 0 < n; Suc 0 < m || ==> n<nxm

by (cases m) auto

Specialized induction principles that work ”backwards”:

lemma inc-induct[consumes 1, case-names base step]:
assumes less: i <= j
assumes base: P j
assumes step: i, [| i < j; P (Suci) || ==> P i
shows P i
using less
proof (induct d==j — i arbitrary: i)
case (0 i)
hence i = j by simp
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with base show ?case by simp
next
case (Suc d i)
hence i < j P (Suc i)
by simp-all
thus P i by (rule step)
qed

lemma strict-inc-induct[consumes 1, case-names base step):
assumes less: i < j

assumes base: !li. j = Suc i ==> P i
assumes step: !li. [| 4 < j; P (Suci) || ==> P i
shows P i
using less
proof (induct d==j — i — 1 arbitrary: i)
case (0 1)

with ¢ < j» have j = Suc i by simp
with base show ?case by simp
next
case (Suc d i)
hence i < j P (Suc i)
by simp-all
thus P i by (rule step)
qed

lemma zero-induct-lemma: P k ==> (I!n. P (Suc n) ==> P n) ==> P (k — i)
using inc-induct[of k — i k P, simplified] by blast

lemma zero-induct: P k ==> (In. P (Suc n) ==> P n) ==> P 0
using inc-induct[of 0 k P] by blast

lemmas add-diff-assoc = diff-add-assoc [symmetric]
lemmas add-diff-assoc2 = diff-add-assoc2[symmetric]
declare diff-diff-left [simp] add-diff-assoc [simp] add-diff-assoc2|simp]

At present we prove no analogue of not-less-Least or Least-Suc, since there
appears to be no need.

15.9 The divides relation on nat
lemma dvd-1-left [iff]: Suc 0 dvd k
unfolding dvd-def by simp

lemma dvd-1-iff-1 [simp]: (m dvd Suc 0) = (m = Suc 0)
by (simp add: dvd-def)

lemma nat-dvd-1-iff-1 [simp]: m dvd (1:nat) «— m = 1
by (simp add: dvd-def)
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lemma dvd-antisym: [| m dvd n; n dvd m || ==> m = (n:nat)
unfolding dvd-def
by (force dest: mult-eq-self-implies-10 simp add: mult-assoc)

op dvd is a partial order

interpretation dvd: order op dvd An m :: nat. n dvd m A = m dvd n
proof ged (auto intro: dvd-refl dvd-trans dvd-antisym)

lemma dvd-diff-nat[simp]: || k dvd m; k dvd n || ==> k dvd (m—n :: nat)
unfolding dvd-def
by (blast intro: diff-mult-distrib2 [symmetric])

lemma dvd-diffD: [| k dvd m—n; k dvd n; n<m |] ==> k dvd (m::nat)

apply (erule linorder-not-less [THEN iffD2, THEN add-diff-inverse, THEN
subst])

apply (blast intro: dvd-add)

done
lemma dvd-diffD1: || k dvd m—n; k dvd m; n<m || ==> k dvd (n::nat)

by (drule-tac m = m in dvd-diff-nat, auto)

lemma dvd-reduce: (k dvd n + k) = (k dvd (n::nat))
apply (rule iffI)
apply (erule-tac [2] dvd-add)
apply (rule-tac [2] dvd-refl)
apply (subgoal-tac n = (n+k) —k)
prefer 2 apply simp
apply (erule ssubst)
apply (erule dvd-diff-nat)
apply (rule dvd-refl)
done

lemma dvd-mult-cancel: Nk::nat. || kxm dvd kxn; 0<k || ==> m dvd n
unfolding dvd-def
apply (erule exE)
apply (simp add: mult-ac)
done

lemma dvd-mult-cancell: 0<m ==> (mxn dvd m) = (n = (1::nat))
apply auto
apply (subgoal-tac m*n dvd mx1)
apply (drule dvd-mult-cancel, auto)
done

lemma dvd-mult-cancel2: 0<m ==> (nxm dvd m) = (n = (1::nat))
apply (subst mult-commute)
apply (erule dvd-mult-cancell)
done
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lemma dvd-imp-le: [| k dvd n; 0 < n || ==> k < (n:nat)
by (auto elim!: dvdE) (auto simp add: gr0-conv-Suc)

lemma nat-dvd-not-less:
fixes m n :: nat
shows 0 < m = m < n = - ndvd m
by (auto elim!: dvdE) (auto simp add: gr0-conv-Suc)

15.10 size of a datatype value

class size =
fixes size :: 'a = mat — see further theory Wellfounded

15.11 code module namespace

code-modulename SML
Nat Arith

code-modulename OCaml
Nat Arith

code-modulename Haskell
Nat Arith

end

16 Datatype: Datatype package: constructing datatypes
from Cartesian Products and Disjoint Sums

theory Datatype
imports Product-Type Sum-Type Nat
uses
(Tools/ Datatype / datatype. ML)
(Tools/inductive-realizer. ML)
(Tools/ Datatype / datatype-realizer. ML)
begin

16.1 The datatype universe

typedef (Node)
('a,’b) node = {p. EX fz k. p = (f::nat=>"b+nat, z::'a+nat) & fk = Inr 0}
— it is a subtype of (nat=>'b+nat) * ('a+nat)
by auto

Datatypes will be represented by sets of type node

types ‘a item = ('a, unit) node set
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("a, 'b) dtree = ('a, 'b) node set

consts
Push = [('b + nat), nat => ('b + nat)] => (nat => ('b + nat))

Push-Node :: [('b + nat), ('a, 'b) node] => (‘a, 'b) node
ndepth  :: (‘a, 'b) node => nat

Atom = (a + nat) => (‘a, 'b) diree

Leaf = 'a => (Ya, 'b) dtree

Numb = nat => ('a, 'b) diree

Scons  :: [(‘a, 'b) dtree, ('a, 'b) diree] => (‘a, 'b) dtree

In0 i (‘a, 'b) dtree => ('a, 'b) dtree

Int :: (‘a, 'b) dtree => ('a, 'b) dtree

Lim = (b => (‘a, 'b) dtree) => (‘a, 'b) diree

ntrunc  :: [nat, (‘a, 'b) dtree] => (‘a, 'b) dtree

uprod  :: [('a, 'b) diree set, ('a, 'b) dtree set]=> (‘a, 'b) diree set

usum 2 [(Ya, 'b) diree set, ('a, 'b) dtree set]=> (‘a, 'b) dtree set

Split — :: [[("a, 'b) dtree, (‘a, 'b) dtree]=>"c, ('a, 'b) dtree] => 'c

Case = {[("a, 'b) dtree]=>"c, [('a, 'b) dtree]=>"c, (‘a, 'b) dtree] => 'c

dprod  : [(("a, 'b) dtree = ('a, 'b) dtree)set, (('a, 'b) diree x (‘a, 'b) diree)set]
=> (('a, 'b) dtree * ('a, 'b) diree)set

dsum = [(("a, 'b) dtree * (‘a, 'b) dtree)set, (('a, 'b) dtree x (‘a, 'b) dtree)set]

=> (('a, 'b) dtree x ('a, 'b) dtree)set

defs
Push-Node-def: Push-Node == (%n x. Abs-Node (apfst (Push n) (Rep-Node
z)))

Push-def: Push == (%b h. nat-case b h)

Atom-def: Atom == (%z. {Abs-Node((%k. Inr 0, x))})
Scons-def: Scons M N == (Push-Node (Inr 1) * M) Un (Push-Node (Inr (Suc
1)) *N)

Leaf-def: Leaf == Atom o Inl
Numb-def: Numb == Atom o Inr
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In0-def: InO(M) == Scons (Numb 0) M
Inl-def: In1(M) == Scons (Numb 1) M
Lim-def: Lim f == Union {z. ¢ x. z = Push-Node (Inl z) * (f z)}

ndepth-def: ndepth(n) == (%(f,z). LEAST k. f k = Inr 0) (Rep-Node n)
ntrunc-def: ntrunc k N == {n. n:N & ndepth(n)<k}

uprod-def: uprod A B == UN x:A. UN y:B. { Scons z y }
usum-def: usum A B == In0‘A Un In1‘B

Split-def: Split c M == THE u. EXzy. M = Sconszxy & u=czy

Case-def: Case cd M == THE u. (EXz . M = In0(z) & v = ¢(z))
| (EXy . M = Inl(y) & u = d(y))

dprod-def: dprod r s == UN (z,x’):r. UN (y,y"):s. {(Scons z y, Scons =’ y')}

dsum-def: dsum r s == (UN (z,z'):r. {(In0(z),In0(z"))}) Un
(UN (y,y"):s. {(In1(y),In1(y"))})

lemma apfst-convE:
(| ¢=apfstfp; Yoy [|p=(zy): ¢=(f(x)y) || ==>R
| ——> R

by (force simp add: apfst-def)

lemma Push-injectl: Push i f = Push j g ==> i=j
apply (simp add: Push-def expand-fun-eq)

apply (drule-tac =0 in spec, simp)

done

lemma Push-inject2: Push i f = Push j g ==> f=g
apply (auto simp add: Push-def expand-fun-eq)
apply (drule-tac z=Suc z in spec, simp)

done

lemma Push-inject:
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(| Push i f =Pushjg; [|i=j; f=g | ==> P ==>P
by (blast dest: Push-inject! Push-inject?2)

lemma Push-neq-K0: Push (Inr (Suc k)) f = (%z. Inr 0) ==> P
by (auto simp add: Push-def expand-fun-eq split: nat.split-asm)

lemmas Abs-Node-inj = Abs-Node-inject [THEN [2] rev-iff D1, standard]

lemma Node-K0-1: (%k. Inr 0, a) : Node
by (simp add: Node-def)

lemma Node-Push-I: p: Node ==> apfst (Push i) p : Node
apply (simp add: Node-def Push-def)

apply (fast introl: apfst-conv nat-case-Suc [THEN trans))
done

16.2 Freeness: Distinctness of Constructors

lemma Scons-not-Atom [iff]: Scons M N # Atom(a)
unfolding Atom-def Scons-def Push-Node-def One-nat-def
by (blast intro: Node-K0-I Rep-Node [THEN Node-Push-I|
dest!: Abs-Node-inj
elim!: apfst-convE sym [THEN Push-neq-K0])

lemmas Atom-not-Scons [iff] = Scons-not-Atom [THEN not-sym, standard)

lemma inj-Atom: inj(Atom)

apply (simp add: Atom-def)

apply (blast intro!: inj-onl Node-KO0-I dest!: Abs-Node-inj)
done

lemmas Atom-inject = inj-Atom [THEN injD, standard)

lemma Atom-Atom-eq [iff]: (Atom(a)=Atom(b)) = (a=b)
by (blast dest!: Atom-inject)

lemma inj-Leaf: inj(Leaf)

apply (simp add: Leaf-def o-def)

apply (rule inj-onl)

apply (erule Atom-inject [THEN Inl-inject])
done
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lemmas Leaf-inject [dest!] = inj-Leaf [THEN injD, standard)

lemma inj-Numb: inj(Numb)

apply (simp add: Numb-def o-def)

apply (rule inj-onl)

apply (erule Atom-inject [THEN Inr-inject])
done

lemmas Numb-inject [dest!] = inj-Numb [THEN injD, standard)

lemma Push-Node-inject:
[| Push-Node i m =Push-Node j n; || i=j; m=n || ==> P
|| ==> P
apply (simp add: Push-Node-def)
apply (erule Abs-Node-inj [THEN apfst-convE))
apply (rule Rep-Node [THEN Node-Push-I])+
apply (erule sym [THEN apfst-convE))
apply (blast intro: Rep-Node-inject [THEN iffD1] trans sym elim!: Push-inject)
done

lemma Scons-inject-lemmal: Scons M N <= Scons M' N' ==> M<=M"
unfolding Scons-def One-nat-def
by (blast dest!: Push-Node-inject)

lemma Scons-inject-lemma2: Scons M N <= Scons M’ N' ==> N<=N'
unfolding Scons-def One-nat-def
by (blast dest!: Push-Node-inject)

lemma Scons-injectl: Scons M N = Scons M' N’ ==> M=M'
apply (erule equalityFE)

apply (iprover intro: equalityl Scons-inject-lemmal)

done

lemma Scons-inject2: Scons M N = Scons M’ N’ ==> N=N'
apply (erule equalityF)

apply (iprover intro: equalityl Scons-inject-lemma2)

done

lemma Scons-inject:
[| Scons M N = Scons M' N’ [| M=M'’; N=N'||==> P ||==>P

by (iprover dest: Scons-injectl Scons-inject2)

lemma Scons-Scons-eq [iff]: (Scons M N = Scons M’ N') = (M=M'& N=N’)
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by (blast elim!: Scons-inject)

lemma Scons-not-Leaf [iff]: Scons M N # Leaf(a)
unfolding Leaf-def o-def by (rule Scons-not-Atom)

lemmas Leaf-not-Scons [iff] = Scons-not-Leaf [THEN not-sym, standard)

lemma Scons-not-Numb [iff]: Scons M N # Numb(k)
unfolding Numb-def o-def by (rule Scons-not-Atom)

lemmas Numb-not-Scons [iff] = Scons-not-Numb [THEN not-sym, standard)

lemma Leaf-not-Numb [iff]: Leaf(a) # Numb(k)
by (simp add: Leaf-def Numb-def)

lemmas Numb-not-Leaf [iff] = Leaf-not-Numb [THEN not-sym, standard)

lemma ndepth-K0: ndepth (Abs-Node(%k. Inr 0, z)) = 0
by (simp add: ndepth-def Node-K0-1 [THEN Abs-Node-inverse| Least-equality)

lemma ndepth-Push-Node-aux:
nat-case (Inr (Suc i) fk = Inr 0 —> Suc(LEAST z. fz = Inr 0) <=k
apply (induct-tac k, auto)
apply (erule Least-le)
done

lemma ndepth-Push-Node:

ndepth (Push-Node (Inr (Suc i)) n) = Suc(ndepth(n))
apply (insert Rep-Node [of n, unfolded Node-def])
apply (auto simp add: ndepth-def Push-Node-def

Rep-Node [THEN Node-Push-I, THEN Abs-Node-inverse])

apply (rule Least-equality)
apply (auto simp add: Push-def ndepth-Push-Node-aux)
apply (erule Leastl)
done
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lemma ntrunc-0 [simp]: ntrunc 0 M = {}
by (simp add: ntrunc-def)

lemma ntrunc-Atom [simp]: ntrunc (Suc k) (Atom a) = Atom(a)
by (auto simp add: Atom-def ntrunc-def ndepth-K0)

lemma ntrunc-Leaf [simp]: ntrunc (Suc k) (Leaf a) = Leaf(a)
unfolding Leaf-def o-def by (rule ntrunc-Atom)

lemma ntrunc-Numb [simp]: ntrunc (Suc k) (Numb i) = Numb(i)
unfolding Numb-def o-def by (rule ntrunc-Atom)

lemma ntrunc-Scons [simp]:

ntrunc (Suc k) (Scons M N) = Scons (ntrunc k M) (ntrunc k N)
unfolding Scons-def ntrunc-def One-nat-def
by (auto simp add: ndepth-Push-Node)

lemma nitrunc-one-In0 [simp]: ntrunc (Suc 0) (In0 M) = {}
apply (simp add: In0-def)

apply (simp add: Scons-def)

done

lemma ntrunc-In0 [simp]: ntrunc (Suc(Suc k)) (In0 M) = In0 (ntrunc (Suc k)
M)
by (simp add: In0-def)

lemma ntrunc-one-Inl [simp]: ntrunc (Suc 0) (In1 M) = {}
apply (simp add: Ini-def)

apply (simp add: Scons-def)

done

lemma ntrunc-Ini [simp]: ntrunc (Suc(Suc k)) (In1 M) = Inl (ntrunc (Suc k)
M)
by (simp add: Ini-def)

16.3 Set Constructions

lemma uprodl [introl]: [| M:A; N:B || ==> Scons M N : uprod A B
by (simp add: uprod-def)

lemma uprodE [elim!]:
[| ¢: uprod A B;
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Ney. [| 2:4; y:B; ¢ = Sconszy || ==> P
|| ==> P
by (auto simp add: uprod-def)
lemma uprodE2: || Scons M N : uprod A B; [| M:A; N:B||==> P ||==>P

by (auto simp add: uprod-def)

lemma usum-In0I [intro]: M:A ==> In0(M) : usum A B
by (simp add: usum-def)

lemma usum-In1l [intro]: N:B ==> In1(N) : usum A B
by (simp add: usum-def)

lemma usumkFE [elim!]:
[| w: usum A B;

o, [| z:4; u=In0(z) || ==> P;
Wy. [| y:B; u=Ini(y) || ==> P
|| ==> P

by (auto simp add: usum-def)

lemma In0-not-In1 [iff]: In0(M) # In1(N)
unfolding In0-def Ini-def One-nat-def by auto

lemmas Ini-not-In0 [iff] = In0-not-In1 [THEN not-sym, standard)

lemma In0-inject: In0(M) = In0(N) ==> M=N
by (simp add: In0-def)

lemma Inl-inject: In1(M) = Inl(N) ==> M=N
by (simp add: Ini-def)

lemma In0-eq [iff]: (In0 M = In0 N) = (M=N)
by (blast dest!: In0-inject)

lemma Inl-eq [iff]: (In1 M = In1 N) = (M=N)
by (blast dest!: Inl-inject)

lemma inj-In0: ing In0
by (blast intro!: inj-onl)

lemma inj-Inl: inj Inl
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by (blast intro!: inj-onl)

lemma Lim-inject: Lim f = Lim g ==> f = ¢
apply (simp add: Lim-def)

apply (rule ext)

apply (blast elim!: Push-Node-inject)

done

lemma nitrunc-subsetl: ntrunc k M <= M
by (auto simp add: ntrunc-def)

lemma ntrunc-subsetD: (k. ntrunc k M <= N) ==> M<=N
by (auto simp add: nirunc-def)

lemma ntrunc-equality: (k. ntrunc k M = ntrunc k N) ==> M=N
apply (rule equalityl )

apply (rule-tac [!] ntrunc-subsetD)

apply (rule-tac [!] ntrunc-subset] [THEN [2] subset-trans], auto)
done

lemma ntrunc-o-equality:
[| "k. (ntrunc(k) o h1) = (ntrunc(k) o h2) || ==> h1=h2
apply (rule ntrunc-equality [THEN ext))
apply (simp add: expand-fun-eq)
done

lemma uprod-mono: [| A<=A"; B<=B'|] ==> uprod A B <= uprod A’ B’
by (simp add: uprod-def, blast)

lemma usum-mono: [| A<=A’; B<=B'|] ==> usum A B <= usum A’ B’
by (simp add: usum-def, blast)

lemma Scons-mono: || M<=M'; N<=N'|] ==> Scons M N <= Scons M' N’
by (simp add: Scons-def, blast)

lemma In0-mono: M<=N ==> In0(M) <= In0(N)
by (simp add: In0-def Scons-mono)

lemma Inl-mono: M<=N ==> In1 (M) <= In1(N)
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by (simp add: Ini-def Scons-mono)

lemma Split [simp]: Split ¢ (Scons M N) = ¢ M N
by (simp add: Split-def)

lemma Case-In0 [simp]: Case ¢ d (In0 M) = ¢(M)
by (simp add: Case-def)

lemma Case-Inl [simp]: Case ¢ d (Inl1 N) = d(N)
by (simp add: Case-def)

lemma ntrunc-UN1: ntrunc k (UN z. f(z)) = (UN . ntrunc k (f z))
by (simp add: ntrunc-def, blast)

lemma Scons-UN1-z: Scons (UN z. fz) M = (UN z. Scons (f ) M)
by (simp add: Scons-def, blast)

lemma Scons-UN1-y: Scons M (UN z. fz) = (UN z. Scons M (f x))
by (simp add: Scons-def, blast)

lemma In0-UN1: InO(UN z. f(z)) = (UN z. In0(f(x)))
by (simp add: In0-def Scons-UN1-y)

lemma In1-UN1: In1(UN z. f(z)) = (UN z. In1(f(z)))
by (simp add: Ini-def Scons-UN1-y)

lemma dprodl [intro!]:
[| (M,M"):r; (N,N'):s || ==> (Scons M N, Scons M’ N') : dprod r s
by (auto simp add: dprod-def)

lemma dprodE [elim!]:

[| ¢: dprod rs;
Noyz'y' [ (z2)) :r (y9) : s
¢ = (Scons z y, Scons z' y') || ==> P
|| ==> P

by (auto simp add: dprod-def)
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lemma dsum-In0I [intro]: (M,M"):r ==> (In0(M), In0(M')) : dsum r s
by (auto simp add: dsum-def)

lemma dsum-Inil [intro]: (N,N'):s ==> (In1(N), In1(N")) : dsum r s
by (auto simp add: dsum-def)

lemma dsumE [elim!]:
[| w: dsum r s;

Nz o' [| (z,2) i r; w = (In0(z), In0(z")) || ==> P;
My y' [l (yy") s s w=(Ini(y), In1(y") || ==> P
| ==> P

by (auto simp add: dsum-def)

lemma dprod-mono: [| r<=r'; s<=s'|] ==> dprod r s <= dprod r’ s’
by blast
lemma dsum-mono: [| r<=r'; s<=s'|] ==> dsum r s <= dsum r' s’
by blast

lemma dprod-Sigma: (dprod (A <x> B) (C <x> D)) <= (uprod A C) <x>
(uprod B D)
by blast

lemmas dprod-subset-Sigma = subset-trans [OF dprod-mono dprod-Sigma, stan-
dard]

lemma dprod-subset-Sigma2:

(dprod (Sigma A B) (Sigma C D)) <=

Sigma (uprod A C) (Split (%z y. uprod (B z) (D y)))
by auto

lemma dsum-Sigma: (dsum (A <+x> B) (C' <*> D)) <= (usum A C') <+> (usum
B D)
by blast

lemmas dsum-subset-Sigma = subset-trans [OF dsum-mono dsum-Sigma, stan-
dard)

hides popular names

hide-type (open) node item
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hide-const (open) Push Node Atom Leaf Numb Lim Split Case
use Tools/ Datatype / datatype. ML

use Tools/inductive-realizer. ML
setup InductiveRealizer.setup

use Tools/Datatype / datatype-realizer. ML
setup Datatype-Realizer.setup

end

17 Record: Extensible records with structural sub-
typing

theory Record
imports Datatype
uses (Tools/record. ML)
begin

17.1 Introduction

Records are isomorphic to compound tuple types. To implement efficient
records, we make this isomorphism explicit. Consider the record access/update
simplification alpha (beta-update f rec) = alpha rec for distinct fields alpha
and beta of some record rec with n fields. There are n ~ 2 such theorems,
which prohibits storage of all of them for large n. The rules can be proved
on the fly by case decomposition and simplification in O(n) time. By creat-
ing O(n) isomorphic-tuple types while defining the record, however, we can
prove the access/update simplification in O(log(n) "2) time.

The O(n) cost of case decomposition is not because O(n) steps are taken,
but rather because the resulting rule must contain O(n) new variables and
an O(n) size concrete record construction. To sidestep this cost, we would
like to avoid case decomposition in proving access/update theorems.

Record types are defined as isomorphic to tuple types. For instance, a record
type with fields ‘a, 'b, c and 'd might be introduced as isomorphic to ‘a x
("o x (‘e x 'd)). If we balance the tuple tree to (‘a x 'b) x (‘¢ x 'd) then
accessors can be defined by converting to the underlying type then using
O(log(n)) fst or snd operations. Updators can be defined similarly, if we
introduce a fst-update and snd-update function. Furthermore, we can prove
the access/update theorem in O(log(n)) steps by using simple rewrites on
fst, snd, fst-update and snd-update.

The catch is that, although O(log(n)) steps were taken, the underlying type
we converted to is a tuple tree of size O(n). Processing this term type wastes
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performance. We avoid this for large n by taking each subtree of size K and
defining a new type isomorphic to that tuple subtree. A record can now be
defined as isomorphic to a tuple tree of these O(n/K) new types, or, if n >
Kx K, we can repeat the process, until the record can be defined in terms of
a tuple tree of complexity less than the constant K.

If we prove the access/update theorem on this type with the analagous steps
to the tuple tree, we consume O(log(n) “2) time as the intermediate terms
are O(log(n)) in size and the types needed have size bounded by K. To enable
this analagous traversal, we define the functions seen below: iso-tuple-fst,
1so-tuple-snd, iso-tuple-fst-update and iso-tuple-snd-update. These functions
generalise tuple operations by taking a parameter that encapsulates a tuple
isomorphism. The rewrites needed on these functions now need an additional
assumption which is that the isomorphism works.

These rewrites are typically used in a structured way. They are here pre-
sented as the introduction rule isomorphic-tuple.intros rather than as a
rewrite rule set. The introduction form is an optimisation, as net matching
can be performed at one term location for each step rather than the simpli-
fier searching the term for possible pattern matches. The rule set is used as
it is viewed outside the locale, with the locale assumption (that the isomor-
phism is valid) left as a rule assumption. All rules are structured to aid net
matching, using either a point-free form or an encapsulating predicate.

17.2 Operators and lemmas for types isomorphic to tuples

datatype (‘a, b, ‘c) tuple-isomorphism =
Tuple-Isomorphism 'a = 'b X 'c 'b x 'c = 'a

primrec
repr :: ('a, 'b, 'c) tuple-isomorphism = 'a = 'b x 'c where
repr (Tuple-Isomorphism r a) = r

primrec
abst :: ('a, 'b, 'c¢) tuple-isomorphism = 'b x 'c = 'a where
abst (Tuple-Isomorphism r a) = a

definition
iso-tuple-fst :: ('a, 'b, 'c) tuple-isomorphism = 'a = 'b where
iso-tuple-fst isom = fst o repr isom

definition
iso-tuple-snd :: ('a, 'b, 'c) tuple-isomorphism = 'a = 'c where
iso-tuple-snd isom = snd o repr isom

definition
iso-tuple-fst-update ::
("a, 'b, 'c) tuple-isomorphism = (b = 'b) = (‘a = 'a) where
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iso-tuple-fst-update isom f = abst isom o apfst f o repr isom

definition
1so-tuple-snd-update ::
("a, 'b, 'c) tuple-isomorphism = (‘c = '¢) = ('a = 'a) where
iso-tuple-snd-update isom f = abst isom o apsnd f o repr isom

definition
iso-tuple-cons ::
('a, 'b, 'c) tuple-isomorphism = 'b = ‘¢ = 'a where
iso-tuple-cons isom = curry (abst isom)

17.3 Logical infrastructure for records

definition
iso-tuple-surjective-proof-assist :: '‘a = 'b = (‘a = 'b) = bool where
iso-tuple-surjective-proof-assist t y f «—— fx =y

definition
iso-tuple-update-accessor-cong-assist ::
("6 = b)) = ('a = 'a)) = (Ya = 'b) = bool where
iso-tuple-update-accessor-cong-assist upd acc
(Vfo. upd (Az. f (acc v)) v = upd fv) A (Vv. upd id v = v)

definition
iso-tuple-update-accessor-eq-assist ::
("b="0)=(a="a) = (la="b)="a= (b= "0) = 'a = "b = bool
where
1so-tuple-update-accessor-eq-assist upd acc v f v’ r +——
upd fv = v’ A acc v = x A iso-tuple-update-accessor-cong-assist upd acc

lemma update-accessor-congruence-foldE:
assumes uac: iso-tuple-update-accessor-cong-assist upd acc
and 7: r = r’ and v: acc r' = v’
and f: A\v.v/=v = fo=Ff"v
shows upd fr = upd f' r’
using uac 7 v [symmetric]
apply (subgoal-tac upd (Az. f (acc r')) ' = upd (Mz. f' (acc ') r')
apply (simp add: iso-tuple-update-accessor-cong-assist-def )
apply (simp add: f)
done

lemma update-accessor-congruence-unfoldE:
iso-tuple-update-accessor-cong-assist upd acc =
r=r'=accr’'=v' = (A\v.v=v= fo=[f"v) =
upd fr = upd f'r’
apply (erule(2) update-accessor-congruence-foldE)
apply simp
done
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lemma iso-tuple-update-accessor-cong-assist-id:
iso-tuple-update-accessor-cong-assist upd acc = upd id = id
by rule (simp add: iso-tuple-update-accessor-cong-assist-def )

lemma update-accessor-noopE:
assumes uac: iso-tuple-update-accessor-cong-assist upd acc
and acc: f (acc z) = acc x
shows upd fz = x
using uac
by (simp add: acc iso-tuple-update-accessor-cong-assist-id [OF wac, unfolded
id-def]
cong: update-accessor-congruence-unfoldE [OF uac))

lemma update-accessor-noop-compk:
assumes uac: iso-tuple-update-accessor-cong-assist upd acc
and acc: f (acc ) = acc
shows upd (g o f) 2 = upd g x
by (simp add: acc cong: update-accessor-congruence-unfoldE[OF uac])

lemma update-accessor-cong-assist-idl:
iso-tuple-update-accessor-cong-assist id id
by (simp add: iso-tuple-update-accessor-cong-assist-def)

lemma update-accessor-cong-assist-triv:
iso-tuple-update-accessor-cong-assist upd acc =
1so-tuple-update-accessor-cong-assist upd acc
by assumption

lemma update-accessor-accessor-eqk:
1so-tuple-update-accessor-eq-assist upd acc v f v/ T = acc v = x
by (simp add: iso-tuple-update-accessor-eq-assist-def )

lemma update-accessor-updator-eqkE:
iso-tuple-update-accessor-eq-assist upd acc v fv' x = upd fv = v’
by (simp add: iso-tuple-update-accessor-eq-assist-def)

lemma iso-tuple-update-accessor-eq-assist-idl :
v’ = f v = iso-tuple-update-accessor-eq-assist id id v f v’ v
by (simp add: iso-tuple-update-accessor-eq-assist-def update-accessor-cong-assist-idl)

lemma iso-tuple-update-accessor-eq-assist-triv:
1so-tuple-update-accessor-eq-assist upd acc v f v’ T =
1so-tuple-update-accessor-eq-assist upd acc v f v’ z
by assumption

lemma iso-tuple-update-accessor-cong-from-eq:
1so-tuple-update-accessor-eq-assist upd acc v f v’ T =
1so-tuple-update-accessor-cong-assist upd acc
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by (simp add: iso-tuple-update-accessor-eq-assist-def)

lemma iso-tuple-surjective-proof-assistl:
fx =y = iso-tuple-surjective-proof-assist = y f
by (simp add: iso-tuple-surjective-proof-assist-def )

lemma iso-tuple-surjective-proof-assist-idE:
iso-tuple-surjective-proof-assist v y id = z = y
by (simp add: iso-tuple-surjective-proof-assist-def)

locale isomorphic-tuple =
fixes isom :: (‘a, 'b, 'c) tuple-isomorphism
assumes repr-inv: A\z. abst isom (repr isom z) = x
and abst-inv: \y. repr isom (abst isom y) = y
begin

lemma repr-inj: repr isom x = repr isom y «—— T =y
by (auto dest: arg-cong |of repr isom x repr isom y abst isom]
simp add: repr-inv)

lemma abst-inj: abst isom x = abst isom y «—— z =y
by (auto dest: arg-cong [of abst isom x abst isom y repr isom)|
simp add: abst-inv)

lemmas simps = Let-def repr-inv abst-inv repr-inj abst-inj

lemma iso-tuple-access-update-fst-fst:
fohg=jof =
(f o iso-tuple-fst isom) o (iso-tuple-fst-update isom o h) g =
j o (f o iso-tuple-fst isom)
by (clarsimp simp: iso-tuple-fst-update-def iso-tuple-fst-def simps
introl: ext elim!: o-eg-elim)

lemma iso-tuple-access-update-snd-snd:
fohg=jof=
(f o iso-tuple-snd isom) o (iso-tuple-snd-update isom o h) g =
j o (f o iso-tuple-snd isom)
by (clarsimp simp: iso-tuple-snd-update-def iso-tuple-snd-def simps
introl: ext elim!: o-eg-elim)

lemma iso-tuple-access-update-fst-snd:
(f o iso-tuple-fst isom) o (iso-tuple-snd-update isom o h) g =
id o (f o iso-tuple-fst isom)
by (clarsimp simp: iso-tuple-snd-update-def iso-tuple-fst-def simps
introl: ext elim!: o-eg-elim)

lemma iso-tuple-access-update-snd-fst:
(f o iso-tuple-snd isom) o (iso-tuple-fst-update isom o h) g =
id o (f o iso-tuple-snd isom)
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by (clarsimp simp: iso-tuple-fst-update-def iso-tuple-snd-def simps
introl: ext elim!: o-eg-elim)

lemma iso-tuple-update-swap-fst-fst:
hfojg=jgohf—=
(iso-tuple-fst-update isom o h) f o (iso-tuple-fst-update isom o j) g =
(iso-tuple-fst-update isom o j) g o (iso-tuple-fst-update isom o h) f
by (clarsimp simp: iso-tuple-fst-update-def simps apfst-compose intro!: ext)

lemma iso-tuple-update-swap-snd-snd:
hfojg=jgohf—=
(iso-tuple-snd-update isom o h) f o (iso-tuple-snd-update isom o j) g =
(iso-tuple-snd-update isom o j) g o (iso-tuple-snd-update isom o h) f
by (clarsimp simp: iso-tuple-snd-update-def simps apsnd-compose introl: ext)

lemma iso-tuple-update-swap-fst-snd:
(iso-tuple-snd-update isom o h) f o (iso-tuple-fst-update isom o j) g =
(iso-tuple-fst-update isom o j) g o (iso-tuple-snd-update isom o h) f
by (clarsimp simp: iso-tuple-fst-update-def iso-tuple-snd-update-def
simps intro!: ext)

lemma iso-tuple-update-swap-snd-fst:
(iso-tuple-fst-update isom o h) f o (iso-tuple-snd-update isom o j) g =
(iso-tuple-snd-update isom o j) g o (iso-tuple-fst-update isom o h) f
by (clarsimp simp: iso-tuple-fst-update-def iso-tuple-snd-update-def simps intro!:
ext)

lemma iso-tuple-update-compose-fst-fst:
hfojg=k (fog) —
(iso-tuple-fst-update isom o h) f o (iso-tuple-fst-update isom o j) g =
(iso-tuple-fst-update isom o k) (f o g)
by (clarsimp simp: iso-tuple-fst-update-def simps apfst-compose intro!: ext)

lemma iso-tuple-update-compose-snd-snd:
hfojg=k(fog) —
(iso-tuple-snd-update isom o h) f o (iso-tuple-snd-update isom o0 j) g =
(iso-tuple-snd-update isom o k) (f o g)
by (clarsimp simp: iso-tuple-snd-update-def simps apsnd-compose intro!: ext)

lemma iso-tuple-surjective-proof-assist-step:
iso-tuple-surjective-proof-assist v a (iso-tuple-fst isom o f) =
iso-tuple-surjective-proof-assist v b (iso-tuple-snd isom o f) =
iso-tuple-surjective-proof-assist v (iso-tuple-cons isom a b) f
by (clarsimp simp: iso-tuple-surjective-proof-assist-def simps
iso-tuple-fst-def iso-tuple-snd-def iso-tuple-cons-def)

lemma iso-tuple-fst-update-accessor-cong-assist:
assumes iso-tuple-update-accessor-cong-assist f g
shows iso-tuple-update-accessor-cong-assist
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(iso-tuple-fst-update isom o f) (g o iso-tuple-fst isom)
proof —
from assms have fid = id
by (rule iso-tuple-update-accessor-cong-assist-id)
with assms show Zthesis
by (clarsimp simp: iso-tuple-update-accessor-cong-assist-def simps
iso-tuple-fst-update-def iso-tuple-fst-def)
qed

lemma iso-tuple-snd-update-accessor-cong-assist:
assumes iso-tuple-update-accessor-cong-assist f g
shows iso-tuple-update-accessor-cong-assist
(iso-tuple-snd-update isom o f) (g o iso-tuple-snd isom)
proof —
from assms have fid = id
by (rule iso-tuple-update-accessor-cong-assist-id)
with assms show #thesis
by (clarsimp simp: iso-tuple-update-accessor-cong-assist-def simps
iso-tuple-snd-update-def iso-tuple-snd-def)
qed

lemma iso-tuple-fst-update-accessor-eq-assist:
assumes iso-tuple-update-accessor-eq-assist f g a v a’ v
shows iso-tuple-update-accessor-eq-assist
(iso-tuple-fst-update isom o f) (g o iso-tuple-fst isom)
(iso-tuple-cons isom a b) u (iso-tuple-cons isom a’ b) v
proof —
from assms have fid = id
by (auto simp add: iso-tuple-update-accessor-eq-assist-def
intro: iso-tuple-update-accessor-cong-assist-id)
with assms show ?thesis
by (clarsimp simp: iso-tuple-update-accessor-eq-assist-def
iso-tuple-fst-update-def iso-tuple-fst-def
iso-tuple-update-accessor-cong-assist-def iso-tuple-cons-def simps)
qed

lemma iso-tuple-snd-update-accessor-eq-assist:
assumes iso-tuple-update-accessor-eq-assist f g b u b’ v
shows iso-tuple-update-accessor-eq-assist
(iso-tuple-snd-update isom o f) (g o iso-tuple-snd isom)
(iso-tuple-cons isom a b) u (iso-tuple-cons isom a b') v
proof —
from assms have fid = id
by (auto simp add: iso-tuple-update-accessor-eq-assist-def
intro: iso-tuple-update-accessor-cong-assist-id)
with assms show Zthesis
by (clarsimp simp: iso-tuple-update-accessor-eq-assist-def
iso-tuple-snd-update-def iso-tuple-snd-def
iso-tuple-update-accessor-cong-assist-def iso-tuple-cons-def simps)
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qed

lemma iso-tuple-cons-conj-eql:
a=cANb=dANP+— Q =
iso-tuple-cons isom a b = iso-tuple-cons isom ¢ d N P «—— @
by (clarsimp simp: iso-tuple-cons-def simps)

lemmas intros =
1so-tuple-access-update-fst-fst
iso-tuple-access-update-snd-snd
iso-tuple-access-update-fst-snd
iso-tuple-access-update-snd-fst
1so-tuple-update-swap-fst-fst
1so-tuple-update-swap-snd-snd
iso-tuple-update-swap-fst-snd
iso-tuple-update-swap-snd-fst
iso-tuple-update-compose-fst-fst
iso-tuple-update-compose-snd-snd
1so-tuple-surjective-proof-assist-step
iso-tuple-fst-update-accessor-eq-assist
iso-tuple-snd-update-accessor-eq-assist
iso-tuple-fst-update-accessor-cong-assist
iso-tuple-snd-update-accessor-cong-assist
iso-tuple-cons-congj-eql

end

lemma isomorphic-tuple-intro:
fixes repr abst
assumes repr-inj: Nz y. repr x = repry «— x =y
and abst-inv: \z. repr (abst z) = z
and v: v = Tuple-Isomorphism repr abst
shows isomorphic-tuple v
proof
fix z have repr (abst (repr x)) = repr z
by (simp add: abst-inv)
then show Record.abst v (Record.repr v ©) = x
by (simp add: v repr-inj)
next
fix y
show Record.repr v (Record.abst v y) = y
by (simp add: v) (fact abst-inv)
qged

definition
tuple-iso-tuple = Tuple-Isomorphism id id

lemma tuple-iso-tuple:
isomorphic-tuple tuple-iso-tuple

329
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by (simp add: isomorphic-tuple-intro [OF - - reflexive] tuple-iso-tuple-def)

lemma refi-conj-eq: Q = R — PN Q «—— P AR
by simp

lemma iso-tuple-UNIV-1: x € UNIV = True
by simp

lemma iso-tuple-True-simp: (True = PROP P) = PROP P
by simp

lemma prop-subst: s = t = PROP Pt —> PROP P s
by simp

lemma K-record-comp: (Az. ¢) o f = (Az. ¢)
by (simp add: comp-def)

lemma o-eg-dest-lhs: a 0 b =c = a (bv) =cwv
by clarsimp

lemma o-eg-id-dest: a 0 b =1idoc = a (bv) =cwv
by clarsimp

17.4 Concrete record syntax

nonterminals
ident field-type field-types field fields field-update field-updates
syntax

-constify wid => ident (-)
-constify i longid => ident (-)
-field-type = ddent => type => field-type ((2-::/ -)

i field-type => field-types (-)
-field-types :o field-type => field-types => field-types  (-,/ -)
-record-type it field-types => type (3 -1
-record-type-scheme :: field-types => type => type (3 -/ 2./ 1)
-field i ident => 'a => field ((2-=/-))

i field => fields ()
-fields :x field => fields => fields (-/ -)
-record :x fields => 'a 31 -1
-record-scheme it fields => 'a => 'a (3 -/ (2...=/ ) 1)
-field-update i ident => 'a => field-update ((2-:=/-))

i field-update => field-updates (-)
-field-updates :: field-update => field-updates => field-updates (-,/ -)
-record-update = 'a => field-updates => b (-/(8°(] - 11) [900, 0] 900)

syntax (zsymbols)



THEORY “Power” 331

-record-type :x field-types => type ((30-0)
-record-type-scheme :: field-types => type => type ((3(-/ (2... 2/ 9)D)
-record ix fields => 'a ((50-D))

-record-scheme i fields => 'a => 'a ((8(-,/ (2...=/ )
-record-update o => field-updates => b (-/(3(-D) [900, 0] 900)

17.5 Record package

use Tools/record. ML
setup Record.setup

hide-const (open) Tuple-Isomorphism repr abst iso-tuple-fst iso-tuple-snd
iso-tuple-fst-update iso-tuple-snd-update iso-tuple-cons
iso-tuple-surjective-proof-assist iso-tuple-update-accessor-cong-assist
iso-tuple-update-accessor-eq-assist tuple-iso-tuple

end

18 Power: Exponentiation

theory Power

imports Nat

begin

18.1 Powers for Arbitrary Monoids

class power = one + times
begin

primrec power :: ‘a = nat = 'a (infixr * 80) where
power-0: a ~ 0 = 1

| power-Suc: a “Sucn =a=xa " n

notation (latex output)
power ((-7) [1000] 1000)

notation (HTML output)
power ((-7) [1000] 1000)

end

context monoid-mult
begin

subclass power ..

lemma power-one [simp]:
1" n=1
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by (induct n) simp-all

lemma power-one-right [simp]:
a1 =a
by simp

lemma power-commutes:
a " nmxa=axa’ ' n
by (induct n) (simp-all add: mult-assoc)

lemma power-Suc2:
a " Sucn=a"n=xa
by (simp add: power-commutes)

lemma power-add:
a’ (m+n)=a " m=xa’"n
by (induct m) (simp-all add: algebra-simps)

lemma power-mult:
a (mx*xn)=(a"m) " "n
by (induct n) (simp-all add: power-add)

end

context comm-monoid-mult
begin

lemma power-mult-distrib:
(axb) "n=_(_a " "n)*(b n)
by (induct n) (simp-all add: mult-ac)

end

context semiring-1
begin

lemma of-nat-power:
of-nat (m " n) = of-nat m " n
by (induct n) (simp-all add: of-nat-mult)

end

context comm-semiring-1
begin

The divides relation

lemma le-imp-power-dvd:
assumes m < nshows a “m dvd a " n
proof

332
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have ¢« "n=a " (m + (n — m))
using (m < n) by simp
alsohave ... =a "m*a " (n — m)
by (rule power-add)
finally show ¢ "n=a "m=xa " (n —m).
qed

lemma power-le-dvd:
a " ndvidb = m<n=—a mdudbd
by (rule dvd-trans [OF le-imp-power-dvd))

lemma dvd-power-same:
xdvdy =z "ndvdy "n
by (induct n) (auto simp add: mult-dvd-mono)

lemma dvd-power-le:
zdvdy = m>n= 1z ndvdy "m
by (rule power-le-dvd [OF dvd-power-same])

lemma dvd-power [simp]:
assumes n > (0:nat) V z = 1
shows z dvd (z " n)
using assms proof
assume 0 < n
then have z “n =z " Suc (n — 1) by simp
then show z dvd (z " n) by simp
next
assume 7z = I
then show z dvd (z " n) by simp
qed

end

context ring-1
begin

lemma power-minus:

(—a) "n=(—1) "n*xa’n
proof (induct n)

case 0 show Zcase by simp
next

case (Suc n) then show ?case

by (simp del: power-Suc add: power-Suc2 mult-assoc)

qed

end

context linordered-semidom
begin
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lemma zero-less-power [simp]:
0<a=0<a’"n
by (induct n) (simp-all add: mult-pos-pos)

lemma zero-le-power [simp]:
0<a=0<a’"n
by (induct n) (simp-all add: mult-nonneg-nonneg)

lemma one-le-power|[simp):
1 <a=—1<a’"n
apply (induct n)
apply simp-all
apply (rule order-trans [OF - mult-mono [of 1 - 1]])
apply (simp-all add: order-trans [OF zero-le-one])
done

lemma power-gti-lemma:
assumes gtl: 1 < a
shows I <a*xa " n
proof —
from ¢t have 0 < a
by (fact order-trans [OF zero-le-one less-imp-le])
have 1 x I < a * 1 using gt! by simp
also have ... < a * a " n using gt!
by (simp only: mult-mono <0 < a) one-le-power order-less-imp-le
zero-le-one order-refl)
finally show ¢thesis by simp
qed

lemma power-gt1:
1 <a=1<a " Sucn
by (simp add: power-gt1-lemma)

lemma one-less-power [simp]:
I<a=0<n=1<a"n
by (cases n) (simp-all add: power-gti-lemma)

lemma power-le-imp-le-exp:
assumes gtl: 1 < a
showsa "m<a " n=—=m<n
proof (induct m arbitrary: n)
case (
show ?case by simp
next
case (Suc m)
show ?Zcase
proof (cases n)
case (
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with Suc.prems Suc.hyps have a x a "~ m < 1 by simp
with gt show ?thesis
by (force simp only: power-gtl-lemma
not-less [symmetric])
next
case (Suc n)
with Suc.prems Suc.hyps show ?thesis
by (force dest: mult-left-le-imp-le
simp add: less-trans [OF zero-less-one gt1])
qged
qged

Surely we can strengthen this? It holds for 0<a<1 too.

lemma power-inject-exp [simp]:
I<a=a m=a n—— m=n
by (force simp add: order-antisym power-le-imp-le-exp)

Can relax the first premise to (0::'a) < a in the case of the natural numbers.

lemma power-less-imp-less-exp:
I<a=a " m<a ' n=m<n
by (simp add: order-less-le [of m n| less-le [of a"m a’n]
power-le-imp-le-exp)

lemma power-mono:
e<b=0<a=—a n<b’ 'n
by (induct n)
(auto intro: mult-mono order-trans [of 0 a b))

lemma power-strict-mono [rule-format]:
6<b=0<a=0<n—a " n<b’'°n
by (induct n)
(auto simp add: mult-strict-mono le-less-trans [of 0 a b))

Lemma for power-strict-decreasing

lemma power-Suc-less:
0<a=a<1l=axa n<a’'n
by (induct n)
(auto simp add: mult-strict-left-mono)

lemma power-strict-decreasing [rule-format]:
n<N=0<a=a<1-—a N<a'n
proof (induct N)
case 0 then show ?case by simp
next
case (Suc N) then show ?case
apply (auto simp add: power-Suc-less less-Suc-eq)
apply (subgoal-tac a x a"N < 1 % a’n)
apply simp
apply (rule mult-strict-mono) apply auto
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done
qed

Proof resembles that of power-strict-decreasing

lemma power-decreasing [rule-format):
n<N—=—=0<a=—=a<1—a N<a’'n
proof (induct N)
case 0 then show ?case by simp
next
case (Suc N) then show ?case
apply (auto simp add: le-Suc-eq)
apply (subgoal-tac a x a"N < 1 *x a’n, simp)
apply (rule mult-mono) apply auto
done
qed

lemma power-Suc-less-one:
0<a=—a<1=a Sucn<1I
using power-strict-decreasing [of 0 Suc n a] by simp

Proof again resembles that of power-strict-decreasing

lemma power-increasing [rule-format]:
n<N=—=1<a=—a n<a’ N
proof (induct N)
case 0 then show ?case by simp
next
case (Suc N) then show ?case
apply (auto simp add: le-Suc-eq)
apply (subgoal-tac 1 * a™n < a x a"N, simp)
apply (rule mult-mono) apply (auto simp add: order-trans [OF zero-le-one])
done
qed

Lemma for power-strict-increasing

lemma power-less-power-Suc:
I <a=a " n<axa'n
by (induct n) (auto simp add: mult-strict-left-mono less-trans [OF zero-less-one))

lemma power-strict-increasing [rule-format|:
n<N=1<a—a n<a N
proof (induct N)
case ( then show ?case by simp
next
case (Suc N) then show ?case
apply (auto simp add: power-less-power-Suc less-Suc-eq)
apply (subgoal-tac 1 * a™n < a x a"N, simp)
apply (rule mult-strict-mono) apply (auto simp add: less-trans [OF zero-less-one|
less-imp-le)
done
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qed

lemma power-increasing-iff [simp]:
I<b=b"2<b  ye—z <y
by (blast intro: power-le-imp-le-exp power-increasing less-imp-le)

lemma power-strict-increasing-iff [simp]:
1<b=bb"z<b  ye—a<y
by (blast intro: power-less-imp-less-exp power-strict-increasing)

lemma power-le-imp-le-base:
assumes le: a ~ Sucn < b " Sucn
and ynonneg: 0 < b
shows a < b
proof (rule ccontr)
assume ~ a < b
then have b < a by (simp only: linorder-not-le)
then have b "~ Sucn < a "~ Sucn
by (simp only: prems power-strict-mono)
from le and this show Fulse
by (simp add: linorder-not-less [symmetric])
qged

lemma power-less-imp-less-base:
assumes less: a "n < b " n
assumes nonneg: 0 < b
shows a < b
proof (rule contrapos-pp [OF less])
assume ~ a < b
hence b < a by (simp only: linorder-not-less)
hence b " n < a " n using nonneg by (rule power-mono)
thus = a “n < b " n by (simp only: linorder-not-less)
qed

lemma power-inject-base:
a " Sucn=0"Sucn=0<ag=0<b=a=25b
by (blast intro: power-le-imp-le-base antisym eq-refl sym)

lemma power-eq-imp-eq-base:
a ' n=b " n—=0<a—=0<b=—=0<n=—a=1»
by (cases n) (simp-all del: power-Suc, rule power-inject-base)

end

context linordered-idom
begin

lemma power-abs:
abs (@ “n) = absa "n
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by (induct n) (auto simp add: abs-mult)

lemma abs-power-minus [simp]:
abs ((—a) " n) = abs (a " n)
by (simp add: power-abs)

lemma zero-less-power-abs-iff [simp, no-atp]:
0<absa "n«——a#0Vn=20
proof (induct n)
case () show ?case by simp
next
case (Suc n) show ?case by (auto simp add: Suc zero-less-mult-iff)
qed

lemma zero-le-power-abs [simp]:
0<absa "n
by (rule zero-le-power [OF abs-ge-zero))

end

context ring-1-no-zero-divisors
begin

lemma field-power-not-zero:
a# 0= a " n#0
by (induct n) auto

end

context division-ring
begin

FIXME reorient or rename to nonzero-inverse-power

lemma nonzero-power-inverse:
a # 0 = inverse (a " n) = (inverse a) " n
by (induct n)
(simp-all add: nonzero-inverse-mult-distrib power-commutes field-power-not-zero)

end

context field
begin

lemma nonzero-power-divide:
b#£20=(a/b) "n=a"n/b " n

by (simp add: divide-inverse power-mult-distrib nonzero-power-inverse)

end
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lemma power-0-Suc [simp]:
(0::'az:{power, semiring-0}) "~ Suc n = 0
by simp

It looks plausible as a simprule, but its effect can be strange.

lemma power-0-left:
0 " n = (if n = 0 then 1 else (0::'a::{power, semiring-0}))
by (induct n) simp-all

lemma power-eq-0-iff [simp]:
a "' n=0+—
a = (0:'a::{mult-zero,zero-neq-one,no-zero-divisors,power}) A n # 0
by (induct n)
(auto simp add: no-zero-divisors elim: contrapos-pp)

lemma (in field) power-diff:
assumes nz: a #* 0
showsn<m=—=4a"(m—n)=a " m/a’ n
by (induct m n rule: diff-induct) (simp-all add: nz field-power-not-zero)

Perhaps these should be simprules.

lemma power-inverse:
fixes a :: 'a::division-ring-inverse-zero
shows inverse (a " n) = inverse a " n
apply (cases a = 0)
apply (simp add: power-0-left)
apply (simp add: nonzero-power-inverse)
done

lemma power-one-over:
1/ (a:'a:{field-inverse-zero, power}) “n = (1 / a) "n
by (simp add: divide-inverse) (rule power-inverse)

lemma power-divide:
(a / b) " n = (a:'a:field-inverse-zero) “n / b " n
apply (cases b = 0)
apply (simp add: power-0-left)
apply (rule nonzero-power-divide)
apply assumption
done

18.2 Exponentiation for the Natural Numbers

lemma nat-one-le-power [simp]:
Suc 0 <i= Suc0<1"n
by (rule one-le-power [of i n, unfolded One-nat-def])

lemma nat-zero-less-power-iff [simp]:
z " n>0«— x> (0:nat)Vn=20
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by (induct n) auto

lemma nat-power-eq-Suc-0-iff [simp]:
x " m=>8uc 00— m=0Vz=Sucl
by (induct m) auto

lemma power-Suc-0 [simp]:
Suc 0 " n = Suc 0
by simp

Valid for the naturals, but what if 0<¢<1? Premises cannot be weakened:
consider the case where i = (0::'a), m = (1::'a) and n = (0::a).

lemma nat-power-less-imp-less:
assumes nonneg: 0 < (i:nat)
assumes less: 1 " m <1 " n
shows m < n
proof (cases i = 1)
case True with less power-one [where ‘a = nat] show ?thesis by simp
next
case Fulse with nonneg have 1 < i by auto
from power-strict-increasing-iff [OF this] less show ?thesis ..
qged

lemma power-dvd-imp-le:
i “mdvdi " n= (Iunat) <i=m<n
apply (rule power-le-imp-le-exp, assumption)
apply (erule dvd-imp-le, simp)
done

18.3 Code generator tweak

lemma power-power-power [code, code-unfold, code-inline del]:
power = power.power (1::'a:{power}) (op *)
unfolding power-def power.power-def ..

declare power.power.simps [code]

code-modulename SML
Power Arith

code-modulename OCaml
Power Arith

code-modulename Haskell
Power Arith

end
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19 Option: Datatype option

theory Option
imports Datatype
begin

datatype ‘a option = None | Some 'a

lemma not-None-eq [iff]: (z ~= None) = (EX y. x = Some y)
by (induct ) auto

lemma not-Some-eq [iff]: (ALL y. z ~= Some y) = (z = None)
by (induct z) auto

Although it may appear that both of these equalities are helpful only when
applied to assumptions, in practice it seems better to give them the uniform
iff attribute.

lemma inj-Some [simp]: inj-on Some A
by (rule inj-onl) simp

lemma option-casek:
assumes c: (case ¢ of None => P | Some y => Q y)
obtains
(None) x = None and P
| (Some) y where © = Some y and Q y
using ¢ by (cases ) simp-all

lemma UNIV-option-conv: UNIV = insert None (range Some)
by (auto intro: classical)

19.0.1 Operations

primrec the :: ‘a option => 'a where
the (Some z) = x

primrec set :: ‘a option => 'a set where
set None = {} |
set (Some z) = {z}

lemma ospec [dest]: (ALL x:set A. P z) ==> A = Some z ==> Pz
by simp

declaration { fn - =>
Classical.map-cs (fn cs => cs addSD2 (ospec, thm ospec))

)

lemma elem-set [iff]: (z : set zo) = (zo = Some x)
by (cases zo) auto



THEORY “Option” 342

lemma set-empty-eq [simp]: (set xzo = {}) = (xo = None)
by (cases zo) auto

definition map :: (‘a = 'b) = 'a option = 'b option where
map = (%f y. case y of None => None | Some x => Some (f x))

lemma option-map-None [simp, code]: map f None = None
by (simp add: map-def)

lemma option-map-Some [simp, code]: map f (Some x) = Some (f x)
by (simp add: map-def)

lemma option-map-is-None [iff]:
(map f opt = None) = (opt = None)
by (simp add: map-def split add: option.split)

lemma option-map-eq-Some [iff]:
(map fzo = Some y) = (EX z. zo = Some z & [z = y)
by (simp add: map-def split add: option.split)

lemma option-map-comp:

map f (map g opt) = map (f o g) opt
by (simp add: map-def split add: option.split)

lemma option-map-o-sum-case [simp]:
map f o sum-case g h = sum-case (map f o g) (map f o h)
by (rule ext) (simp split: sum.split)

hide-const (open) set map

19.0.2 Code generator setup

definition is-none :: ‘a option = bool where
[code-post]: is-none x «—— x = None

lemma is-none-code [code]:
shows is-none None «— True
and is-none (Some ) «— Fulse
unfolding is-none-def by simp-all

lemma is-none-none:
is-none x «—— x = None
by (simp add: is-none-def)

lemma [code-unfold):
eq-class.eq x None «—— is-none
by (simp add: eq is-none-none)
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hide-const (open) is-none

code-type option
(SML - option)
(OCaml - option)
(Haskell Maybe -)
(Scala 'Option|[(-)])

code-const None and Some
(SML NONE and SOME)
(OCaml None and Some -)
(Haskell Nothing and Just)
(Scala None and !Some((-)))

code-instance option :: eq
(Haskell —)

code-const eg-class.eq :: 'a::eq option = 'a option = bool
(Haskell infix] / ==)

code-reserved SML
option NONE SOME

code-reserved OCaml
option None Some

code-reserved Scala
Option None Some

end

20 Finite-Set: Finite sets

theory Finite-Set
imports Power Option
begin

20.1 Predicate for finite sets

inductive finite :: 'a set => bool
where
emptyl [simp, introl]: finite {}
| insertl [simp, introl]: finite A ==> finite (insert a A)

lemma ex-new-if-finite: — does not depend on def of finite at all
assumes — finite (UNIV :: 'a set) and finite A
shows Ja::'a. a ¢ A

proof —
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from assms have A # UNIV by blast
thus ?thesis by blast
qed

lemma finite-induct [case-names empty insert, induct set: finite]:
finite F ==>
P{}==> Mz F. finite F ==>1x ¢ FF ==> P F ==> P (insert ¢ F)) ==>
PF
— Discharging x ¢ F entails extra work.
proof —
assume P {} and
insert: lx F. finite F ==> ¢ ¢ F ==> P F ==> P (insert z F)
assume finite F’
thus P F
proof induct
show P {} by fact
fix z F assume F': finite F and P: P F
show P (insert z F)
proof cases
assume z € F
hence insert ¢ F = F by (rule insert-absorb)
with P show ?thesis by (simp only:)
next
assume z ¢ F
from F this P show ?thesis by (rule insert)
qed
qed
qed

lemma finite-ne-induct|case-names singleton insert, consumes 2]:
assumes fin: finite F' shows F # {} =
[ Az. P{a}:
Nz F. [ finite F; F #{};x ¢ F; PF ] = P (insertz F) |
= PF
using fin
proof induct
case empty thus ?case by simp
next
case (insert z F)
show ?Zcase
proof cases
assume F = {}
thus ?thesis using (P {z}» by simp
next
assume F # {}
thus ?thesis using insert by blast
qed
qed
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lemma finite-subset-induct [consumes 2, case-names empty insert]:
assumes finite FF and FF C A
and empty: P {}
and insert: lla F. finite F ==>a € A==>a ¢ F ==> P F ==> P (insert
a F)
shows P F
proof —
from (finite F) and (F C A
show ?thesis
proof induct
show P {} by fact
next
fix z F
assume finite F' and z ¢ F and
P:FCA==>PFandi insertz F C A
show P (insert z F)
proof (rule insert)
from i show x € A by blast
from ¢ have FF C A by blast
with P show P F' .
show finite F' by fact
show z ¢ F by fact
qed
qed
qed

A finite choice principle. Does not need the SOME choice operator.

lemma finite-set-choice:
finite A = ALL x:A. (EXy. Pxy) = EXf. ALL z:A. Pz (fx)
proof (induct set: finite)
case empty thus ?case by simp
next
case (insert a A)
then obtain f b where f: ALL z:A. Pz (f z) and ab: P a b by auto
show ?case (is EX f. 7P f)
proof
show ?P(%x. if © = a then b else f x) using f ab by auto
qed
qed

Finite sets are the images of initial segments of natural numbers:

lemma finite-imp-nat-seg-image-inj-on:
assumes fin: finite A
shows 3 (nunat) f. A = f* {i. i<n} & inj-on f {i. i<n}
using fin
proof induct
case empty
show ?Zcase
proof show 3f. {} = f ‘ {itnat. i < 0} & inj-on f {i. i<0} by simp
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qed
next
case (insert a A)
have notinA: a ¢ A by fact
from insert.hyps obtain n f
where A = f ‘ {iinat. i < n} inj-on f {i. i < n} by blast
hence insert a A = f(n:=a) ‘ {i. i < Suc n}
inj-on (f(n:=a)) {i. i < Suc n} using notinA
by (auto simp add: image-def Ball-def inj-on-def less-Suc-eq)
thus “case by blast
qed

lemma nat-seg-image-imp-finite:
WA A=f°{iznat. i<n} = finite A
proof (induct n)
case 0 thus ?case by simp
next
case (Suc n)
let B = f*{i.i <n}
have finB: finite B by(rule Suc.hyps[OF refl])
show ?Zcase
proof cases
assume Jk<n. fn = fk
hence A = ?B using Suc.prems by (auto simp:less-Suc-eq)
thus ?thesis using finB by simp
next
assume —(3 k<n. fn = fk)
hence A = insert (f n) ?B using Suc.prems by (auto simp:less-Suc-eq)
thus ?thesis using finB by simp
qed
qed

lemma finite-conv-nat-seg-image:
finite A = (3 (nunat) f. A= f*{iznat. i<n})
by (blast intro: nat-seg-image-imp-finite dest: finite-imp-nat-seg-image-inj-on)

lemma finite-imp-inj-to-nat-seg:
assumes finite A
shows EX fn:nat. f'A = {i. i<n} & inj-on f A
proof —
from finite-imp-nat-seg-image-inj-on| OF «finite A))
obtain f and n::nat where bij: bij-betw f {i. i<n} A
by (auto simp:bij-betw-def )
let ?f = the-inv-into {i. i<n} f
have inj-on ?f A & ?f “ A = {i. i<n}
by (fold bij-betw-def) (rule bij-betw-the-inv-into[ OF bij])
thus %thesis by blast
qed
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lemma finite-Collect-less-nat[iff]: finite{n::nat. n<k}
by (fastsimp simp: finite-conv-nat-seg-image)

Finiteness and set theoretic constructions

lemma finite-Unl: finite F' ==> finite G ==> finite (F' Un G)
by (induct set: finite) simp-all

lemma finite-subset: A C B ==> finite B ==> finite A
— Every subset of a finite set is finite.
proof —
assume finite B
thus 'A. A C B ==> finite A
proof induct
case empty
thus ?case by simp
next
case (insert x F A)
have A: A C insert  F and r: A — {z} C F ==> finite (A — {z}) by fact+
show finite A
proof cases
assume z: z € A
with A have A — {2} C F by (simp add: subset-insert-iff)
with r have finite (A — {z}) .
hence finite (insert z (A — {z})) ..
also have insert x (A — {z}) = A using x by (rule insert-Diff )
finally show ?thesis .
next
show A C F ==> ?%thesis by fact
assume z ¢ A
with A show A C F by (simp add: subset-insert-iff)
qed
qed
qed

lemma rev-finite-subset: finite B ==> A C B ==> finite A
by (rule finite-subset)

lemma finite-Un [iff]: finite (F Un G) = (finite F & finite G)
by (blast intro: finite-subset [of - X Un Y, standard] finite-Unl)

lemma finite-Collect-disjI [simp]:

finite{z. Pz | Q z} = (finite{z. P z} & finite{z. Q z})
by (simp add: Collect-disj-eq)

lemma finite-Int [simp, intro]: finite F | finite G ==> finite (F Int G)
— The converse obviously fails.

by (blast intro: finite-subset)

lemma finite-Collect-congl [simp, intro):
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finite{z. Pz} | finite{z. Q z} ==> finite{z. Pz & Q z}
— The converse obviously fails.
by (simp add:Collect-conj-eq)

lemma finite-Collect-le-nat[iff]: finite{n::nat. n<=k}
by (simp add: le-eq-less-or-eq)

lemma finite-insert [simp]: finite (insert a A) = finite A
apply (subst insert-is-Un)
apply (simp only: finite-Un, blast)
done

lemma finite-Union[simp, intro]:
[ finite A; WM. M € A = finite M | = finite(|J A)
by (induct rule:finite-induct) simp-all

lemma finite-Inter[intro]: EX A:M. finite(A) = finite(Inter M)
by (blast intro: Inter-lower finite-subset)

lemma finite-INT[intro]: EX x:I. finite(A ) = finite(INT z:1. A x)
by (blast intro: INT-lower finite-subset)

lemma finite-empty-induct:
assumes finite A
and P A
and !la A. finite A ==> a:A ==> P A ==> P (A — {a})
shows P {}
proof —
have P (A — A)
proof —
{
fix ¢ b :: 'a set
assume c: finite ¢ and b: finite b
and P1: P b and P2: lz y. finitey ==> 2z € y ==> Py ==> P (y —
{z})

have ¢ C b ==> P (b — ¢)
using ¢
proof induct
case empty
from P1 show ?case by simp
next
case (insert z F)
have P (b — F — {z})
proof (rule P2)
from - b show finite (b — F') by (rule finite-subset) blast
from insert show z € b — F by simp
from insert show P (b — F) by simp
qged
also have b — F' — {z} = b — insert ¢ F by (rule Diff-insert [symmetric])
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finally show Zcase .
qed
}
then show ?thesis by this (simp-all add: assms)
qed
then show ?thesis by simp
qed

lemma finite-Diff [simp]: finite A ==> finite (A — B)
by (rule Diff-subset [THEN finite-subset])

lemma finite-Diff2 [simp]:
assumes finite B shows finite (A — B) = finite A
proof —
have finite A «— finite((A—B) Un (A Int B)) by(simp add: Un-Diff-Int)
also have ... «— finite(A—B) using (finite B) by (simp)
finally show ?thesis ..
qed

lemma finite-compl[simp]:
finite(A::'a set) = finite(—A) = finite(UNIV ::"a set)
by (simp add: Compl-eq-Diff-UNIV)

lemma finite-Collect-not|simp]:
finite{z::'a. P x} = finite{x. ~P x} = finite(UNIV::'q set)
by (simp add: Collect-neg-eq)

lemma finite-Diff-insert [iff]: finite (A — insert a B) = finite (A — B)
apply (subst Diff-insert)
apply (case-tac a : A — B)
apply (rule finite-insert [symmetric, THEN trans])
apply (subst insert-Diff , simp-all)
done

Image and Inverse Image over Finite Sets

lemma finite-imagel[simp]: finite F ==> finite (h ‘ F)
— The image of a finite set is finite.
by (induct set: finite) simp-all

lemma finite-image-set [simp]:
finite {z. Pz} = finite { fo | z. Pz }
by (simp add: image-Collect [symmetric])

lemma finite-surj: finite A ==> B <= f ‘A ==> finite B
apply (frule finite-imagel )
apply (erule finite-subset, assumption)
done

lemma finite-range-imagel:
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finite (range g) ==> finite (range (%ox. f (g x)))
apply (drule finite-imagel, simp add: range-composition)
done

lemma finite-imageD: finite (f‘A) ==> inj-on f A ==> finite A
proof —
have auz: A. finite (A — {}) = finite A by simp
fix B :: 'a set
assume finite B
thus 'A. f'A = B ==> inj-on f A ==> finite A
apply induct
apply simp
apply (subgoal-tac EX y:A. fy =2 & F = f*‘ (A — {y}))
apply clarify
apply (simp (no-asm-use) add: inj-on-def)
apply (blast dest!: auz [THEN iffD1], atomize)
apply (erule-tac V.= ALL A. ?PP (A) in thin-rl)
apply (frule subsetD [OF equalityD?2 insertl1], clarify)
apply (rule-tac © = za in bexl)
apply (simp-all add: inj-on-image-set-diff)
done
qed (rule refl)

lemma inj-vimage-singleton: inj f ==> f—“{a} C {THE z. fz = a}

— The inverse image of a singleton under an injective function is included in a
singleton.

apply (auto simp add: inj-on-def)

apply (blast intro: the-equality [symmetric])

done

lemma finite-vimagel: [|finite F; inj h|] ==> finite (h —° F)
— The inverse image of a finite set under an injective function is finite.
apply (induct set: finite)
apply simp-all
apply (subst vimage-insert)
apply (simp add: finite-subset [OF inj-vimage-singleton))
done

lemma finite-vimageD:
assumes fin: finite (h —¢ F) and surj: surj h
shows finite F
proof —
have finite (h ¢ (h —‘ F)) using fin by (rule finite-imagel)
also have h ¢ (h —‘ F') = F using surj by (rule surj-image-vimage-eq)
finally show finite F .
qed

lemma finite-vimage-iff: bij h = finite (h —* F) «— finite F
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unfolding bij-def by (auto elim: finite-vimageD finite-vimagel)

The finite UNION of finite sets

lemma finite-UN-I: finite A ==> (Na. a:A ==> finite (B a)) ==> finite (UN
a:A. B a)
by (induct set: finite) simp-all

Strengthen RHS to (Vx€A. finite (B z)) A finite {x € A. Bz # {}}?

We’d need to prove finite C = VA B. UNION A B C C — finite {z €
A. Bz # {}} by induction.

lemma finite-UN [simp]:
finite A ==> finite (UNION A B) = (ALL z:A. finite (B x))
by (blast intro: finite-UN-I finite-subset)

lemma finite-Collect-bex[simp]: finite A —>
finite{z. EX y:A. Q z y} = (ALL y:A. finite{z. Q z y})
apply (subgoal-tac {z. EX y:A. Q x y} = UNION A (%y. {z. Q z y}))
apply auto
done

lemma finite-Collect-bounded-ex[simp]: finite{y. P y} —
finite{z. EXy. Py & Qzy} = (ALL y. Py — finite{z. Q z y})
apply (subgoal-tac {z. EXy. Py & Q xy} = UNION {y. Py} (%y. {z. Q z y}))
apply auto
done

lemma finite-Plus: || finite A; finite B || ==> finite (A <+> B)
by (simp add: Plus-def)

lemma finite-PlusD:
fixes A :: ‘a set and B :: b set
assumes fin: finite (A <+> B)
shows finite A finite B
proof —
have Inl ‘A C A <+> B by auto
hence finite (Inl * A :: ('a + 'b) set) using fin by(rule finite-subset)
thus finite A by (rule finite-imageD)(auto intro: inj-onl)
next
have Inr * B C A <+> B by auto
hence finite (Inr “ B :: (a + 'b) set) using fin by(rule finite-subset)
thus finite B by(rule finite-imageD)(auto intro: inj-onl)
qed

lemma finite- Plus-iff [simp]: finite (A <+> B) «— finite A A finite B
by (auto intro: finite-PlusD finite-Plus)

lemma finite- Plus- UNIV-iff [simp]:
finite (UNIV :: ("a + 'b) set) =
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(finite (UNIV :: 'a set) & finite (UNIV ::'b set))
by (subst UNIV-Plus-UNIV [symmetric])(rule finite-Plus-iff)

Sigma of finite sets

lemma finite-Sigmal [simp]:
finite A ==> (Na. a:A ==> finite (B a)) ==> finite (SIGMA a:A. B a)
by (unfold Sigma-def) (blast intro!: finite-UN-I)

lemma finite-cartesian-product: || finite A; finite B || ==>
finite (A <x> B)
by (rule finite-Sigmal)

lemma finite-Prod-UNIV:
finite (UNIV ::'a set) ==> finite (UNIV::'b set) ==> finite (UNIV::("a * 'b)
set)
apply (subgoal-tac (UNIV:: (‘a * 'b) set) = Sigma UNIV (%z. UNIV))
apply (erule ssubst)
apply (erule finite-Sigmal, auto)
done

lemma finite-cartesian-productD1 :

[| finite (A <x> B); B # {} |] ==> finite A
apply (auto simp add: finite-conv-nat-seg-image)
apply (drule-tac x=n in spec)
apply (drule-tac z=fst o f in spec)
apply (auto simp add: o-def)
prefer 2 apply (force dest!: equalityD2)
apply (drule equalityD1)
apply (rename-tac y )
apply (subgoal-tac Ik. k<n & fk = (z,y))
prefer 2 apply force
apply clarify
apply (rule-tac x=Fk in image-eql, auto)
done

lemma finite-cartesian-productD?2:

[| finite (A <x> B); A # {} || ==> finite B
apply (auto simp add: finite-conv-nat-seg-image)
apply (drule-tac x=n in spec)
apply (drule-tac z=snd o f in spec)
apply (auto simp add: o-def)
prefer 2 apply (force dest!: equalityD?2)
apply (drule equalityD1)
apply (rename-tac x y)
apply (subgoal-tac Fk. k<n & fk = (z,y))
prefer 2 apply force
apply clarify
apply (rule-tac =k in image-eql, auto)
done
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The powerset of a finite set

lemma finite-Pow-iff [iff]: finite (Pow A) = finite A
proof
assume finite (Pow A)
with - have finite ((%z. {z}) ¢ A) by (rule finite-subset) blast
thus finite A by (rule finite-imageD [unfolded inj-on-def]) simp
next
assume finite A
thus finite (Pow A)
by induct (simp-all add: Pow-insert)
qed

lemma finite-Collect-subsets|simp,intro): finite A = finite{B. B C A}
by (simp add: Pow-def[symmetric])

lemma finite-UnionD: finite(|J A) = finite A
by (blast intro: finite-subset|OF subset-Pow-Union))

lemma finite-subset-image:
assumes finite B
shows B C f ‘A = JCCA. finite CNB=f‘C
using assms proof (induct)
case empty thus ?case by simp
next
case insert thus ?case
by (clarsimp simp del: image-insert simp add: image-insert[symmetric|)
blast
qed

20.2 Class finite

class finite =
assumes finite-UNIV: finite (UNIV :: 'a set)
begin

lemma finite [simp]: finite (A :: 'a set)
by (rule subset-UNIV finite-UNIV finite-subset)+

end

lemma UNIV-unit [no-atp]:
UNIV = {()} by auto

instance unit :: finite proof
qed (simp add: UNIV-unit)

lemma UNIV-bool [no-atp]:
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UNIV = {False, True} by auto

instance bool :: finite proof
qed (simp add: UNIV-bool)

instance x :: (finite, finite) finite proof
qed (simp only: UNIV-Times-UNIV [symmetric] finite-cartesian-product finite)

lemma finite-option-UNIV [simp]:
finite (UNIV :: 'a option set) = finite (UNIV :: 'a set)
by (auto simp add: UNIV-option-conv elim: finite-imageD intro: inj-Some)

instance option :: (finite) finite proof
qed (simp add: UNIV-option-conv)

lemma inj-graph: inj (%f. {(z, y). y = fz})
by (rule inj-onl, auto simp add: expand-set-eq expand-fun-eq)

instance fun :: (finite, finite) finite
proof
show finite (UNIV :: (a => 'b) set)
proof (rule finite-imageD)
let ?graph = %f::'a => 'b. {(z, y). y = fz}
have range ?graph C Pow UNIV by simp
moreover have finite (Pow (UNIV :: (‘a % 'b) set))
by (simp only: finite-Pow-iff finite)
ultimately show finite (range ?graph)
by (rule finite-subset)
show inj Zgraph by (rule inj-graph)
qed
qed

instance + :: (finite, finite) finite proof
qed (simp only: UNIV-Plus-UNIV [symmetric| finite-Plus finite)

20.3 A basic fold functional for finite sets
The intended behaviour is fold f z {x1, ..., zp} = fx1 (.. (fzpn 2)...) i f
is “left-commutative”:

locale fun-left-comm =

fixes f::'a="b="b

assumes fun-left-comm: fz (fyz) = fy (fz 2)
begin

On a functional level it looks much nicer:

lemma fun-comp-comm: fx o fy=fyofzx
by (simp add: fun-left-comm expand-fun-eq)
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end

inductive fold-graph :: (Ya = 'b = 'b) = 'b = 'a set = 'b = bool
for f :: '/a = 'b = 'b and z :: 'b where
emptyl [intro): fold-graph f z {} z |
insert] [intro]: x ¢ A => fold-graph fz A y
= fold-graph f z (insert x A) (f z y)

inductive-cases empty-fold-graphE [elim!]: fold-graph f z {} x

definition fold :: (‘a = 'b = 'b) = 'b = 'a set = 'b where
[code del): fold f z A = (THE y. fold-graph f z A y)

A tempting alternative for the definiens is if finite A then THE y. fold-graph
fz Ay else e. It allows the removal of finiteness assumptions from the
theorems fold-comm, fold-reindex and fold-distrib. The proofs become ugly.
It is not worth the effort. (777?)

lemma Diff1-fold-graph:
fold-graph f z (A — {z}) y = = € A = fold-graph f z A (f z y)
by (erule insert-Diff [THEN subst], rule fold-graph.intros, auto)

lemma fold-graph-imp-finite: fold-graph f z A * = finite A
by (induct set: fold-graph) auto

lemma finite-imp-fold-graph: finite A = . fold-graph fz A z
by (induct set: finite) auto

20.3.1 From fold-graph to fold

context fun-left-comm
begin

lemma fold-graph-insertE-aux:
fold-graph f 2 Ay = a € A = 3y’ y=favy' A fold-graph fz (A — {a}) y’
proof (induct set: fold-graph)
case (insert] © A y) show ?case
proof (cases © = a)
assume z = a with insert] show ?case by auto
next
assume z # a
then obtain y’ where y: y = fa y’ and y": fold-graph f z (A — {a}) y’
using insertl by auto
have I: fzy=fa (fzy’)
unfolding y by (rule fun-left-comm)
have 2: fold-graph [ z (insert x A — {a}) (fz y)
using y' and <z # @) and « ¢ A
by (simp add: insert-Diff-if fold-graph.insertI)
from 1 2 show ?case by fast
qged
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qed simp

lemma fold-graph-insertE:
assumes fold-graph f z (insert x A) v and z ¢ A
obtains y where v = fz y and fold-graph fz A y
using assms by (auto dest: fold-graph-insertE-auz [OF - insertl1])

lemma fold-graph-determ:
fold-graph f z A * = fold-graph fz A y = y ==z
proof (induct arbitrary: y set: fold-graph)
case (insertl x A y v)
from <fold-graph f z (insert x A) v) and @« ¢ A
obtain y’ where v = fz y’ and fold-graph f 2 A y'
by (rule fold-graph-insertE)
from <fold-graph f z A y’ have y’' = y by (rule insertl)
with <v = fz y" show v = fz y by simp
qed fast

lemma fold-equality:
fold-graph f z A y = fold fz A =y
by (unfold fold-def) (blast intro: fold-graph-determ)

lemma fold-graph-fold: finite A = fold-graph f z A (fold f z A)
unfolding fold-def

apply (rule thel”)

apply (rule ex-exil)

apply (erule finite-imp-fold-graph)

apply (erule (1) fold-graph-determ)

done

The base case for fold:

lemma (in —) fold-empty [simp]: fold f z {} = z
by (unfold fold-def) blast

The various recursion equations for fold:

lemma fold-insert [simp):
finite A ==> 1z ¢ A ==> fold f z (insert v A) = fx (fold f z A)
apply (rule fold-equality)
apply (erule fold-graph.insertl)
apply (erule fold-graph-fold)
done

lemma fold-fun-comm:
finite A = fx (fold fz A) = fold f (fz2z2) A
proof (induct rule: finite-induct)
case empty then show ?case by simp
next
case (insert y A) then show ?case
by (simp add: fun-left-comm|[of z])
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qed

lemma fold-insert2:
finite A=z ¢ A = fold f z (insert x A) = fold f (fzz) A
by (simp add: fold-fun-comm)

lemma fold-rec:
assumes finite A and z € A
shows fold fz A = fz (fold f z (A — {z}))
proof —
have A: A = insert ¢ (A — {z}) using «z € A by blast
then have fold f 2 A = fold f z (insert x (A — {z})) by simp
also have ... = fz (fold f z (A — {z}))
by (rule fold-insert) (simp add: finite A))+
finally show ?thesis .
qed

lemma fold-insert-remowve:
assumes finite A
shows fold f z (insert x A) = fx (fold f z (A — {x}))
proof —
from (finite A> have finite (insert x A) by auto
moreover have z € insert A by auto
ultimately have fold f z (insert ¢ A) = fz (fold f z (insert ¢ A — {z}))
by (rule fold-rec)
then show ?thesis by simp
qed

end

A simplified version for idempotent functions:

locale fun-left-comm-idem = fun-left-comm +
assumes fun-left-idem: fz (fxz) = fx 2
begin

The nice version:

lemma fun-comp-idem : fx o fz = fx
by (simp add: fun-left-idem expand-fun-eq)

lemma fold-insert-idem:
assumes fin: finite A
shows fold f z (insert x A) = fz (fold f 2z A)
proof cases
assume z € A
then obtain B where A = insert ¢ B and = ¢ B by (rule set-insert)
then show ?thesis using assms by (simp add:fun-left-idem)
next
assume z ¢ A then show %thesis using assms by simp
qed
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declare fold-insert[simp del] fold-insert-idem|simp)

lemma fold-insert-idem?2:
finite A = fold f z (insert x A) = fold f (fzz) A
by (simp add:fold-fun-comm)

end

20.3.2 Expressing set operations via fold

lemma (in fun-left-comm) fun-left-comm-apply:
fun-left-comm (Az. f (g z))

proof

qed (simp-all add: fun-left-comm)

lemma (in fun-left-comm-idem) fun-left-comm-idem-apply:
fun-left-comm-idem (Az. f (g z))
by (rule fun-left-comm-idem.intro, rule fun-left-comm-apply, unfold-locales)
(simp-all add: fun-left-idem)

lemma fun-left-comm-idem-insert:
fun-left-comm-idem insert

proof

qed auto

lemma fun-left-comm-idem-remove:
fun-left-comm-idem (Ax A. A — {z})

proof

qed auto

lemma (in semilattice-inf) fun-left-comm-idem-inf:
fun-left-comm-idem inf

proof

qed (auto simp add: inf-left-commute)

lemma (in semilattice-sup) fun-left-comm-idem-sup:
fun-left-comm-idem sup

proof

qed (auto simp add: sup-left-commute)

lemma union-fold-insert:
assumes finite A
shows A U B = fold insert B A
proof —
interpret fun-left-comm-idem insert by (fact fun-left-comm-idem-insert)
from «finite A> show ?thesis by (induct A arbitrary: B) simp-all
qged
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lemma minus-fold-remove:
assumes finite A
shows B — A = fold (A\x A. A — {z}) BA
proof —
interpret fun-left-comm-idem Az A. A — {z} by (fact fun-left-comm-idem-remove)
from (finite A> show ?thesis by (induct A arbitrary: B) auto
qed

context complete-lattice
begin

lemma inf-Inf-fold-inf:

assumes finite A

shows inf B (Inf A) = fold inf B A
proof —

interpret fun-left-comm-idem inf by (fact fun-left-comm-idem-inf)

from (finite A> show ?thesis by (induct A arbitrary: B)

(simp-all add: Inf-empty Inf-insert inf-commute fold-fun-comm)

qed

lemma sup-Sup-fold-sup:

assumes finite A

shows sup B (Sup A) = fold sup B A
proof —

interpret fun-left-comm-idem sup by (fact fun-left-comm-idem-sup)

from «finite A) show ?thesis by (induct A arbitrary: B)

(simp-all add: Sup-empty Sup-insert sup-commute fold-fun-comm,)

qed

lemma Inf-fold-inf:
assumes finite A
shows Inf A = fold inf top A
using assms inf-Inf-fold-inf [of A top] by (simp add: inf-absorb2)

lemma Sup-fold-sup:
assumes finite A
shows Sup A = fold sup bot A
using assms sup-Sup-fold-sup [of A bot] by (simp add: sup-absorb2)

lemma inf-INFI-fold-inf:
assumes finite A
shows inf B (INFI A f) = fold (M. inf (f A)) B A (is %inf = ?fold)
proof (rule sym)
interpret fun-left-comm-idem inf by (fact fun-left-comm-idem-inf)
interpret fun-left-comm-idem AA. inf (f A) by (fact fun-left-comm-idem-apply)
from (finite A> show ?fold = %inf
by (induct A arbitrary: B)
(simp-all add: INFI-def Inf-empty Inf-insert inf-left-commute)
qed
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lemma sup-SUPR-fold-sup:

assumes finite A

shows sup B (SUPR A f) = fold (AA. sup (f A)) B A (is ?sup = ?fold)
proof (rule sym)

interpret fun-left-comm-idem sup by (fact fun-left-comm-idem-sup)

interpret fun-left-comm-idem AA. sup (f A) by (fact fun-left-comm-idem-apply)

from (finite A> show ?fold = ?Zsup

by (induct A arbitrary: B)

(simp-all add: SUPR-def Sup-empty Sup-insert sup-left-commute)

qed

lemma INFI-fold-inf:
assumes finite A
shows INFI A f = fold (AA. inf (f A)) top A
using assms inf-INFI-fold-inf [of A top] by simp

lemma SUPR-fold-sup:
assumes finite A
shows SUPR A f = fold (M. sup (f A)) bot A
using assms sup-SUPR-fold-sup [of A bot] by simp

end

20.4 The derived combinator fold-image

definition fold-image :: ('b = 'b = 'b) = ('a = 'b) = 'b = 'a set = 'b
where fold-image f g = fold (%z y. f (g z) y)

lemma fold-image-empty[simp]: fold-image f g z {} = =z
by (simp add:fold-image-def)

context ab-semigroup-mult
begin

lemma fold-image-insert[simp]:
assumes finite A and a ¢ A
shows fold-image times g z (insert a A) = g a * (fold-image times g z A)
proof —

interpret I: fun-left-comm %z y. (g9 x) *x y

by unfold-locales (simp add: mult-ac)

show ?thesis using assms by (simp add:fold-image-def)

qed

lemma fold-image-reindez:
assumes fin: finite A
shows inj-on h A = fold-image times g z (h‘A) = fold-image times (goh) z A



THEORY “Finite-Set” 361

using fin by induct auto

lemma fold-image-cong:
finite A =
(Mz. 2:A ==> gx = h x) ==> fold-image times g z A = fold-image times h z A
apply (subgoal-tac ALL C. C <= A ——> (ALL z:C. gx = h z) ——> fold-image
times g z C = fold-image times h z C)
apply simp
apply (erule finite-induct, simp)
apply (simp add: subset-insert-iff, clarify)
apply (subgoal-tac finite C)
prefer 2 apply (blast dest: finite-subset [COMP swap-prems-rl])
apply (subgoal-tac C = insert z (C — {z}))
prefer 2 apply blast
apply (erule ssubst)
apply (drule spec)
apply (erule (1) notE impE)
apply (simp add: Ball-def del: insert-Diff-single)
done

end

context comm-monoid-mult
begin

lemma fold-image-1:
finite S = (Vz€S. fz = 1) = fold-image op x f 1.5 = 1
apply (induct set: finite)
apply simp by auto

lemma fold-image-Un-Int:
finite A ==> finite B ==>
fold-image times g 1 A * fold-image times g 1 B =
fold-image times g 1 (A Un B) x fold-image times g 1 (A Int B)
by (induct set: finite)
(auto simp add: mult-ac insert-absorb Int-insert-left)

lemma fold-image-Un-one:
assumes [S: finite S and fT: finite T
and 10:Vz € SNT. fz =1
shows fold-image (op x) f1 (S U T) = fold-image (op x) f 1S * fold-image (op
«) f1T
proof—
have fold-image op x f1 (SN T) =1
apply (rule fold-image-1)
using fS fT 10 by auto
with fold-image-Un-Int[OF fS fT] show ?thesis by simp
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qed

corollary fold-Un-disjoint:
finite A ==> finite B ==> A Int B = {} ==>
fold-image times g 1 (A Un B) =
fold-image times g 1 A * fold-image times g 1 B
by (simp add: fold-image-Un-Int)

lemma fold-image- UN-disjoint:
[ finite I; ALL i:I. finite (A i);
ALL il ALL jiI. i #j ——> Ailnt Aj = {}]
= fold-image times g 1 (UNION I A) =
fold-image times (%i. fold-image times g 1 (A 4)) 11
apply (induct set: finite, simp, atomize)
apply (subgoal-tac ALL @:F. x # 1)
prefer 2 apply blast
apply (subgoal-tac A x Int UNION F A = {})
prefer 2 apply blast
apply (simp add: fold-Un-disjoint)
done

lemma fold-image-Sigma: finite A ==> ALL z:A. finite (B z) ==>
fold-image times (%ox. fold-image times (g z) 1 (Bz)) 1 A=
fold-image times (split g) 1 (SIGMA z:A. B 1)

apply (subst Sigma-def)

apply (subst fold-image-UN-disjoint, assumption, simp)
apply blast

apply (erule fold-image-cong)

apply (subst fold-image- UN-disjoint, simp, simp)

apply blast

apply simp

done

lemma fold-image-distrib: finite A —
fold-image times (%ox. gz *x hz) 1 A=
fold-image times g 1 A x fold-image times h 1 A
by (erule finite-induct) (simp-all add: mult-ac)

lemma fold-image-related:
assumes Re: Ree
and Rop: Val yl 22 y2. Rzl 22 N R yl y2 — R (z1 * y1) (22 * y2)
and fS: finite S and Rfg: Vz€S. R (h z) (g x)
shows R (fold-image (op *) h e S) (fold-image (op *) g e S)
using fS by (rule finite-subset-induct) (insert assms, auto)

lemma fold-image-eq-general:
assumes [S: finite S
and h: VyeS’ Flz. z€ S A h(z) =y
and f12: VzeS. hzx e S'A f2(hz)=flz
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shows fold-image (op *) f1 e S = fold-image (op x) f2 e S’
proof—

from h f12 have hS: h * S = S’ by auto

{fix zyassume H:z € Sy e Shz =hy

from f12 h H have z = y by auto }

hence hinj: inj-on h S unfolding inj-on-def Exi-def by blast

from f12 have th: A\z. z € S = (f2 o h) x = fI = by auto

from hS have fold-image (op *) f2 e S’ = fold-image (op *) f2 e (h *S) by
simp

also have ... = fold-image (op *) (f20h) e S
using fold-image-reindex[OF fS hinj, of f2 €] .
also have ... = fold-image (op *) f1 e S using th fold-image-cong[OF S, of f2
o h fI e
by blast
finally show ?thesis ..
qed

lemma fold-image-eq-general-inverses:
assumes [fS: finite S
and kh: A\y.ye T—=kye SAh(ky) =y
and hk: N\e.z € S=hx e T ANk (hz)=2z Ng (hz)=fzx
shows fold-image (op %) fe S = fold-image (op x) ge T

apply (rule fold-image-eq-general|OF fS, of T h g f e])
apply (rule balll)

apply (frule kh)

apply (rule ex1I[])

apply blast

apply clarsimp

apply (drule hk) apply simp

apply (rule sym)

apply (erule conjunct1 [OF conjunct2[OF hk]])
apply (rule balll)

apply (drule hk)

apply blast

done

end

20.5 A fold functional for non-empty sets

Does not require start value.

inductive
foldiSet :: ('a => 'a => 'a) => 'a set => 'a => bool
for f :: 'a =>"a=>"a
where
fold1Set-insertl [intro]:
[ fold-graph fa A z; a ¢ A = fold1Set f (insert a A) z
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definition fold! :: (‘a => ’'a => 'a) => 'a set => 'a where
foldl f A == THE x. fold1Set f A x

lemma fold1Set-nonempty:
fold1Set fA z = A # {}
by (erule fold1Set.cases, simp-all)

inductive-cases empty-fold1SetE [elim!]: fold1Set f {} z

inductive-cases insert-fold1SetE [elim!]: fold1Set f (insert a X) x

lemma fold1Set-sing [iff]: (fold1Set f {a} b) = (a = b)
by (blast elim: fold-graph.cases)

lemma fold1-singleton [simp]: foldl f {a} = a
by (unfold fold1-def) blast

lemma finite-nonempty-imp-foldiSet:

[ finite A; A # {} ]| = EX z. fold1Set f A z
apply (induct A rule: finite-induct)
apply (auto dest: finite-imp-fold-graph [of - f])
done

First, some lemmas about fold-graph.

context ab-semigroup-mult
begin

lemma fun-left-comm: fun-left-comm(op *)
by unfold-locales (simp add: mult-ac)

lemma fold-graph-insert-swap:

assumes fold: fold-graph times (b::’a) A y and b ¢ A
shows fold-graph times z (insert b A) (z x y)

proof —

interpret fun-left-comm op *::'a = 'a = 'a by (rule fun-left-comm)

from assms show ?thesis
proof (induct rule: fold-graph.induct)
case emptyl show ?Zcase by (subst mult-commute [of z b], fast)
next
case (insertl z A y)
have fold-graph times z (insert z (insert b A)) (z x (z * y))
using insert] by force — how does id get unfolded?
thus ?case by (simp add: insert-commute mult-ac)
qed
qed

lemma fold-graph-permute-diff :
assumes fold: fold-graph times b A x
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shows lla. [a € A; b ¢ A] = fold-graph times a (insert b (A—{a})) =
using fold
proof (induct rule: fold-graph.induct)
case emptyl thus ?case by simp
next
case (insertl z A y)
have a = z V a € A using insert] by simp
thus ?case
proof
assume ¢ = z
with insert] show ?thesis
by (simp add: id-def [symmetric], blast intro: fold-graph-insert-swap)
next
assume ainA: a € A
hence fold-graph times a (insert z (insert b (A — {a}))) (z * y)
using insertl by force
moreover
have insert = (insert b (A — {a})) = insert b (insert x A — {a})
using ainA insertl by blast
ultimately show ?thesis by simp
qed
qged

lemma fold1-eq-fold:
assumes finite A a ¢ A shows fold1 times (insert a A) = fold times a A
proof —
interpret fun-left-comm op *::'a = 'a = 'a by (rule fun-left-comm)
from assms show ?thesis
apply (simp add: fold1-def fold-def)
apply (rule the-equality)

apply (rule sym, clarify)
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(
(
apply (best intro: fold-graph-determ thel dest: finite-imp-fold-graph [of - times))
(
(

apply (case-tac Aa=A)

apply (best intro: fold-graph-determ)

apply (subgoal-tac fold-graph times a A x)

apply (best intro: fold-graph-determ)

apply (subgoal-tac insert aa (Aa — {a}) = A)

prefer 2 apply (blast elim: equalityF)

apply (auto dest: fold-graph-permute-diff [where a=a))
done

qed

lemma nonempty-iff: (A # {}) = (32 B. A = insert x B & = ¢ B)
apply safe

apply simp

apply (drule-tac z=z in spec)

apply (drule-tac x=A—{z} in spec, auto)

done
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lemma fold1-insert:
assumes nonempty: A # {} and A: finite Az ¢ A
shows fold1 times (insert x A) = x * foldl times A
proof —
interpret fun-left-comm op *::'a = 'a = 'a by (rule fun-left-comm)
from nonempty obtain a A’ where A = insert a A’ & a ~: A’
by (auto simp add: nonempty-iff)
with A show ?thesis
by (simp add: insert-commute [of x] fold1-eg-fold eq-commute)
qed

end

context ab-semigroup-idem-mult
begin

lemma fun-left-comm-idem: fun-left-comm-idem(op *)
apply unfold-locales

apply (rule mult-left-commute)

apply (rule mult-left-idem)

done

lemma fold1-insert-idem [simp]:
assumes nonempty: A # {} and A: finite A
shows fold1 times (insert  A) = z * foldl times A
proof —
interpret fun-left-comm-idem op *::'a = 'a = 'a
by (rule fun-left-comm-idem)
from nonempty obtain a A’ where A" A = insert a A’ & a ~: A’
by (auto simp add: nonempty-iff)
show ?thesis
proof cases
assume a = T
thus ?thesis
proof cases
assume A’ = {}
with prems show ?thesis by simp
next
assume A’ # {}
with prems show ?thesis
by (simp add: foldl-insert mult-assoc [symmetric])
qged
next
assume a # x
with prems show ?thesis
by (simp add: insert-commute fold1-eq-fold)
qed
qed
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lemma hom-fold1-commute:
assumes hom: lz y. h (z x y) = hz *x hy
and N: finite N N # {} shows h (fold! times N) = foldI times (h * N)
using N proof (induct rule: finite-ne-induct)
case singleton thus ?case by simp
next
case (insert n N)
then have h (fold1 times (insert n N)) = h (n * fold1 times N) by simp

also have ... = h n % h (fold1 times N) by(rule hom)
also have h (foldl times N) = foldl times (h ‘ N) by(rule insert)
also have times (h n) ... = fold! times (insert (h n) (h *N))

using insert by (simp)
also have insert (hn) (h *N) = h “insert n N by simp
finally show ?Zcase .
qed

lemma fold1-eq-fold-idem:
assumes finite A
shows fold1 times (insert a A) = fold times a A
proof (cases a € A)
case False
with assms show ?thesis by (simp add: fold1-eg-fold)
next
interpret fun-left-comm-idem times by (fact fun-left-comm-idem)
case True then obtain b B
where A: A = insert a B and a ¢ B by (rule set-insert)
with assms have finite B by auto
then have fold times a (insert a B) = fold times (a * a) B
using (a ¢ B) by (rule fold-insert2)
then show ?thesis
using <a ¢ B) (finite B) by (simp add: fold1-eq-fold A)
qed

end

Now the recursion rules for definitions:

lemma fold1-singleton-def: g = foldl f = g {a} = a
by simp

lemma (in ab-semigroup-mult) fold1-insert-def:
[ g = foldl times; finite A; v ¢ A; A#{} ] = g (insert zx A) =z % g A
by (simp add:fold1-insert)

lemma (in ab-semigroup-idem-mult) fold1-insert-idem-def:
[ g = foldl times; finite A; A # {} ] = g (insertz A) =z g A
by simp
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20.5.1 Determinacy for fold1Set

declare
empty-fold-graphE [rule del] fold-graph.intros [rule del]
empty-fold1SetE [rule del] insert-fold1SetE [rule del]
— No more proofs involve these relations.

20.5.2 Lemmas about fold1

context ab-semigroup-mult
begin

lemma fold1-Un:
assumes A: finite A A # {}
shows finite B— B # {} = AInt B={} =
fold1 times (A Un B) = foldl times A x foldl times B
using A by (induct rule: finite-ne-induct)
(simp-all add: fold1-insert mult-assoc)

lemma fold1-in:
assumes A: finite (A) A # {} and elem: Az y. z x y € {z,y}
shows foldl times A € A
using A
proof (induct rule:finite-ne-induct)
case singleton thus ?case by simp
next
case insert thus ?case using elem by (force simp add:fold1-insert)
qed

end

lemma (in ab-semigroup-idem-mult) fold1-Un2:
assumes A: finite A A # {}
shows finite B = B # {} =
fold1 times (A Un B) = foldl times A x fold1 times B

using A
proof (induct rule:finite-ne-induct)

case singleton thus ?case by simp
next

case insert thus ?case by (simp add: mult-assoc)
qed

20.6 Locales as mini-packages for fold operations

20.6.1 The natural case

locale folding =
fixes f::’'a='b="b
fixes F' :: 'a set = 'b = b
assumes commute-comp: fy o fr =fzxofy
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assumes eq-fold: finite A = F A s = foldfs A
begin

lemma empty [simp]:
F{}=1d
by (simp add: eg-fold expand-fun-eq)

lemma insert [simp]:

assumes finite A and = ¢ A

shows F (insert x A) = F Ao fux
proof —

interpret fun-left-comm f proof

qed (insert commute-comp, simp add: expand-fun-eq)

from fold-insert2 assms

have As. fold f s (insert © A) = fold f (fzs) A .

with (finite A) show ?thesis by (simp add: eg-fold expand-fun-eq)
qed

lemma remove:
assumes finite A and z € A
shows FA=F (A - {z})o fx
proof —
from (x € A obtain B where A: A = insert + B and = ¢ B
by (auto dest: mk-disjoint-insert)
moreover from «finite A> this have finite B by simp
ultimately show ?thesis by simp
qged

lemma insert-remove:
assumes finite A
shows F (insert t A) = F (A — {z}) o fz
using assms by (cases x € A) (simp-all add: remove insert-absorb)

lemma commute-left-comp:

fyo(fzrog)=fzo(fyoyg)

by (simp add: o-assoc commute-comp)

lemma commute-comp’:

assumes finite A

shows fr o FA=F Ao fx

using assms by (induct A)

(simp, simp del: o-apply add: o-assoc, simp del: o-apply add: o-assoc [symmetric]
commute-comp)

lemma commute-left-comp’:
assumes finite A
shows fr o (FAog)=FAo (fzoyg)
using assms by (simp add: o-assoc commute-comp’)
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lemma commute-comp’”:
assumes finite A and finite B
shows FBo FA=FAoFB
using assms by (induct A)
(simp-all add: o-assoc, simp add: o-assoc [symmetric] commute-comp”)

lemma commute-left-comp’”:
assumes finite A and finite B
shows FBo (FAog)=FAo(FBoy)
using assms by (simp add: o-assoc commute-comp’’)

lemmas commute-comps = o-assoc [symmetric| commute-comp commute-left-comp
commute-comp’ commute-left-comp’ commute-comp’’ commute-left-comp’’

lemma union-inter:
assumes finite A and finite B
shows F (AUB)o F (ANB)=FAoFB
using assms by (induct A)
(simp-all del: o-apply add: insert-absorb Int-insert-left commute-comps,
simp add: o-assoc)

lemma union:

assumes finite A and finite B

and AN B = {}

shows F (AUB)=FAoFB
proof —

from wunion-inter (finite A> <finite By have F (AU B)o F (ANB)=F Ao F
B .
with (4 N B = {}) show ?thesis by simp
qed

end

20.6.2 The natural case with idempotency

locale folding-idem = folding +
assumes idem-comp: fr o frx = fx
begin

lemma idem-left-comp:

fro(frog)=frog

by (simp add: o-assoc idem-comp)

lemma in-comp-idem:

assumes finite A and = € A

shows FAofz =F A
using assms by (induct A)

(auto simp add: commute-comps idem-comp, simp add: commute-left-comp’ [symmetric]
commute-comp”)
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lemma subset-comp-idem:
assumes finite A and B C A
shows FAo FB=FA

proof —
from assms have finite B by (blast dest: finite-subset)
then show ?%thesis using (B C A) by (induct B)

(simp-all add: o-assoc in-comp-idem (finite A))
qed

declare insert [simp del]

lemma insert-idem [simp]:
assumes finite A
shows F (insert x A) = F Ao fux
using assms by (cases © € A) (simp-all add: insert in-comp-idem insert-absord)

lemma union-idem:
assumes finite A and finite B
shows F (AUB)=F Ao FB
proof —
from assms have finite (A U B) and AN B C A U B by auto
then have F (AU B) o F (AN B) = F (AU B) by (rule subset-comp-idem)
with assms show ?thesis by (simp add: union-inter)
qed

end

20.6.3 The image case with fixed function

no-notation times (infixl = 70)
no-notation Groups.one (1)

locale folding-image-simple = comm-monoid +

fixes g :: (b = ’a)

fixes F' :: 'b set = 'a

assumes eq-fold-g: finite A — F A = fold-image fg 1 A
begin

lemma empty [simp]:
P} =1
by (simp add: eq-fold-g)

lemma insert [simp]:
assumes finite A and = ¢ A
shows F (insert z A) =gax+« F A
proof —
interpret fun-left-comm %z y. (g ) * y proof
qed (simp add: ac-simps)
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with assms have fold-image (op %) g 1 (insert x A) = g x * fold-image (op *)
glA
by (simp add: fold-image-def)
with (finite A> show %thesis by (simp add: eg-fold-g)
qed

lemma remove:
assumes finite A and z € A
shows FA=guz*x F (A — {z})
proof —
from (z € A) obtain B where A: A = insert z B and = ¢ B
by (auto dest: mk-disjoint-insert)
moreover from (finite A> this have finite B by simp
ultimately show ?thesis by simp
qed

lemma insert-remove:
assumes finite A
shows F (insert  A) = gz « F (A — {z})
using assms by (cases x € A) (simp-all add: remove insert-absord)

lemma neutral:
assumes finite A and Vz€A. gz = 1
shows ' A = 1
using assms by (induct A) simp-all

lemma union-inter:

assumes finite A and finite B

shows F (AUB)« F (ANB)=FAxFB
using assms proof (induct A)

case empty then show ?case by simp
next

case (insert z A) then show ?Zcase

by (auto simp add: insert-absorb Int-insert-left commute [of - g x] assoc

left-commute)
qed

corollary union-inter-neutral:
assumes finite A and finite B
and I0:Vx € ANB. gz = 1
shows F (AUB)=FAxFB
using assms by (simp add: union-inter [symmetric] neutral)

corollary union-disjoint:
assumes finite A and finite B
assumes A N B = {}
shows F (AUB)=FAxFB
using assms by (simp add: union-inter-neutral)
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end

20.6.4 The image case with flexible function

locale folding-image = comm-monoid +
fixes F :: ('b = 'a) = 'bset = 'a
assumes eg-fold: N\g. finite A = F g A = fold-image fg 1 A

sublocale folding-image < folding-image-simple op x 1 g F g proof
qed (fact eg-fold)

context folding-image
begin

lemma reindex:
assumes finite A and inj-on h A
shows F g (h‘A)=F (goh) A
using assms by (induct A) auto

lemma cong:
assumes finite Aand A\z. v € A= gz =hz
shows FgA=FhA
proof —
from assms have ALL C. C <= A ——> (ALLz:C. gz =hz) ——> FgC =
FhncC
apply — apply (erule finite-induct) apply simp
apply (simp add: subset-insert-iff, clarify)
apply (subgoal-tac finite C')
prefer 2 apply (blast dest: finite-subset [COMP swap-prems-rl])
apply (subgoal-tac C = insert z (C — {z}))
prefer 2 apply blast
apply (erule ssubst)
apply (drule spec)
apply (erule (1) notE impE)
apply (simp add: Ball-def del: insert-Diff-single)
done
with assms show ?thesis by simp
qed

lemma UNION-disjoint:
assumes finite I and Vi€l. finite (A i)
and Viel.Vjel.i#£j — AinAj={}
shows F g (UNIONTA) = F (Fgo A) I
apply (insert assms)
apply (induct set: finite, simp, atomize)
apply (subgoal-tac Vi€ Fa. x # 1)
prefer 2 apply blast
apply (subgoal-tac A x Int UNION Fa A = {})
prefer 2 apply blast
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apply (simp add: union-disjoint)
done

lemma distrib:
assumes finite A
shows F (Az. gx xhz) A=FgA*xFhA
using assms by (rule finite-induct) (simp-all add: assoc commute left-commute)

lemma related:
assumes Re: R 1 1
and Rop: VI yl 22 y2. Rxl 22 N R yl y2 — R (21 * yl) (22 = y2)
and fS: finite S and Rfg: Vz€S. R (h z) (g z)
shows R (FhS) (Fgb)
using fS by (rule finite-subset-induct) (insert assms, auto)

lemma eg-general:
assumes [S: finite S
and h: VyeS' Alz.z € SAhz =1y
and f12: VzeS. hz e S'Nf2 (hz)=flz
shows F f1 S =F f25'
proof—
from h f12 have hS: h © S = S’ by blast
{fixzyassume H:z € Sye Shax=hy
from f12 h H have z = y by auto }
hence hinj: inj-on h S unfolding inj-on-def Exi-def by blast
from f12 have th: Az. 2 € S = (f2 o h) = = f1 = by auto
from hS have F 25’ = F f2 (h *S) by simp

also have ... = F (f2 o h) S using reindex [OF fS hinj, of f2] .
also have ... = F f1 S using th cong [OF fS, of f2 0 h f1]
by blast
finally show ?thesis ..
qed

lemma eg-general-inverses:

assumes [fS: finite S

and kh: A\y.ye T—=kye SAh(ky) =y

and hk: N\e.z € S=hzxe T ANk (hz)=azANg(hz)=jz
shows FjS=FgT

apply (rule eq-general [OF fS, of T h g j])
apply (rule balll)
apply (frule kh)

apply (rule ex1I[])

apply blast

apply clarsimp

apply (drule hk) apply simp

apply (rule sym)

apply (erule conjunct1 [OF conjunct2[OF hk]])
apply (rule balll)
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apply (drule hk)
apply blast
done

end

20.6.5 The image case with fixed function and idempotency

locale folding-image-simple-idem = folding-image-simple +
assumes idem: T *x © = &

sublocale folding-image-simple-idem < semilattice proof
qed (fact idem)

context folding-image-simple-idem
begin

lemma in-idem:
assumes finite A and z € A
shows gz« FA=F A
using assms by (induct A) (auto simp add: left-commute)

lemma subset-idem:
assumes finite A and B C A
shows FBx FA=FA
proof —
from assms have finite B by (blast dest: finite-subset)
then show ?%thesis using (B C A) by (induct B)
(auto simp add: assoc in-idem (finite A))
qed

declare insert [simp del]

lemma insert-idem [simp]:
assumes finite A
shows F (insert x A) =gz« F A
using assms by (cases x € A) (simp-all add: insert in-idem insert-absord)

lemma union-idem:
assumes finite A and finite B
shows F (AUB)=FAxFB
proof —
from assms have finite (A U B) and AN B C A U B by auto
then have F (AN B) « FF (AU B) = F (AU B) by (rule subset-idem)
with assms show ?thesis by (simp add: union-inter [of A B, symmetric] com-
mute)
qed

end



THEORY “Finite-Set” 376

20.6.6 The image case with flexible function and idempotency

locale folding-image-idem = folding-image +
assumes idem: x *x x = &

sublocale folding-image-idem < folding-image-simple-idem op * 1 g F' g proof
qed (fact idem)

20.6.7 The neutral-less case

locale folding-one = abel-semigroup +

fixes F' :: 'a set = 'a

assumes eq-fold: finite A = F A = foldl f A
begin

lemma singleton [simp]:
Flz} =1z
by (simp add: eg-fold)

lemma eq-fold":
assumes finite A and = ¢ A
shows F (insert x A) = fold (op *) z A
proof —
interpret ab-semigroup-mult op * proof qed (simp-all add: ac-simps)
with assms show ?thesis by (simp add: eg-fold fold1-eq-fold)
qed

lemma insert [simp]:

assumes finite A and z ¢ A and A # {}

shows F (insert  A) =z x F A
proof —

from (A # {}) obtain b where b € A by blast

then obtain B where x: A = insert b Bb ¢ B by (blast dest: mk-disjoint-insert)

with (finite A> have finite B by simp

interpret fold: folding op x Aa b. fold (op %) b a proof

qged (simp-all add: expand-fun-eq ac-simps)

thm fold.commute-comp’ [of B b, simplified expand-fun-eq, simplified]

from (finite B) fold.commute-comp’ [of B x]

have op * z o (A\b. fold op *x b B) = (Ab. fold op x b B) o op * = by simp

then have A: z x fold op * b B = fold op % (b % z) B by (simp add: expand-fun-eq
commute)

from (finite B) x fold.insert [of B b]

have (Az. fold op * z (insert b B)) = (Az. fold op * x B) o op * b by simp

then have B: fold op * z (insert b B) = fold op x (b x ) B by (simp add:
expand-fun-eq)

from A B assms * show ?thesis by (simp add: eq-fold’ del: fold.insert)
qed

lemma remove:
assumes finite A and z € A
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shows FA = (if A — {z} = {} thenz else z x F (A — {z}))
proof —

from assms obtain B where A = insert x B and z ¢ B by (blast dest:
mk-disjoint-insert)

with assms show %thesis by simp
qed

lemma insert-remove:
assumes finite A
shows F (insert ¢ A) = (if A — {z} = {} then z else z x F (A — {x}))
using assms by (cases x € A) (simp-all add: insert-absorb remove)

lemma union-disjoint:
assumes finite A A # {} and finite BB # {} and AN B = {}
shows F (AUB)=FAxFB
using assms by (induct A rule: finite-ne-induct) (simp-all add: ac-simps)

lemma union-inter:
assumes finite A and finite B and AN B # {}
shows F (AUB)*« F (ANB)=FAxFB
proof —
from assms have A # {} and B # {} by auto
from (finite A> <A # {} <A N B # {} show ?%thesis proof (induct A rule:
finite-ne-induct)
case (singleton x) then show ?Zcase by (simp add: insert-absorb ac-simps)
next
case (insert z A) show ?case proof (cases x € B)
case True then have B # {} by auto
with insert True (finite B) show ?thesis by (cases A N B = {})
(simp-all add: insert-absorb ac-simps union-disjoint)
next
case Fulse with insert have F (AU B) « F (AN B) = F A x F B by simp
moreover from Fualse (finite B) insert have finite (AU B) z ¢ AU B AU
B £}
by auto
ultimately show ?thesis using False (finite A @ ¢ A (A # {}) by (simp
add: assoc)
qed
qed
qed

lemma closed:
assumes finite A A # {} and elem: Az y. z x y € {z, y}
shows F A e A

using (finite A <A # {}> proof (induct rule: finite-ne-induct)
case singleton then show ?case by simp

next
case insert with elem show ?case by force

qed
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end

20.6.8 The neutral-less case with idempotency

locale folding-one-idem = folding-one +
assumes idem: T * T =

sublocale folding-one-idem < semilattice proof
qed (fact idem)

context folding-one-idem
begin

lemma in-idem:
assumes finite A and © € A
shows z x FA=F A
proof —
from assms have A # {} by auto
with (finite A show ?thesis using x € A) by (induct A rule: finite-ne-induct)
(auto simp add: ac-simps)
qed

lemma subset-idem:
assumes finite A B # {} and B C 4
shows FBx FA=FA
proof —
from assms have finite B by (blast dest: finite-subset)
then show ?thesis using (B # {}) (B C A by (induct B rule: finite-ne-induct)
(simp-all add: assoc in-idem (finite A)
qed

lemma eq-fold-idem’:
assumes finite A
shows F (insert a A) = fold (op %) a A
proof —
interpret ab-semigroup-idem-mult op * proof qed (simp-all add: ac-simps)
with assms show ?thesis by (simp add: eg-fold fold1-eq-fold-idem)
qed

lemma insert-idem [simp]:

assumes finite A and A # {}

shows F (insert ¢ A) =z « F A
proof (cases x € A)

case Fualse from «(finite A «x ¢ A <A # {}» show ?thesis by (rule insert)
next

case True

from (finite A <A # {}» show ?Zthesis by (simp add: in-idem insert-absorb True)
qed
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lemma union-idem:

assumes finite A A # {} and finite B B # {}

shows F (AUB)=FAxFB
proof (cases AN B ={})

case True with assms show ?thesis by (simp add: union-disjoint)
next

case Fulse
from assms have finite (A B)and AN B C AU B by auto
with False have F (A N B) «x F (AU B) = F (A U B) by (auto intro:

subset-idem)

with assms False show ?thesis by (simp add: union-inter [of A B, symmetric]
commute)
qed

lemma hom-commute:

assumes hom: Az y. h (z xy) =hz*xhy

and N: finite NN # {} shows h (FN)=F (h ‘N)
using N proof (induct rule: finite-ne-induct)

case singleton thus ?case by simp
next

case (insert n N)

then have h (F (insert n N)) = h (n * F' N) by simp
also have ... = hn x h (F )b (rule hom)

also have h (F' N) = F (h * N) by(rule insert)
also have hn x ... = (msert (hn) (h “N))
using insert by (simp)
also have insert (hn) (h *N) = h “insert n N by simp
finally show ?Zcase .
qed
end

notation times (infixl x 70)
notation Groups.one (1)

20.7 Finite cardinality

This definition, although traditional, is ugly to work with: card A ==
LEAST n. EX f. A ={fi|i. i < n}. But now that we have fold-image
things are easy:

definition card :: 'a set = nat where
card A = (if finite A then fold-image (op +) (Az. 1) 0 A else 0)

interpretation card!: folding-image-simple op + 0 Az. 1 card proof
qed (simp add: card-def)

lemma card-infinite [simp]:
- finite A = card A = 0
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by (simp add: card-def)

lemma card-empty:
card {} = 0
by (fact card.empty)

lemma card-insert-disjoint:
finite A ==>x ¢ A ==> card (insert v A) = Suc (card A)
by simp

lemma card-insert-if :
finite A ==> card (insert x A) = (if x € A then card A else Suc (card A))
by auto (simp add: card.insert-remove card.remove)

lemma card-ge-0-finite:
card A > 0 = finite A
by (rule ccontr) simp

lemma card-0-eq [simp, no-atp):
finite A= card A =0 — A={}
by (auto dest: mk-disjoint-insert)

lemma finite-UNIV-card-ge-0:
finite (UNIV :: 'a set) = card (UNIV :: 'a set) > 0
by (rule ccontr) simp

lemma card-eq-0-iff
card A = 0 «—— A ={} V = finite A
by auto

lemma card-gt-0-iff:
0 < card A —— A # {} A finite A
by (simp add: neq0-conv [symmetric] card-eq-0-iff )

lemma card-Suc-Diff1: finite A ==> z: A ==> Suc (card (A — {z})) = card A
apply (rule-tac t = A in insert-Diff [THEN subst], assumption)

apply (simp del:insert-Diff-single)

done

lemma card-Diff-singleton:
finite A ==> x: A ==> card (A — {z}) = card A — 1
by (simp add: card-Suc-Diff1 [symmetric])

lemma card-Diff-singleton-if :
finite A ==> card (A—{z}) = (if x : A then card A — 1 else card A)
by (simp add: card-Diff-singleton)

lemma card-Diff-insert[simp]:
assumes finite A and a:A and a ~: B
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shows card(A — insert a B) = card(A — B) — 1
proof —
have A — insert a B = (A — B) — {a} using assms by blast
then show ?thesis using assms by (simp add:card-Diff-singleton)
qed

lemma card-insert: finite A ==> card (insert v A) = Suc (card (A — {z}))
by (simp add: card-insert-if card-Suc-Diff1 del:card-Diff-insert)

lemma card-insert-le: finite A ==> card A <= card (insert z A)
by (simp add: card-insert-if)

lemma card-mono:
assumes finite B and A C B
shows card A < card B
proof —
from assms have finite A by (auto intro: finite-subset)
then show %thesis using assms proof (induct A arbitrary: B)
case empty then show ?Zcase by simp
next
case (insert z A)
then have z € B by simp
from insert have A C B — {z} and finite (B — {z}) by auto
with insert.hyps have card A < card (B — {z}) by auto
with (finite A @ ¢ A «(finite By <z € B) show ?case by simp (simp only:
card.remove)
qed
qed

lemma card-seteq: finite B ==> (!1A. A <= B ==> card B <= card A ==> A
= B)

apply (induct set: finite, simp, clarify)

apply (subgoal-tac finite A & A — {z} <= F)

prefer 2 apply (blast intro: finite-subset, atomize)

apply (drule-tac x = A — {z} in spec)

apply (simp add: card-Diff-singleton-if split add: split-if-asm)

apply (case-tac card A, auto)

done

lemma psubset-card-mono: finite B ==> A < B ==> card A < card B
apply (simp add: psubset-eq linorder-not-le [symmetric))

apply (blast dest: card-seteq)

done

lemma card-Un-Int: finite A ==> finite B
==> card A + card B = card (A Un B) + card (A Int B)

by (fact card.union-inter [symmetric])

lemma card-Un-disjoint: finite A ==> finite B
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==> A Int B={} ==> card (A Un B) = card A + card B
by (fact card.union-disjoint)

lemma card-Diff-subset:
assumes finite B and B C A
shows card (A — B) = card A — card B
proof (cases finite A)
case Fulse with assms show ?thesis by simp
next
case True with assms show %thesis by (induct B arbitrary: A) simp-all
qged

lemma card-Diff-subset-Int:
assumes AB: finite (A N B) shows card (A — B) = card A — card (A N B)
proof —
have A — B = A — AN B by auto
thus ?thesis
by (simp add: card-Diff-subset AB)
qed

lemma card-Diff1-less: finite A ==> x: A ==> card (A — {z}) < card A
apply (rule Suc-less-SucD)

apply (simp add: card-Suc-Diff1 del:card-Diff-insert)

done

lemma card-Diff2-less:

finite A ==>x: A ==>y: A ==> card (A — {2} — {y}) < card A
apply (case-tac x = y)

apply (simp add: card-Diff1-less del:card-Diff-insert)
apply (rule less-trans)

prefer 2 apply (auto intro!: card-Diff1-less simp del:card-Diff-insert)
done

lemma card-Diff1-le: finite A ==> card (A — {z}) <= card A
apply (case-tac x : A)

apply (simp-all add: card-Diff1-less less-imp-le)

done

lemma card-psubset: finite B ==> A C B ==> card A < card B ==> A < B
by (erule psubsetl, blast)

lemma insert-partition:
[z ¢ F;Vcl € insertx F.¥c2 €insertx F. cl # ¢2 — cl1 Nc2={}]
=zNU F={}

by auto

lemma finite-psubset-induct[consumes 1, case-names psubset]:
assumes fin: finite A
and  major: NA. finite A= (AB.BC A= PB)=— P A
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shows P A
using fin
proof (induct A taking: card rule: measure-induct-rule)
case (less A)
have fin: finite A by fact
have ih: AB. [card B < card A; finite B] = P B by fact
{ fix B
assume asm: B C A
from asm have card B < card A using psubset-card-mono fin by blast
moreover
from asm have B C A by auto
then have finite B using fin finite-subset by blast
ultimately
have P B using ih by simp

with fin show P A using major by blast
qed

main cardinality theorem

lemma card-partition [rule-format]:
finite C ==>

finite (U C) ——>
(Veel. card c = k) ——>
Mel e C.Ve2eCocl #c2 ——>clnNc2={}) —>
k x card(C) = card (|J C)

apply (erule finite-induct, simp)

apply (simp add: card-Un-disjoint insert-partition

finite-subset [of - U (insert z F)])
done

lemma card-eq-UNIV-imp-eq-UNIV :
assumes fin: finite (UNIV :: 'a set)
and card: card A = card (UNIV :: 'a set)
shows A = (UNIV :: 'a set)
proof
show A C UNIV by simp
show UNIV C A
proof
fix z
show z € A
proof (rule ccontr)
assume z ¢ A
then have A C UNIV by auto
with fin have card A < card (UNIV :: 'a set) by (fact psubset-card-mono)
with card show Fulse by simp
qed
qed
qed

The form of a finite set of given cardinality
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lemma card-eq-SucD:
assumes card A = Suc k
shows 3b B. A = insert b B & b ¢ B & card B = k & (k=0 — B={})
proof —
have fin: finite A using assms by (auto intro: ccontr)
moreover have card A # 0 using assms by auto
ultimately obtain b where b: b € A by auto
show ?thesis
proof (intro exl conjl)
show A = insert b (A—{b}) using b by blast
show b ¢ A — {b} by blast
show card (A — {b}) =kand k=0 — A — {b} = {}
using assms b fin by(fastsimp dest:mk-disjoint-insert)+
qed
qed

lemma card-Suc-eq:
(card A = Suc k) =
(3bB. A=insert b B& b ¢ B & card B =k & (k=0 — B={}))
apply (rule iffT)
apply (erule card-eq-SucD)
apply (auto)
apply (subst card-insert)
apply (auto intro:ccontr)
done

lemma finite-fun-UNIVDZ2:
assumes fin: finite (UNIV :: (‘a = 'b) set)
shows finite (UNIV :: b set)
proof —
from fin have finite (range (Af :: 'a = 'b. f arbitrary))
by (rule finite-imagel)
moreover have UNIV = range (Af :: 'a = 'b. f arbitrary)
by (rule UNIV-eq-I) auto
ultimately show finite (UNIV :: 'b set) by simp
qed

lemma card-UNIV-unit: card (UNIV :: unit set) = 1
unfolding UNIV-unit by simp

20.7.1 Cardinality of image

lemma card-image-le: finite A ==> card (f ¢ A) <= card A
apply (induct set: finite)

apply simp

apply (simp add: le-Sucl card-insert-if )

done

lemma card-image:
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assumes inj-on f A
shows card (f ‘ A) = card A
proof (cases finite A)
case True then show ?thesis using assms by (induct A) simp-all
next
case False then have — finite (f ¢ A) using assms by (auto dest: finite-imageD)
with Fualse show ?thesis by simp
qed

lemma bij-betw-same-card: bij-betw f A B = card A = card B
by (auto simp: card-image bij-betw-def)

lemma endo-inj-surj: finite A ==>f ‘A C A==>injonfA==>f A=A
by (simp add: card-seteq card-image)

lemma eg-card-imp-ing-on:

[| finite A; card(f ¢ A) = card A |] ==> inj-on f A
apply (induct rule:finite-induct)
apply simp

apply(frule card-image-lelwhere f = f])
apply (simp add:card-insert-if split:if-splits)
done

lemma inj-on-iff-eq-card:
finite A ==> inj-on f A = (card(f * A) = card A)
by (blast intro: card-image eg-card-imp-inj-on)

lemma card-ing-on-le:
(linj-on f A; f ¢ A C B; finite B || ==> card A < card B
apply (subgoal-tac finite A)
apply (force intro: card-mono simp add: card-image [symmetric])
apply (blast intro: finite-imageD dest: finite-subset)
done

lemma card-bij-eq:
[ling-on f A; f ¢ A C Bj; inj-on g B; g * B C A4;
finite A; finite B || ==> card A = card B
by (auto intro: le-antisym card-inj-on-le)

20.7.2 Cardinality of sums

lemma card-Plus:
assumes finite A and finite B
shows card (A <+> B) = card A + card B
proof —
have Inl‘A N Inr‘B = {} by fast
with assms show Zthesis
unfolding Plus-def
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by (simp add: card-Un-disjoint card-image)
qed

lemma card-Plus-conv-if :
card (A <+> B) = (if finite A A finite B then card A + card B else 0)
by (auto simp add: card-Plus)

20.7.3 Cardinality of the Powerset

lemma card-Pow: finite A ==> card (Pow A) = Suc (Suc 0) ~ card A
apply (induct set: finite)
apply (simp-all add: Pow-insert)
apply (subst card-Un-disjoint, blast)
apply (blast intro: finite-imagel, blast)
apply (subgoal-tac inj-on (insert ©) (Pow F))
apply (simp add: card-image Pow-insert)
apply (unfold inj-on-def)
apply (blast elim!: equalityF)
done

Relates to equivalence classes. Based on a theorem of F. KammAiller.

lemma dvd-partition:
finite (Union C) ==>
ALL ¢ : C. k dvd card ¢ ==>
(ALL c1: C. ALL ¢2: C. ¢l # ¢2 ——> cl Int ¢2 = {}) ==>
k dvd card (Union C)
apply (frule finite-UnionD)
apply (rotate-tac —1)
apply (induct set: finite, simp-all, clarify)
apply (subst card-Un-disjoint)
apply (auto simp add: disjoint-eq-subset-Compl)
done

20.7.4 Relating injectivity and surjectivity

lemma finite-surj-inj: finite(A) = A <= f‘A = inj-on f A
apply (rule eq-card-imp-inj-on, assumption)

apply (frule finite-imagel)

apply(drule (1) card-seteq)

apply (erule card-image-le)

apply simp

done

lemma finite-UNIV-surj-inj: fixes [ :: 'a = 'a
shows finite(UNIV:: 'a set) = surj f = inj f
by (blast intro: finite-surj-inj subset-UNIV dest:surj-range)

lemma finite-UNIV-inj-surj: fixes f :: 'a = 'a
shows finite(UNIV:: 'a set) = inj f = surj |
by (fastsimp simp:surj-def dest!: endo-inj-surj)
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corollary infinite- UNIV-nat[iff]: ~ finite(UNIV ::nat set)
proof

assume finite( UNTV ::nat set)

with finite- UNIV-inj-surj[of Suc]

show Fualse by simp (blast dest: Suc-neq-Zero surjD)
qed

lemma infinite-UNIV-char-0[no-atp:
= finite (UNIV::'a::semiring-char-0 set)
proof
assume finite (UNIV::'a set)
with subset-UNIV have finite (range of-nat::’a set)
by (rule finite-subset)
moreover have inj (of-nat::nat = 'a)
by (simp add: inj-on-def)
ultimately have finite (UNIV::nat set)
by (rule finite-imageD)
then show Fulse
by simp
qged

end

21 Relation: Relations

theory Relation
imports Datatype Finite-Set
begin

21.1 Definitions

definition
converse :: (‘a x 'b) set => ('b * 'a) set
((-"=1) [1000] 999) where
ri—1 == {(yv 93) (LE, y) : 7"}

notation (zsymbols)
converse ((-—1) [1000] 999)

definition
rel-comp :: [("a * 'b) set, ('b x 'c) set] => ('a * 'c) set
(infixr O 75) where
rO0s=={(z,2). EXy. (z,y): 7 & (y, z) : s}

definition
Image :: [('a * 'b) set, 'a set] => 'b set
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(infix] ““ 90) where
r s =={y. EX x:s. (z,y):r}

definition
Id :: (a * 'a) set where — the identity relation
Id == {p. EXz. p = (z,2)}

definition

Id-on :: 'a set => ('a * 'a) set where — diagonal: identity over a set
Id-on A == |Jz€A. {(z,2)}

definition
Domain :: (‘a x 'b) set => 'a set where
Domain r == {z. EX y. (z,y):r}

definition
Range :: (‘a x 'b) set => 'b set where
Range r == Domain(r"—1)
definition

Field :: (a * 'a) set => 'a set where
Field r == Domain v U Range r

definition
refl-on :: ['a set, ('a * 'a) set] => bool where — reflexivity over a set
refllon Ar==r CAx A& (ALL z: A. (z,z) : 1)

abbreviation
refl :: (a * 'a) set => bool where — reflexivity over a type
refl == refl-on UNIV

definition
sym :: ('a x 'a) set => bool where — symmetry predicate
sym r == ALL x y. (z,y): v ——> (y,z): r

definition
antisym :: ('a x 'a) set => bool where — antisymmetry predicate
antisym r == ALL z y. (z,y):r ——> (y,2):1r ——> =y

definition
trans :: ('a * 'a) set => bool where — transitivity predicate
trans r == (ALL z y z. (z,y):r ——> (y,2):r ——> (z,2):7)

definition
irrefl :: (Ya x 'a) set => bool where
wrreflr =Va. (z,x) ¢ r

definition
total-on :: 'a set => ('a * 'a) set => bool where
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total-on A r = Vaz€AVyeA. z#y — (z,y)er V (y,z)er
abbreviation total = total-on UNIV

definition
single-valued :: ('a x 'b) set => bool where
single-valued r == ALL z y. (z,y):r ——> (ALL 2. (z,2):r ——> y=2)

definition
inv-image :: ('b % 'b) set => (‘a => 'b) => ('a * 'a) set where
inv-image v f == {(z, y). (fz, fy) : r}

21.2 The identity relation
lemma IdI [intro]: (a, a) : Id

by (simp add: Id-def)

lemma IdE [elim!]: p : Id ==> (lz. p = (z, ) ==> P) ==> P
by (unfold Id-def) (iprover elim: CollectE)

lemma pair-in-Id-conv [iff]: ((a, b) : Id) = (a = b)
by (unfold Id-def) blast

lemma refl-1d: refl Id
by (simp add: refl-on-def)

lemma antisym-Id: antisym Id
— A strange result, since Id is also symmetric.
by (simp add: antisym-def)

lemma sym-Id: sym Id
by (simp add: sym-def)

lemma trans-Id: trans Id
by (simp add: trans-def)

21.3 Diagonal: identity over a set
lemma Id-on-empty [simp]: Id-on {} = {}
by (simp add: Id-on-def)

lemma Id-on-eql: a = b ==> a: A ==> (a, b) : Id-on A
by (simp add: Id-on-def)

lemma Id-onl [intro!,no-atp]: a : A ==> (a, a) : Id-on A
by (rule Id-on-eql) (rule refl)

lemma Id-onE [elim!]:
c:Ild-onA==>lNz.z: A==>c=(z,2) ==>P)==>P
— The general elimination rule.
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by (unfold Id-on-def) (iprover elim!: UN-E singletonFE)

lemma Id-on-iff: ((z, y) : Id-on A) = (x =y & = : A)
by blast

lemma Id-on-subset-Times: Id-on A C A x A
by blast

21.4 Composition of two relations

lemma rel-compl [intro]:
(a, ) :r==>(b,¢):s==>(a,¢c):70s
by (unfold rel-comp-def) blast

lemma rel-compE [elim!]: a2z : 7 O s ==>
Nzyz zz=(x,2)==>(z,y) : 7 ==>(y,2): § ==>P)==>P
by (unfold rel-comp-def) (iprover elim!: CollectE splitE exE conjE)

lemma rel-compEpair:
(a,¢): 7 O0s==>MNy. (a,y) :7==>(y,¢c): s ==>P)==>P
by (iprover elim: rel-compE Pair-inject ssubst)

lemma R-O-Id [simp]: R O Id = R
by fast

lemma Id-O-R [simp]: Id O R = R
by fast

lemma rel-comp-emptyl [simp]: {} O R = {}
by blast

lemma rel-comp-empty2[simp]: R O {} = {}

by blast
lemma O-assoc: (R OS) O T=RO (SOT)
by blast
lemma trans-O-subset: trans r ==>r O r C r

by (unfold trans-def) blast

lemma rel-comp-mono: r' C r ==>s'C s ==>(r' 0Os’) C(r0s)
by blast

lemma rel-comp-subset-Sigma:
rCAx B==>sCBxC==>((r0s)CAxC
by blast

lemma rel-comp-distrib[simp]: R O (SU T) = (RO S)U (RO T)
by auto
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lemma rel-comp-distrib2[simpl: (SU T) OR = (S OR)U (T OR)
by auto

lemma rel-comp-UNION-distrib: s O UNION I v = UNION I (%i. s O r i)
by auto

lemma rel-comp-UNION-distrib2: UNION I+ O s = UNION I (%i. ri O s)
by auto

21.5 Reflexivity

lemma refl-onl: r C A x A==> (Nz.z: A==> (z,2): 1) ==>reflon A r
by (unfold refl-on-def) (iprover intro!: balll)

lemma refl-onD: refl-on Ar ==>a: A ==>(a,a):r
by (unfold refl-on-def) blast

lemma refl-onD1: reflon A r ==> (z,y) :r==>2: A4
by (unfold refl-on-def) blast

lemma refl-onD2: reflon A r ==> (z,y) :r ==>y: A
by (unfold refl-on-def) blast

lemma refl-on-Int: refl-on A r ==> refl-on B s ==> reflon (AN B) (rNs)
by (unfold refl-on-def) blast

lemma refl-on-Un: refl-on A r ==> refl-on B s ==> refl-on (AU B) (r U s)
by (unfold refl-on-def) blast

lemma refi-on-INTER:
ALL z:S. refl-on (A z) (r ) ==> refl-on (INTER S A) (INTER S r)
by (unfold refl-on-def) fast

lemma refl-on-UNION:
ALL z:S. refl-on (A z) (r ) = refl-on (UNION S A) (UNION S r)
by (unfold refl-on-def) blast

lemma refl-on-empty|[simp|: refl-on {} {}
by (simp add:refl-on-def)

lemma refl-on-Id-on: refl-on A (Id-on A)
by (rule refl-onl [OF Id-on-subset-Times Id-onl))

21.6 Antisymmetry

lemma antisyml:
Nz y. (z,y): r==>(y, ) : r ==> x=y) ==> anlisym r
by (unfold antisym-def) iprover
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lemma antisymD: antisym r ==> (a, b) : r ==> (b, a) : 7 ==>a = b

by (unfold antisym-def) iprover

lemma antisym-subset: r C s ==> antisym s ==> antisym r
by (unfold antisym-def) blast

lemma antisym-empty [simp|: antisym {}
by (unfold antisym-def) blast

lemma antisym-Id-on [simp]: antisym (Id-on A)

by (unfold antisym-def) blast

21.7 Symmetry

lemma symI: (la b. (a, b) : ¥ ==> (b, a) : 1) ==> sym r

by (unfold sym-def) iprover

lemma symD: sym r ==> (a, b) : r ==> (b, a) : 1
by (unfold sym-def, blast)

lemma sym-Int: sym r ==> sym s ==> sym (r N s)
by (fast intro: symlI dest: symD)

lemma sym-Un: sym r ==> sym s ==> sym (r U s)
by (fast intro: symlI dest: symD)

lemma sym-INTER: ALL z:S. sym (r ) ==> sym (INTER S r)
by (fast intro: symlI dest: symD)

lemma sym-UNION: ALL z:S. sym (r x) ==> sym (UNION S r)
by (fast intro: syml dest: symD)

lemma sym-Id-on [simp]: sym (Id-on A)
by (rule syml) clarify

21.8 Transitivity

lemma transl:
Nzyz (z,y):r==>(y, 2) : 7 ==> (x, 2) : r) ==> trans r
by (unfold trans-def) iprover

lemma transD: trans r ==> (a, b) : r ==> (b, ¢) : r ==> (a, ¢) :

by (unfold trans-def) iprover

lemma trans-Int: trans r ==> trans s ==> trans (r N s)
by (fast intro: transI elim: transD)

lemma trans-INTER: ALL z:S. trans (r x) ==> trans (INTER S )

by (fast intro: transl elim: transD)

392
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lemma trans-Id-on [simp]: trans (Id-on A)
by (fast intro: transl elim: transD)

lemma trans-diff-Id: trans r = antisym r = trans (r—Id)
unfolding antisym-def trans-def by blast

21.9 Irreflexivity

lemma irrefl-diff-Id[simp]: irrefl(r—1Id)
by (simp add:irrefl-def)

21.10 Totality
lemma total-on-empty[simp|: total-on {} r

by (simp add:total-on-def)

lemma total-on-diff-Id[simp]: total-on A (r—Id) = total-on A r
by (simp add: total-on-def)

21.11 Converse

lemma converse-iff [iff]: ((a,b): r"—1) = ((b,a) : r)
by (simp add: converse-def)

lemma conversel[sym]: (a, b) : r ==> (b, a) : r"—1
by (simp add: converse-def)

lemma converseD[sym]: (a,b) : 1" —1 ==> (b, a) : r
by (simp add: converse-def)

lemma converseE [elim!]:
yr i r'—1 ==> Nz y. yz = (y, ) ==> (z, y) : r ==> P) ==> P
— More general than converseD, as it “splits” the member of the relation.
by (unfold converse-def) (iprover elim!: CollectE splitE bexE)

lemma converse-converse [simp): (r"—1)"—1 =r
by (unfold converse-def) blast

lemma converse-rel-comp: (r O s)"—1 =s"—1 0 r"—1
by blast

lemma converse-Int: (r Ns)"—1 =r"—1Ns"—1
by blast

lemma converse-Un: (r U s)"—1 =r"—1 U s —1
by blast

lemma converse-INTER: (INTER S r)"—1 = (INT z:S. (rz)"—1)
by fast
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lemma converse-UNION: (UNION S r)"—1 = (UN x:S. (rz)"—1)
by blast

lemma converse-Id [simp): Id"—1 = Id
by blast

lemma converse-Id-on [simp]: (Id-on A) "—1 = Id-on A
by blast

lemma refl-on-converse [simp]: refl-on A (converse r) = refl-on A r
by (unfold refl-on-def) auto

lemma sym-converse [simpl: sym (converse r) = sym r
by (unfold sym-def) blast

lemma antisym-converse [simp|: antisym (converse r) = antisym r
by (unfold antisym-def) blast

lemma trans-converse [simpl: trans (converse r) = trans r
by (unfold trans-def) blast

lemma sym-conv-converse-eq: sym r = (r"—1 = r)
by (unfold sym-def) fast

lemma sym-Un-converse: sym (r U r*—1)
by (unfold sym-def) blast

lemma sym-Int-converse: sym (r N r°—1)

by (unfold sym-def) blast

lemma total-on-converse[simp): total-on A (r"—1) = total-on A r
by (auto simp: total-on-def)

21.12 Domain
declare Domain-def [no-atp]

lemma Domain-iff: (a : Domain r) = (EX y. (a, y) : )
by (unfold Domain-def) blast

lemma Domainl [intro]: (a, b) : ¥ ==> a : Domain r
by (iprover intro!: iffD2 [OF Domain-iff])

lemma DomainE [elim!]:
a : Domain r ==> (Ny. (a, y) : r ==> P) ==> P
by (iprover dest!: iffD1 [OF Domain-iff])

lemma Domain-empty [simp]: Domain {} = {}
by blast
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lemma Domain-empty-iff : Domain r = {} «— r = {}
by auto

lemma Domain-insert: Domain (insert (a, b) r) = insert a (Domain )
by blast

lemma Domain-Id [simp]: Domain Id = UNIV
by blast

lemma Domain-Id-on [simp]: Domain (Id-on A) = A
by blast

lemma Domain-Un-eq: Domain(A U B) = Domain(A) U Domain(B)
by blast

lemma Domain-Int-subset: Domain(A N B) C Domain(A) N Domain(B)
by blast

lemma Domain-Diff-subset: Domain(A) — Domain(B) C Domain(4 — B)
by blast

lemma Domain-Union: Domain (Union S) = (|J A€S. Domain A)
by blast

lemma Domain-converse[simp]: Domain(r"—1) = Range r
by (auto simp:Range-def)

lemma Domain-mono: r C s ==> Domain r C Domain s
by blast

lemma fst-eqg-Domain: fst * R = Domain R
by (auto intro!:image-eql )

lemma Domain-dprod [simp]: Domain (dprod r s) = uprod (Domain r) (Domain

s)

by auto

lemma Domain-dsum [simp]: Domain (dsum r s) = usum (Domain r) (Domain

s)

by auto

21.13 Range

lemma Range-iff: (a : Range r) = (EX y. (y, a) : 1)
by (simp add: Domain-def Range-def)

lemma Rangel [intro]: (a, b) : 7 ==> b : Range r
by (unfold Range-def) (iprover intro!: conversel Domainl)
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lemma RangeFE [elim!]: b : Range r ==> (llz. (z, b) : r ==> P) ==> P

by (unfold Range-def) (iprover elim!: DomainE dest!: converseD)

lemma Range-empty [simp]: Range {} = {}
by blast

lemma Range-empty-iff: Range r = {} «— r = {}
by auto

lemma Range-insert: Range (insert (a, b) r) = insert b (Range r)
by blast

lemma Range-Id [simp]: Range Id = UNIV
by blast

lemma Range-Id-on [simp]: Range (Id-on A) = A
by auto

lemma Range-Un-eq: Range(A U B) = Range(A) U Range(B)
by blast

lemma Range-Int-subset: Range(A N B) C Range(A) N Range(B)
by blast

lemma Range-Diff-subset: Range(A) — Range(B) C Range(A — B)
by blast

lemma Range-Union: Range (Union S) = (|J A€S. Range A)
by blast

lemma Range-converse[simp]: Range(r"—1) = Domain r
by blast

lemma snd-eq-Range: snd ‘ R = Range R
by (auto introl:image-eql)

21.14 Field

lemma mono-Field: r C s = Field r C Field s
by (auto simp:Field-def Domain-def Range-def)

lemma Field-empty[simp]: Field {} = {}
by (auto simp:Field-def)

lemma Field-insert[simp]: Field (insert (a,b) r) = {a,b} U Field r
by (auto simp:Field-def)

lemma Field-Un[simp]: Field (r U s) = Field r U Field s

396
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by (auto simp:Field-def)

lemma Field-Union[simp]: Field (JR) = | (Field ¢ R)
by (auto simp:Field-def)

lemma Field-converse[simp]: Field(r"—1) = Field r
by (auto simp:Field-def)

21.15 Image of a set under a relation
declare Image-def [no-atp]

lemma Image-iff: (b : r*“A) = (EX x:A. (z, b) : 1)
by (simp add: Image-def)

lemma Image-singleton: r{a} = {b. (a, b) : r}
by (simp add: Image-def)

lemma I'mage-singleton-iff [iff]: (b : r*{a}) = ((a, b) : T)
by (rule Image-iff [THEN trans]) simp

lemma Imagel [intro,no-atpl: (a, b) : r ==>a: A==>b:r“A
by (unfold Image-def) blast

lemma ImageE [elim!]:
b:r“A==>Nz. (z,b):r==>12:A==>P)==>P
by (unfold Image-def) (iprover elim!: CollectE bexzE)

lemma rev-Imagel: a : A ==> (a, b) : r==>b:r“A
— This version’s more effective when we already have the required a
by blast

lemma Image-empty [simp]: R“{} = {}
by blast

lemma I'mage-Id [simp]: Id “ A = A
by blast

lemma I'mage-Id-on [simp]: Id-on A “B = AN B
by blast

lemma Image-Int-subset: R “ (AN B)C R “ANR“B
by blast

lemma Image-Int-eq:
single-valued (converse R) ==> R “ (AN B)=R “ANR “B
by (simp add: single-valued-def, blast)

lemma Image-Un: R “ (AUB)=R “AUR “B

397
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by blast

lemma Un-Image: (RU S) “A=R “AUS “A
by blast

lemma Image-subset: r C A x B ==>r“C C B
by (iprover introl: subsetl elim!: ImageE dest!: subsetD SigmaD2)

lemma Image-eq-UN: B = (|Jye B. r*{y})
— NOT suitable for rewriting
by blast

lemma Image-mono: ' Cr==> A’ C A==> (r' “A') C (r “A)
by blast

lemma I'mage-UN: (r *“ (UNION A B)) = (Jz€A. r “ (B z))
by blast

lemma Image-INT-subset: (r ““ INTER A B) C (Nz€A. r “ (B x))
by blast

Converse inclusion requires some assumptions

lemma Image-INT-eq:
[|single-valued (r~—1); A#{}|] ==> r “INTER A B = (Nz€A. r “ B 1)
apply (rule equalityl )
apply (rule Image-INT-subset)
apply (simp add: single-valued-def, blast)
done

lemma Image-subset-eq: (r“A C B) = (A C — ((r"—1) “ (-B)))
by blast

21.16 Single valued relations

lemma single-valuedl:
ALL z y. (z,y):r ——> (ALL z. (z,2):r ——> y=z) ==> single-valued r
by (unfold single-valued-def)

lemma single-valuedD:
single-valued 1 ==> (z, y) : r ==> (x, 2) : r ==>y = z
by (simp add: single-valued-def')

lemma single-valued-rel-comp:
single-valued 1 ==> single-valued s ==> single-valued (r O s)
by (unfold single-valued-def) blast

lemma single-valued-subset:
r C s ==> single-valued s ==> single-valued r
by (unfold single-valued-def) blast
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lemma single-valued-Id [simp): single-valued Id
by (unfold single-valued-def) blast

lemma single-valued-Id-on [simp]: single-valued (Id-on A)
by (unfold single-valued-def) blast

21.17 Graphs given by Collect

lemma Domain-Collect-split [simp]: Domain{(z,y). Pz y} = {z. EXy. Pz y}
by auto

lemma Range-Collect-split [simp]: Range{(z,y). Pz y} = {y. EXz. Pz y}
by auto

lemma Image-Collect-split [simp]: {(z,y). Pz y} “A = {y. EXx:A. Pz y}
by auto

21.18 Inverse image

lemma sym-inv-image: sym r ==> sym (inv-image r f)
by (unfold sym-def inv-image-def) blast

lemma trans-inv-image: trans r ==> trans (inv-image r f)
apply (unfold trans-def inv-image-def)
apply (simp (no-asm))
apply blast
done

lemma in-inv-image[simp): ((z,y) : inv-image v f) = ((fz, fy) : 7)
by (auto simp:inv-image-def)

lemma converse-inv-image[simp]: (inv-image R ) "—1 = inv-image (R"—1) f
unfolding inv-image-def converse-def by auto

21.19 Finiteness

lemma finite-converse [iff]: finite (r"—1) = finite r
apply (subgoal-tac r"—1 = (%(z,y). (y,z))r)
apply simp
apply (rule iffT)
apply (erule finite-imageD [unfolded inj-on-def])
apply (simp split add: split-split)

apply (erule finite-imagel)

apply (simp add: converse-def image-def, auto)

apply (rule bexl)

prefer 2 apply assumption

apply simp

done
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lemma finite-Domain: finite r ==> finite (Domain r)
by (induct set: finite) (auto simp add: Domain-insert)

lemma finite-Range: finite r ==> finite (Range 1)
by (induct set: finite) (auto simp add: Range-insert)

lemma finite-Field: finite r ==> finite (Field r)
— A finite relation has a finite field (= domain U range.
apply (induct set: finite)
apply (auto simp add: Field-def Domain-insert Range-insert)
done

21.20 Miscellaneous

Version of [fp-induct for binary relations

lemmas [fp-induct2 =
Ifp-induct-set [of (a, b), split-format (complete))

Version of subset! for binary relations

lemma subrell: (Azy. (z,y) € r = (z,y) €s) = r Cs
by auto

end

22 Predicate: Predicates as relations and enumer-
ations

theory Predicate
imports Inductive Relation
begin

notation
inf (infixl M 70) and
sup (infixl U 65) and
Inf ([]- [900] 900) and
Sup (]- [900] 900) and
top (T) and
bot (L)

22.1 Predicates as (complete) lattices

Handy introduction and elimination rules for < on unary and binary predi-
cates

lemma predicatell:
assumes PQ: N\z. Pz = Qz
shows P < @)
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apply (rule le-funI)
apply (rule le-booll)
apply (rule PQ)
apply assumption
done

lemma predicatelD [Pure.dest?, dest?]:
P<@Q=Pzr= Q=
apply (erule le-funE)
apply (erule le-boolE)
apply assumption+
done

lemma rev-predicatelD:
Pr==>P<=Q=>Q¢«
by (rule predicatelD)

lemma predicate2l [Pure.intro!, intro!]:
assumes PQ: N\zy. Pry = Quzy
shows P < @)
apply (rule le-funl)+
apply (rule le-booll)
apply (rule PQ)
apply assumption
done

lemma predicate2D [Pure.dest, dest]:
P<@Q=Pry— Quzy
apply (erule le-funE)+
apply (erule le-boolE)
apply assumption+
done

lemma rev-predicate2D:
Pry==>P<=Q==>Qzy
by (rule predicate2D)

22.1.1 Equality
lemma pred-equals-eq: (Az. z € R) = (Az. z € §)) = (R=09)
by (simp add: mem-def)

lemma pred-equals-eq2 [pred-set-conv]: (Az y. (z, y) € R) = Az y. (z, y) € 9))
=(R=29)
by (simp add: expand-fun-eq mem-def)

22.1.2 Order relation

lemma pred-subset-eq: (Ax. x € R) <= (Az. z € §)) = (R <= 5)
by (simp add: mem-def)
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lemma pred-subset-eq2 [pred-set-conv]: (Az y. (z, y) € R) <= Az y. (z, y) €

S)) =(R <= 29)

by fast
22.1.3 Top and bottom elements
lemma toplI [intro!]: top x

by (simp add: top-fun-eq top-bool-eq)

lemma top2l [introl]: top z y
by (simp add: top-fun-eq top-bool-eq)

lemma botlE [elim!]: bot © = P
by (simp add: bot-fun-eq bot-bool-eq)

lemma bot2E [elim!]: bot ¢ y = P
by (simp add: bot-fun-eq bot-bool-eq)

lemma bot-empty-eq: bot = (Az. x € {})
by (auto simp add: expand-fun-eq)

lemma bot-empty-eq2: bot = (Az y. (z, y) € {})
by (auto simp add: expand-fun-eq)

22.1.4 Binary union

lemma sup1l! [elim?]: Az = sup A Bx

by (simp add: sup-fun-eq sup-bool-eq)

lemma sup2l! [elim?]: Azy = sup ABzy
by (simp add: sup-fun-eq sup-bool-eq)

lemma suplI2 [elim?]: Bx — sup A B x
by (simp add: sup-fun-eq sup-bool-eq)

lemma sup2l2 [elim?]: Bxy = sup A Bz y
by (simp add: sup-fun-eq sup-bool-eq)

lemma suplE [elim!]: sup A Bx ==> (A z ==> P) ==> (Bz ==> P) ==>

P
by (simp add: sup-fun-eq sup-bool-eq) iprover

lemma sup2FE [elim!]: sup A Bz y ==> (A xy ==> P) ==> (Bzy ==> P)

==> P
by (simp add: sup-fun-eq sup-bool-eq) iprover

Classical introduction rule: no commitment to A vs B.

lemma sup1CI [introl]: (¥ Bz ==> A z) ==> sup A Bz
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by (auto simp add: sup-fun-eq sup-bool-eq)

lemma sup2CI [intro!]: (Y Bxy ==> Azy) ==>sup ABuzy
by (auto simp add: sup-fun-eq sup-bool-eq)

lemma sup-Un-eq: sup (Az. z € R) (Az. 2 € S)=(Az. 2 € RUS)
by (simp add: sup-fun-eq sup-bool-eq mem-def)

lemma sup-Un-eq2 [pred-set-conv]: sup (Az y. (z, y) € R) Az y. (z, y) € §) =
(M y. (z,y) € RUS)
by (simp add: sup-fun-eq sup-bool-eq mem-def)

22.1.5 Binary intersection
lemma inf1I [introl]: A x ==> Bz ==> infA Bz

by (simp add: inf-fun-eq inf-bool-eq)

lemma inf2I [intro!]: Azy ==>Bazy==>infABuzy
by (simp add: inf-fun-eq inf-bool-eq)

lemma inf1E [elim!]: inf A Bx ==> (A ==> Bz ==> P) ==> P
by (simp add: inf-fun-eq inf-bool-eq)

lemma inf2E [elim!]: inf A Bz y ==> (Azy==>Bzy==>P)==>P
by (simp add: inf-fun-eq inf-bool-eq)

lemma infiD1: inf A Bz ==> Az
by (simp add: inf-fun-eq inf-bool-eq)

lemma inf2D1: infA Bzy==>Azy
by (simp add: inf-fun-eq inf-bool-eq)

lemma inf1D2: inf A Bx ==> Bz
by (simp add: inf-fun-eq inf-bool-eq)

lemma inf2D2: inf A Bxy==> Bzxy
by (simp add: inf-fun-eq inf-bool-eq)

lemma inf-Int-eq: inf (Az. z € R) (Az. z € §) = (Az. 2 € RNJS)
by (simp add: inf-fun-eq inf-bool-eq mem-def)

lemma inf-Int-eq2 [pred-set-conv]: inf (Az y. (z, y) € R) Az y. (z, y) € §) =
M y. (z,y) € RNS)
by (simp add: inf-fun-eq inf-bool-eq mem-def)

22.1.6 TUnions of families

lemma SUP1-iff: (SUP x:A. Bz) b = (EX z:A. Bz b)
by (simp add: SUPR-def Sup-fun-def Sup-bool-def) blast
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lemma SUP2-iff: (SUP z:A. Bz) bc = (EX 2:A. Bz b ¢)
by (simp add: SUPR-def Sup-fun-def Sup-bool-def) blast

lemma SUPI-I [intro]: a : A ==> Bab==> (SUPz:A. Bz) b
by (auto simp add: SUP1-iff)

lemma SUP2-I [intro]: a : A ==> Babc==> (SUPx:A. Bz) bc
by (auto simp add: SUP2-iff)

lemma SUPI-E [elim!]: (SUP z:A. Bz) b ==> (lz. x : A==> Bz b==> R)
by (auto simp add: SUP1-iff)

lemma SUP2-E [elim!]: (SUP z:A. Bz) bc==> (lz.2: A==>Bzbc==>
R) ==>R
by (auto simp add: SUP2-iff)

lemma SUP-UN-eq: (SUP i. (Az. z € ri)) = (Az. € (UNi. r 1))
by (simp add: SUPI1-iff expand-fun-eq)

lemma SUP-UN-eq2: (SUP i. Az y. (z,y) € ri)) = Az y. (z,y) € (UNi. ri))
by (simp add: SUP2-iff expand-fun-eq)

22.1.7 Intersections of families

lemma INFI-iff: (INF z:A. Bz) b = (ALL 2:A. Bz b)
by (simp add: INFI-def Inf-fun-def Inf-bool-def) blast

lemma INF2-iff: (INF z:A. Bz) b ¢ = (ALL 2:A. Bz b ¢)
by (simp add: INFI-def Inf-fun-def Inf-bool-def) blast

lemma INFI-I [intro]: Nz. 2 : A ==> Bz b) ==> (INF :A. Bz) b
by (auto simp add: INF1-iff)

lemma INF2-I [intro!]: (lz. z : A ==> Bz bc)==> (INFx:A. Bz) bc
by (auto simp add: INF2-iff)

lemma INF1-D [elim]: (INF z:A. Bz) b==>a:A==>Bab
by (auto simp add: INF1-iff)

lemma INF2-D [elim]: (INF z:A. Bz) bc==>a:A==>Babc
by (auto simp add: INF2-iff)

lemma INFI-E [elim]: (INF z:A. Bz) b ==> (Bab==> R) ==> (a ~: A
==> R) ==> R
by (auto simp add: INF1-iff)

lemma INF2-F [elim]: (INF z:A. Bz) bc==> (Babc==>R)==> (a™: A
==> R) ==> R
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by (auto simp add: INF2-iff)

lemma INF-INT-eq: (INF i. (Az. x € ri)) = (Az. x € (INT 4. ri))
by (simp add: INF1-iff expand-fun-eq)

lemma INF-INT-eq2: (INFi. (Azxy. (z,y) € ri)) = (A y. (z,y) € INTi. ri))
by (simp add: INF2-iff expand-fun-eq)

22.2 Predicates as relations

22.2.1 Composition

inductive
pred-comp :: ['a => b => bool, 'b => ‘¢ => bool] => 'a => "¢ => bool
(infixr OO 75)
for r :: '/a => 'b => bool and s :: 'b => "¢ => bool
where
pred-compl [intro]: ra b ==>sbc==>(r 00 s) ac

inductive-cases pred-compFE [elim!]: (r OO s) a c

lemma pred-comp-rel-comp-eq [pred-set-conv]:
(Azy. (z,y) €r) 00 Az y. (z,y) €5)) =(Azy. (z,y) €7 Os)
by (auto simp add: expand-fun-eq elim: pred-compFE)

22.2.2 Converse

inductive
conversep :: (‘a => b => bool) => 'b => 'a => bool
((-"==1) [1000] 1000)
for r :: 'a => b => bool
where
conversepl: ra b ==>r"——1ba

notation (zsymbols)
conversep ((-—171) [1000] 1000)

lemma conversepD:
assumes ab: r"——1 a b
shows r b a using ab
by cases simp

lemma conversep-iff [iff]: r"——1ab=rba
by (iprover intro: conversepl dest: conversepD)

lemma conversep-converse-eq [pred-set-conv):
Ay (z,y)er)'—1 =0Mzy. (z,y) €r'—1)
by (auto simp add: expand-fun-eq)

lemma conversep-conversep [simp]: (r"——1)"——1 =r
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by (iprover intro: order-antisym conversepl dest: conversepD)

lemma converse-pred-comp: (r 00 ) "——1 = s"——1 00 r"——1
by (iprover intro: order-antisym conversepl pred-compl
elim: pred-compFE dest: conversepD)

lemma converse-meet: (infrs)"——1 =infr ——1s"——1
by (simp add: inf-fun-eq inf-bool-eq)
(iprover intro: conversepl ext dest: conversepD)

lemma converse-join: (sup rs)"——1 = sup r"——1 s "——1
by (simp add: sup-fun-eq sup-bool-eq)
(iprover intro: conversepl ext dest: conversepD)

lemma conversep-noteq [simp]: (op ~=)"——1 = op ~=
by (auto simp add: expand-fun-eq)

lemma conversep-eq [simp]: (op =) "——1 = op =
by (auto simp add: expand-fun-eq)

22.2.3 Domain

inductive
DomainP :: ('a => b => bool) => 'a => bool
for r :: 'a => b => bool

where
DomainPI [intro]: 7 a b ==> DomainP r a

inductive-cases DomainPE [elim!]: DomainP r a

lemma DomainP-Domain-eq [pred-set-conv]: DomainP (Ax y. (z, y) € r) = (\z.
x € Domain 1)
by (blast intro!: Orderings.order-antisym predicatell)

22.2.4 Range

inductive
RangeP :: (Ya => b => bool) => 'b => bool
for r :: 'a => 'b => bool

where
RangePI [intro]: r a b ==> RangeP r b

inductive-cases RangePFE [elim!]: RangeP r b
lemma RangeP-Range-eq [pred-set-conv]: RangeP Az y. (z, y) € r) = (A\z. z €

Range r)
by (blast intro!: Orderings.order-antisym predicatell)



THEORY “Predicate” 407

22.2.5 Inverse image

definition
inv-imagep = ('b => 'b => bool) => ('a => 'b) => 'a => 'a => bool where
inv-imagep v f == %z y. r (fz) (fy)

lemma [pred-set-conv]: inv-imagep (A\z y. (z, y) € r) f = Az y. (z, y) € inv-image

rf)
by (simp add: inv-image-def inv-imagep-def)

lemma in-inv-imagep [simp|: inv-imagep r fzy =1 (fz) (fy)
by (simp add: inv-imagep-def)

22.2.6 Powerset

definition Powp :: (‘a = bool) = 'a set = bool where
Powp A== AB.Vz € B. Az

lemma Powp-Pow-eq [pred-set-conv]: Powp (Az. z € A) = (Az. © € Pow A)
by (auto simp add: Powp-def expand-fun-eq)

lemmas Powp-mono [mono] = Pow-mono [to-pred pred-subset-eq]

22.2.7 Properties of relations

abbreviation antisymP :: (‘a => 'a => bool) => bool where
antisymP r == antisym {(z, y). r ¢ y}

abbreviation transP :: (‘a => ‘a => bool) => bool where
transP r == trans {(z, y). r  y}

abbreviation single-valuedP :: (‘a => 'b => bool) => bool where
single-valuedP r == single-valued {(z, y). r = y}

22.3 Predicates as enumerations

22.3.1 The type of predicate enumerations (a monad)

datatype 'a pred = Pred 'a = bool

primrec eval :: ‘a pred = 'a = bool where
eval-pred: eval (Pred f) = f

lemma Pred-eval [simp]:
Pred (eval z) = x

by (cases x) simp

lemma eval-inject: eval x = eval y «—— z =y
by (cases z) auto

definition single :: ‘a = ’a pred where
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single x = Pred ((op =) x)

definition bind :: 'a pred = (‘a = b pred) = 'b pred (infixl >= 70) where
P »>=f = Pred (Ax. (3y. eval P y A eval (fy) z))

instantiation pred :: (type) {complete-lattice, boolean-algebra}
begin

definition
P < @Q «— eval P < eval Q

definition
P < @Q «— eval P < eval Q

definition
1L = Pred L

definition
T = Pred T

definition
P M Q = Pred (eval P N eval Q)

definition
P U @ = Pred (eval P U eval Q)

definition
[code del]: [1A = Pred (INFI A eval)

definition
[code del]: | |A = Pred (SUPR A eval)

definition
— P = Pred (— eval P)

definition
P — @Q = Pred (eval P — eval Q)

instance proof
qed (auto simp add: less-eq-pred-def less-pred-def
inf-pred-def sup-pred-def bot-pred-def top-pred-def
Inf-pred-def Sup-pred-def uminus-pred-def minus-pred-def fun-Compl-def bool-Compl-def ,
auto simp add: le-fun-def less-fun-def le-bool-def less-bool-def

eval-inject mem-def)
end

lemma bind-bind:
(P»>=Q)»>=R=P>=(\z. Qz >= R)
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by (auto simp add: bind-def expand-fun-eq)

lemma bind-single:
P »>= single = P
by (simp add: bind-def single-def)

lemma single-bind:
singlex >= P =Pz
by (simp add: bind-def single-def)

lemma bottom-bind:
1Ll>=P=1
by (auto simp add: bot-pred-def bind-def expand-fun-eq)

lemma sup-bind:
(PUQ)>=R=P>=RUQ>=R
by (auto simp add: bind-def sup-pred-def expand-fun-eq)

lemma Sup-bind: (| |A »>=f) =] ((Az. z »>=f) ‘ A)
by (auto simp add: bind-def Sup-pred-def SUP1-iff expand-fun-eq)

lemma pred-iffl:

assumes Az. eval A x = eval Bz

and Az. eval Bz = eval A z

shows A = B
proof —

from assms have Az. eval A x «— eval B z by blast

then show %thesis by (cases A, cases B) (simp add: expand-fun-eq)
qed

lemma singlel: eval (single x) x
unfolding single-def by simp

lemma singlel-unit: eval (single ()) z
by simp (rule singlel)

lemma singleE: eval (single z) y —= (y = = P) = P
unfolding single-def by simp

lemma singleE": eval (single ) y = (z =y = P) = P
by (erule singleE) simp

lemma bindl: eval P v = eval (Q z) y = eval (P »>= Q) y
unfolding bind-def by auto

409

lemma bindE: eval (R »>= Q) y = (Az. eval R x = eval (Q z) y = P) =

P
unfolding bind-def by auto
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lemma botE: eval | ©+ =— P
unfolding bot-pred-def by auto

lemma supll: eval A x = eval (AU B) x
unfolding sup-pred-def by (simp add: sup-fun-eq sup-bool-eq)

lemma supl2: eval Bz = eval (AU B) z
unfolding sup-pred-def by (simp add: sup-fun-eq sup-bool-eq)

lemma supFE: eval (AU B) 2 = (eval A © = P) = (eval Bt = P) = P
unfolding sup-pred-def by auto

lemma single-not-bot [simp]:
single v # L
by (auto simp add: single-def bot-pred-def expand-fun-eq)

lemma not-bot:
assumes A # |
obtains z where cval A z
using assms by (cases A)
(auto simp add: bot-pred-def, auto simp add: mem-def)

22.3.2 Emptiness check and definite choice

definition is-empty :: ‘a pred = bool where
is-empty A «—— A = L

lemma is-empty-bot:
is-empty L
by (simp add: is-empty-def)

lemma not-is-empty-single:
— is-empty (single x)
by (auto simp add: is-empty-def single-def bot-pred-def expand-fun-eq)

lemma is-empty-sup:
is-empty (A U B) «— is-empty A N\ is-empty B
by (auto simp add: is-empty-def)

definition singleton :: (unit => ‘a) = 'a pred = 'a where
singleton dfault A = (if 3'z. eval A x then THE x. eval A x else dfault ())

lemma singleton-eql:
Flz. eval A ¥ = eval A x = singleton dfault A = x
by (auto simp add: singleton-def)

lemma eval-singletonl:
Ilz. eval A © = eval A (singleton dfault A)
proof —
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assume assm: 3z, eval A x
then obtain = where eval A z ..
moreover with assm have singleton dfault A = z by (rule singleton-eql)
ultimately show ?thesis by simp
qed

lemma single-singleton:
Flz. eval A ¢ = single (singleton dfault A) = A
proof —
assume assm: 3z, eval A z
then have eval A (singleton dfault A)
by (rule eval-singletonl)
moreover from assm have Az. eval A © = singleton dfault A = z
by (rule singleton-eql)
ultimately have eval (single (singleton dfault A)) = eval A
by (simp (no-asm-use) add: single-def expand-fun-eq) blast
then show %thesis by (simp add: eval-inject)
qed

lemma singleton-undefinedl:
- (3lz. eval A ) = singleton dfault A = dfault ()
by (simp add: singleton-def)

lemma singleton-bot:
singleton dfault | = dfault ()
by (auto simp add: bot-pred-def intro: singleton-undefinedl )

lemma singleton-single:
singleton dfault (single ) = z
by (auto simp add: intro: singleton-eql singlel elim: singleE')

lemma singleton-sup-single-single:
singleton dfault (single z U single y) = (if x = y then z else dfault ())
proof (cases z = y)
case True then show ?thesis by (simp add: singleton-single)
next
case Fulse
have eval (single x U single y) z
and eval (single © U single y) y
by (auto intro: supll supI2 singlel)
with False have — (31z. eval (single z U single y) z)
by blast
then have singleton dfault (single © U single y) = dfault ()
by (rule singleton-undefinedl)
with Fualse show ?thesis by simp
qed

lemma singleton-sup-aux:
singleton dfault (A U B) = (if A = L then singleton dfault B
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else if B = L then singleton dfault A
else singleton dfault
(single (singleton dfault A) U single (singleton dfault B)))
proof (cases (3!z. eval A z) A (3ly. eval B y))
case True then show ?thesis by (simp add: single-singleton)
next
case Fulse
from False have A-or-B:
singleton dfault A = dfault () V singleton dfault B = dfault ()
by (auto intro!: singleton-undefinedl)
then have rhs: singleton dfault
(single (singleton dfault A) U single (singleton dfault B)) = dfault ()
by (auto simp add: singleton-sup-single-single singleton-single)
from Fulse have not-unique:
- (3lz. eval A ) V = (3ly. eval B y) by simp
show ?thesis proof (cases A # L AN B # 1)
case True
then obtain a b where a: eval A a and b: eval B b
by (blast elim: not-bot)
with True not-unique have - (3!z. eval (A U B) z)
by (auto simp add: sup-pred-def bot-pred-def)
then have singleton dfault (A U B) = dfault () by (rule singleton-undefinedl )
with True rhs show ?thesis by simp
next
case Fulse then show ?thesis by auto
qged
qged

lemma singleton-sup:
singleton dfault (A U B) = (if A = L then singleton dfault B
else if B = L then singleton dfault A
else if singleton dfault A = singleton dfault B then singleton dfault A else dfault

0)

using singleton-sup-auz [of dfault A B] by (simp only: singleton-sup-single-single)
22.3.3 Derived operations

definition if-pred :: bool = unit pred where

if-pred-eq: if-pred b = (if b then single () else 1)

definition holds :: unit pred = bool where
holds-eq: holds P = eval P ()

definition not-pred :: unit pred = unit pred where
not-pred-eq: not-pred P = (if eval P () then L else single ())

lemma if-predl: P = eval (if-pred P) ()
unfolding if-pred-eq by (auto intro: singlel)
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lemma if-predE: eval (if-pred b) © = (b = z = () = P) = P
unfolding if-pred-eq by (cases b) (auto elim: botE)

lemma not-predl: = P = eval (not-pred (Pred (Au. P))) ()
unfolding not-pred-eq eval-pred by (auto intro: singlel)

lemma not-predl”: = eval P () = eval (not-pred P) ()
unfolding not-pred-eq by (auto intro: singlel)

lemma not-predE: eval (not-pred (Pred (Au. P))) ¥ = (— P = thesis) =
thesis

unfolding not-pred-eq

by (auto split: split-if-asm elim: botE)

lemma not-predE’: eval (not-pred P) © = (— eval P & = thesis) = thesis
unfolding not-pred-eq
by (auto split: split-if-asm elim: botE)

lemma f () = False V f () = True

by simp

lemma closure-of-bool-cases:
assumes (f :: unit = bool) = (%u. False) = P f
assumes f = (%u. True) = P f
shows P f
proof —
have f = (%u. False) vV f = (%u. True)
apply (cases f ()
apply (rule disjI2)
apply (rule ext)
apply (simp add: unit-eq)
apply (rule disjI1)
apply (rule ext)
apply (simp add: unit-eq)
done
from this prems show ?thesis by blast
qed

lemma unit-pred-cases:

assumes P |

assumes P (single ())

shows P @

using assms

unfolding bot-pred-def Collect-def empty-def single-def
apply (cases Q)

apply simp

apply (rule-tac f=fun in closure-of-bool-cases)
apply auto

apply (subgoal-tac (%z. () = z) = (%x. True))
apply auto
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done

lemma holds-if-pred:
holds (if-pred b) = b
unfolding if-pred-eq holds-eq
by (cases b) (auto intro: singlel elim: botE)

lemma if-pred-holds:
if-pred (holds P) = P
unfolding if-pred-eq holds-eq
by (rule unit-pred-cases) (auto intro: singlel elim: botE)

lemma is-empty-holds:
is-empty P «—— — holds P
unfolding is-empty-def holds-eq
by (rule unit-pred-cases) (auto elim: botE intro: singlel)

22.3.4 Implementation
datatype ‘a seq = Empty | Insert 'a 'a pred | Join 'a pred 'a seq

primrec pred-of-seq :: 'a seq = 'a pred where
pred-of-seq Empty = L
| pred-of-seq (Insert x P) = single z U P
| pred-of-seq (Join P xq) = P U pred-of-seq xq

definition Seq :: (unit = 'a seq) = 'a pred where
Seq f = pred-of-seq (f ())

code-datatype Seq

primrec member :: 'a seq = 'a = bool where
member Empty © «—— False
| member (Insert y P) ¢ «— z =y V eval Pz
| member (Join P zq) x «—— eval P x V member zq

lemma eval-member:

member xq = eval (pred-of-seq zq)
proof (induct zq)

case Empty show Zcase

by (auto simp add: expand-fun-eq elim: botE)
next

case Insert show ?case

by (auto simp add: expand-fun-eq elim: supE singleE intro: supll supI?2 singlel)
next

case Join then show ?case

by (auto simp add: expand-fun-eq elim: supE intro: supll supl2)
qed
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lemma eval-code [code]: eval (Seq f) = member (f ())
unfolding Seq-def by (rule sym, rule eval-member)

lemma single-code [code]:
single x = Seq (Au. Insert x L)
unfolding Seg-def by simp

primrec apply :: (‘a = 'b Predicate.pred) = 'a seq = 'b seq where
apply f Empty = Empty
| apply f (Insert z P) = Join (f x) (Join (P »= f) Empty)
| apply | (Join P zq) = Join (P »= [) (apply f zq)

lemma apply-bind:
pred-of-seq (apply f xq) = pred-of-seq xq >= f
proof (induct zq)
case Empty show Zcase
by (simp add: bottom-bind)
next
case Insert show ?case
by (simp add: single-bind sup-bind)
next
case Join then show ?case
by (simp add: sup-bind)
qed

lemma bind-code [code]:

Seq g »>= [ = Seq (Au. apply f (g ()))
unfolding Seq-def by (rule sym, rule apply-bind)

lemma bot-set-code [code]:
1 = Seq (Au. Empty)
unfolding Seg-def by simp

primrec adjunct :: 'a pred = 'a seq = 'a seq where
adjunct P Empty = Join P Empty
| adjunct P (Insert z Q) = Insert x (Q U P)
| adjunct P (Join Q xq) = Join Q (adjunct P zq)

lemma adjunct-sup:
pred-of-seq (adjunct P zq) = P U pred-of-seq zq

by (induct zq) (simp-all add: sup-assoc sup-commute sup-left-commute)

lemma sup-code [code]:
Seq f U Seq g = Seq (Au. case f ()
of Empty = g ()
| Insert © P = Insert x (P U Seq g)
| Join P zq = adjunct (Seq g) (Join P zq))
proof (cases f ())
case Empty

415



THEORY “Predicate” 416

thus ?thesis
unfolding Seq-def by (simp add: sup-commute [of L])
next
case Insert
thus ?thesis
unfolding Seq-def by (simp add: sup-assoc)
next
case Join
thus ?thesis
unfolding Seg-def
by (simp add: adjunct-sup sup-assoc sup-commute sup-left-commute)
qed

primrec contained :: 'a seq = 'a pred = bool where
contained Empty Q «—— True
| contained (Insert x P) Q «—— eval Q x AN P < @
| contained (Join P zq) Q «—— P < @ A contained xq Q

lemma single-less-eq-eval:
single x < P «—— eval P x
by (auto simp add: single-def less-eq-pred-def mem-def)

lemma contained-less-eq:
contained xq Q) «—— pred-of-seq rq < @
by (induct zq) (simp-all add: single-less-eq-eval)

lemma less-eq-pred-code [code]:
Seq f < Q = (case f ()
of Empty = True
| Insert P = eval Qz AN P < Q)
| Join P zq = P < @ A contained zq Q)
by (cases f ())

(simp-all add: Seq-def single-less-eq-eval contained-less-eq)

lemma eg-pred-code [code]:
fixes P Q :: 'a pred
shows eq-class.e P Q «—— P < Q N Q < P
unfolding eq by auto

lemma [code]:
pred-case f P = f (eval P)
by (cases P) simp

lemma [code]:
pred-rec f P = [ (eval P)
by (cases P) simp

inductive eq :: ‘a = ’a = bool where eq 1 z
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lemma eg-is-eq: eqzy = (z = y)
by (rule eg-reflection) (auto intro: eq.intros elim: eq.cases)

definition map :: (‘a = 'b) = 'a pred = 'b pred where
map f P = P »= (single o f)

primrec null :: 'a seq = bool where
null Empty «—— True
| null (Insert z P) «—— False
| null (Join P zq) «—— is-empty P A null zq

lemma null-is-empty:
null xq «—— is-empty (pred-of-seq xq)
by (induct zq) (simp-all add: is-empty-bot not-is-empty-single is-empty-sup)

lemma is-empty-code [code]:

is-empty (Seq f) «— null (f ()
by (simp add: null-is-empty Seq-def)

primrec the-only :: (unit = ‘a) = 'a seq = ’‘a where
[code del]: the-only dfault Empty = dfault ()
| the-only dfault (Insert x P) = (if is-empty P then x else let y = singleton dfault
Pin if z = y then z else dfault ())
| the-only dfault (Join P zq) = (if is-empty P then the-only dfault xzq else if null
zq then singleton dfault P
else let © = singleton dfault P; y = the-only dfault xq in
if £ = y then z else dfault ())

lemma the-only-singleton:
the-only dfault g = singleton dfault (pred-of-seq xq)
by (induct zq)
(auto simp add: singleton-bot singleton-single is-empty-def
null-is-empty Let-def singleton-sup)

lemma singleton-code [code]:
singleton dfault (Seq f) = (case f ()
of Empty = dfault ()
| Insert © P = if is-empty P then x
else let y = singleton dfault P in
if © = y then z else dfault ()
| Join P zq = if is-empty P then the-only dfault zq
else if null xq then singleton dfault P
else let x = singleton dfault P; y = the-only dfault xq in
if £ = y then x else dfault ())
by (cases f ()
(auto simp add: Seq-def the-only-singleton is-empty-def
null-is-empty singleton-bot singleton-single singleton-sup Let-def)

definition not-unique :: 'a pred => 'a
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where
[code del]: not-unique A = (THE xz. eval A )

definition the :: ‘a pred => 'a
where
[code del]: the A = (THE z. eval A )

lemma the-eq[code]: the A = singleton (Az. not-unique A) A
by (auto simp add: the-def singleton-def not-unique-def’)

code-abort not-unique

code-reflect Predicate
datatypes pred = Seq and seq = Empty | Insert | Join
functions map

ML (
signature PREDICATE =
stg
datatype 'a pred = Seq of (unit —> 'a seq)
and 'a seq = Empty | Insert of 'a x 'a pred | Join of 'a pred x 'a seq
val yield: 'a pred —> ('a * 'a pred) option
val yieldn: int —> 'a pred —> 'a list * 'a pred
val map: ('a —> 'b) —> 'a pred —> 'b pred
end;

structure Predicate : PREDICATE =
struct

datatype pred = datatype Predicate.pred
datatype seq = datatype Predicate.seq

fun map f = Predicate.map f;

fun yield (Seq f) = next (f ()
and next Empty = NONE

| next (Insert (z, P)) = SOME (z, P)
| next (Join (P, zq)) = (case yield P
of NONE => next zq
| SOME (z, Q) => SOME (z, Seq (fn - => Join (Q, 2q))));

fun anamorph fk z = (if k = 0 then ([], z)
else case fx
of NONE => (], z)
| SOME (v, y) => let
val (vs, z) = anamorph f (k — 1) y
in (v ws, z) end);

fun yieldn P = anamorph yield P;
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end;

)

no-notation
inf (infixl M 70) and
sup (infixl U 65) and
Inf ([]- [900] 900) and
Sup (|- [900] 900) and
top (T) and
bot (L) and
bind (infixl »= 70)

hide-type (open) pred seq

hide-const (open) Pred eval single bind is-empty singleton if-pred not-pred holds
Empty Insert Join Seq member pred-of-seq apply adjunct null the-only eq map

not-unique the

end

23 Transitive-Closure: Reflexive and Transitive clo-
sure of a relation

theory Transitive-Closure
imports Predicate

uses ~"~ /src/ Provers/trancl. ML
begin

rtrancl is reflexive/transitive closure, trancl is transitive closure, reflcl is
reflexive closure.

These postfix operators have mazimum priority, forcing their operands to
be atomic.

inductive-set
rtrancl :: ('a x 'a) set = ('a x 'a) set  ((-"x) [1000] 999)
for r :: ('a X 'a) set

where
rtrancl-refl [intro!, Pure.intro!, simp]: (a, a) : "%
| rtrancl-into-rtrancl [Pure.intro]: (a, b) : v"x ==> (b, ¢) : r ==> (a, ¢) : r %

inductive-set
trancl :: ('a x 'a) set = (‘a x 'a) set ((-"+) [1000] 999)
for r :: ('a x 'a) set
where
r-into-trancl [intro, Pure.intro]: (a, b) : v ==> (a, b) : r"+
| trancl-into-trancl [Pure.intro]: (a, b) : "+ ==> (b, ¢) : r ==> (a, ¢) : v+

declare rtrancl-def [nitpick-def del]
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rtranclp-def [nitpick-def del]
trancl-def [nitpick-def del]
tranclp-def [nitpick-def del]

notation
rtranclp ((-"x*) [1000] 1000) and
tranclp ((-"++) [1000] 1000)

abbreviation

reflelp == ('la => 'a => bool) => 'a => 'a => bool ((-"==) [1000] 1000)
where

r’== == sup r op =

abbreviation
reflel 2 ('a x 'a) set => (‘a x 'a) set ((-"=) [1000] 999) where
r'===rUld

notation (zsymbols)
rtranclp ((-**) [1000] 1000) and
tranclp ((-*71) [1000] 1000) and
reflelp ((-—=) [1000] 1000) and
rtrancl ((-*) [1000] 999) and
trancl ((-F) [1000] 999) and
reflel ((-=) [1000] 999)

notation (HTML output)

rtranclp ((-**) [1000] 1000) and
tranclp ((-t71) [1000] 1000) and
reflclp ((-—=) [1000] 1000) and
rtrancl ((-*) [1000] 999) and
trancl ((-7) [1000] 999) and
reflcl ((-=) [1000] 999)

23.1 Reflexive closure
lemma refl-reficl[simp]: refl(r"=)

by (simp add:refl-on-def)

lemma antisym-reflcl[simp|: antisym(r°=) = antisym r
by (simp add:antisym-def)

lemma trans-reflclI[simp]: trans r = trans(r =)
unfolding trans-def by blast

23.2 Reflexive-transitive closure

lemma reficl-set-eq [pred-set-conv]: (sup (A\x y. (z, y) € r) op =) = Az y. (z, y)
€ rVUld)
by (auto simp add: expand-fun-eq)
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lemma r-into-rtrancl [intro]: !lp. p € r ==> p € r’x
— rtrancl of r contains r
apply (simp only: split-tupled-all)
apply (erule rtrancl-refl [THEN rtrancl-into-rtrancl])
done

lemma r-into-rtranclp [intro]: rx y ==> r"*x z y
— rtrancl of r contains r
by (erule rtranclp.rtrancl-refl [THEN rtranclp.rtrancl-into-rtrancl))

lemma rtranclp-mono: r < s ==> r xx < § #x%
— monotonicity of rtrancl
apply (rule predicate2I)
apply (erule rtranclp.induct)
apply (rule-tac [2] rtranclp.rtrancl-into-rtrancl, blast+)
done

lemmas rtrancl-mono = rtranclp-mono [to-set]

theorem rtranclp-induct [consumes 1, case-names base step, induct set: rtranclp):
assumes a: rkk a b
and cases: Pallyz. [|r'sx ay; ryz;, Pyl|]==> Pz
shows P b using a
by (induct t=a b) (rule cases)+

lemmas rtrancl-induct [induct set: rtrancl] = rtranclp-induct [to-set]

lemmas rtranclp-induct2 =
rtranclp-induct|of - (az,ay) (bz,by), split-rule,
consumes 1, case-names refl step)

lemmas rtrancl-induct? =
rtrancl-induct|of (az,ay) (bz,by), split-format (complete),
consumes 1, case-names refl step]

lemma refl-rtrancl: refl (r’x)
by (unfold refl-on-def) fast

Transitivity of transitive closure.

lemma trans-rtrancl: trans (r"x)
proof (rule transI)
fixzxyz
assume (z, y) € 7*
assume (y, z) € r*
then show (z, z) € r*
proof induct
case base
show (z, y) € r* by fact
next
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case (step u v)
from «(z, u) € r*) and «(u, v) €
show (z, v) € r* .
qed
qed

lemmas rtrancl-trans = trans-rtrancl [THEN transD, standard]

lemma rtranclp-trans:
assumes zy: 7k T Y
and yz: rxx y 2z
shows r"xx z z using yz oy
by induct iprover+

lemma rtranclE [cases set: rtrancl]:
assumes major: (a::'a, b) : 7%
obtains
(base) a = b
| (step) y where (a, y) : 7"+ and (y, b) : 7
— elimination of rtrancl — by induction on a special formula
apply (subgoal-tac (a::'a) = b | (EX y. (a,y) : 7" & (y,b) : 1))
apply (rule-tac [2] major [THEN rtrancl-induct))
prefer 2 apply blast
prefer 2 apply blast
apply (erule asm-rl exE disjE conjE base step)+
done

lemma rtrancl-Int-subset: [| Id C s; (r’'«Ns) Or C s|]] ==>r"« C s
apply (rule subsetl)
apply (rule-tac p=z in PairE, clarify)
apply (erule rtrancl-induct, auto)
done

lemma converse-rtranclp-into-rtranclp:
rab=r"*bc=r"*ac
by (rule rtranclp-trans) iprover+

lemmas converse-rtrancl-into-rtrancl = converse-rtranclp-into-rtranclp [to-set]

More r* equations and inclusions.

lemma rtranclp-idemp [simp]: (7 %) “sx = r %
apply (auto introl: order-antisym)
apply (erule rtranclp-induct)
apply (rule rtranclp.rtrancl-refl)
apply (blast intro: rtranclp-trans)
done

lemmas rtrancl-idemp [simp] = rtranclp-idemp [to-set]
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lemma rtrancl-idemp-self-comp [simp]: R"x O R"x = R "x
apply (rule set-ext)
apply (simp only: split-tupled-all)
apply (blast intro: rtrancl-trans)
done

lemma rtrancl-subset-rtrancl: r C s™ ==> r"x C s"%
apply (drule rtrancl-mono)
apply simp
done

lemma rtranclp-subset: R < S ==> 5§ < R ™ ==> § %k = R "xx
apply (drule rtranclp-mono)
apply (drule rtranclp-mono)
apply simp
done

lemmas rtrancl-subset = rtranclp-subset [to-set]

lemma rtranclp-sup-rtranclp: (sup (R “xx) (8 %)) "xx = (sup R S) “xx
by (blast intro!l: rtranclp-subset intro: rtranclp-mono [THEN predicate2D])

lemmas rtrancl-Un-rtrancl = rtranclp-sup-riranclp [to-set]

lemma rtranclp-reflcl [simp]: (R ==) "« = R "sx
by (blast intro!: rtranclp-subset)

lemmas rtrancl-reflcl [simp] = rtranclp-reflcl [to-set]

lemma rtrancl-r-diff-Id: (r — Id) "x = r"x
apply (rule sym)
apply (rule rtrancl-subset, blast, clarify)
apply (rename-tac a b)
apply (case-tac a = b)
apply blast
apply (blast intro!: r-into-rtrancl)
done

lemma rtranclp-r-diff-1d: (inf r op ~=) " = 1 %x
apply (rule sym)
apply (rule rtranclp-subset)
apply blast+
done

theorem rtranclp-converseD:
assumes 7: (r"——1) "xx Ty
shows r"xx y x

proof —
from r show ?Zthesis
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by induct (iprover intro: rtranclp-trans dest!: conversepD)+
qed

lemmas rtrancl-converseD = rtranclp-converseD [to-set]

theorem rtranclp-conversel:
assumes 1 kkx Yy T
shows (r"——1)"«x z y
using assms
by induct (iprover intro: rtranclp-trans conversepl )+

lemmas rtrancl-conversel = rtranclp-conversel [to-set]

lemma rtrancl-converse: (r’—1) "« = (r"*) "—1
by (fast dest!: rtrancl-converseD introl: rtrancl-conversel )

lemma sym-rtrancl: sym r ==> sym (r"x)
by (simp only: sym-conv-converse-eq rtrancl-converse [symmetric|)

theorem converse-rtranclp-induct [consumes 1, case-names base step|:
assumes major: v xx a b
and cases: Pblyz. [|ryz; r"sx 2b; Pz ||==> Py
shows P a
using rtranclp-conversel [OF major]
by induct (iprover intro: cases dest!: conversepD rtranclp-converseD)+

lemmas converse-rtrancl-induct = converse-rtranclp-induct [to-set]

lemmas converse-rtranclp-induct2 =
converse-rtranclp-induct [of - (az,ay) (bx,by), split-rule,
consumes 1, case-names refl step]

lemmas converse-rtrancl-induct? =
converse-rtrancl-induct [of (ax,ay) (bx,by), split-format (complete),
consumes 1, case-names refl step)

lemma converse-rtranclpE [consumes 1, case-names base step):
assumes major: 1 k* T 2

and cases: t=z ==> P
Ny. [ rzy; rxxyz|] ==>P
shows P

apply (subgoal-tac z = z | (EX y. rzy & r'*x y z))

apply (rule-tac [2] major [THEN converse-rtranclp-induct])
prefer 2 apply iprover

prefer 2 apply iprover

apply (erule asm-rl exE disjE conjE cases)+

done

lemmas converse-rtranclE = converse-rtranclpE [to-set]

424
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lemmas converse-rtranclpE2 = converse-rtranclpE [of - (za,zb) (za,zb), split-rule]
lemmas converse-rtranclE2 = converse-rtranclE [of (za,xb) (za,zb), split-rule]

lemma r-comp-rtrancl-eqg: 7 O r"x = r"x O r
by (blast elim: rtranclE converse-rtranclE
intro: rtrancl-into-rtrancl converse-rtrancl-into-rtrancl)

lemma rtrancl-unfold: "+ = Id Unr"x O r
by (auto intro: rtrancl-into-rtrancl elim: rtranclE)

lemma rtrancl-Un-separatorE:
(a,b) : (PU Q) "« =Vzy. (a,2): P'x — (z,y): Q — z=y = (a,b) : P x
apply (induct rule:rtrancl.induct)
apply blast
apply (blast intro:rtrancl-trans)
done

lemma rtrancl-Un-separator-conversek:
(a,) : (PU Q) =Vzy. (z,b): P+ — (y,2) : Q — y=2 = (a,b) : P x
apply (induct rule:converse-rtrancl-induct)
apply blast
apply (blast intro:rtrancl-trans)
done

lemma Image-closed-trancl:
assumes 7 ““ X C X shows r* “X = X
proof —
from assms have *x: {y. 3z€X. (z, y) € r} C X by auto
have Az y. (y,2)er* =ye X =z € X
proof —
fix zy
assume x: y € X
assume (y, z) € r*
then show z € X
proof induct
case base show ?case by (fact *)

next
case step with *xx show ?case by auto
qed
qed
then show ?thesis by auto
qed

23.3 Transitive closure

lemma trancl-mono: 'p. p € 1"+ ==>r C s ==>p € s+
apply (simp add: split-tupled-all)
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apply (erule trancl.induct)
apply (iprover dest: subsetD)+
done

lemma r-into-trancl” !p. p : 7 ==>p : v+
by (simp only: split-tupled-all) (erule r-into-trancl)

Conversions between trancl and rtrancl.

lemma tranclp-into-rtranclp: v"++ a b ==> r"x*x a b
by (erule tranclp.induct) iprover+

lemmas trancl-into-rtrancl = tranclp-into-rtranclp [to-set]

lemma rtranclp-into-tranclpl: assumes 7: r %% a b
shows llc. rb ¢ ==> r"++ a c using r
by induct iprover+

lemmas rtrancl-into-trancll = rtranclp-into-tranclpl [to-set]

lemma rtranclp-into-tranclp2: [| r a b; r™sxx b c || ==> r"++ a ¢
— intro rule from 7 and rtrancl
apply (erule rtranclp.cases)
apply iprover
apply (rule rtranclp-trans [THEN rtranclp-into-trancip1])
apply (simp | rule r-into-rtranclp)+
done

lemmas rtrancl-into-trancl2 = rtranclp-into-tranclp2 [to-set]

Nice induction rule for trancl

lemma tranclp-induct [consumes 1, case-names base step, induct pred: tranclp):
assumes a: 7' ++ a b
and cases: ly. ray ==> Py
Wyz.r'++ay==>ryz==>Py==>Pz
shows P b using a
by (induct x=a b) (iprover intro: cases)+

lemmas trancl-induct [induct set: trancl] = tranclp-induct [to-set]

lemmas tranclp-induct2 =
tranclp-induct [of - (ax,ay) (bx,by), split-rule,
consumes 1, case-names base step|

lemmas trancl-induct? =
trancl-induct [of (az,ay) (bx,by), split-format (complete),
consumes 1, case-names base step]

lemma tranclp-trans-induct:
assumes major: v ++ x y
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and cases: lzy. rxy ==> Pxy
Nezyz. [|r"++zy; Pzy;r"++yz2; Pyz || ==>Pzxz
shows Pz y
— Another induction rule for trancl, incorporating transitivity
by (iprover intro: major [THEN tranclp-induct] cases)

lemmas trancl-trans-induct = tranclp-trans-induct [to-set]

lemma tranclE [cases set: trancl):
assumes (a, b) : v+
obtains
(base) (a, b) : r
| (step) ¢ where (a, ¢) : r"+ and (¢, b) : r
using assms by cases simp-all

lemma trancl-Int-subset: || r C s; (r'+ Ns) Or C s|]] ==>r"+ C s
apply (rule subsetl)
apply (rule-tac p = z in PairE)
apply clarify
apply (erule trancl-induct)
apply auto
done

lemma trancl-unfold: r"+ =r Unr"+ O r
by (auto intro: trancl-into-trancl elim: tranclE)

Transitivity of ™

lemma trans-trancl [simp): trans (r°+)
proof (rule transl)
fixzyz
assume (z, y) € r'+
assume (y, z) € 7"+
then show (z, z) € r "+
proof induct
case (base u)
from «(z, y) € r"+ and «(y, u) € m
show (z, u) € r"+ ..
next
case (step u v)
from «(z, u) € r"+ and (u, v) €
show (z, v) € r"+ ..
qed
qed

lemmas trancl-trans = trans-trancl [THEN transD, standard)

lemma tranclp-trans:
assumes zy: v ++ Ty
and yz: r’++ y 2
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shows r"++ z z using yz zy
by induct iprover+

lemma trancl-id [simp): trans r = r"+ = r
apply auto
apply (erule trancl-induct)
apply assumption
apply (unfold trans-def)
apply blast
done

lemma rtranclp-tranclp-tranclp:
assumes 7k T Y
shows !lz. r"+4 y 2 ==> r"++ x z using assms
by induct (iprover intro: tranclp-trans)+

lemmas rtrancl-trancl-trancl = rtranclp-tranclp-tranclp [to-set]

lemma tranclp-into-tranclp2: ra b ==>r"++ bc==>r"++ ac
by (erule tranclp-trans [OF tranclp.r-into-trancl])

lemmas trancl-into-trancl2 = tranclp-into-tranclp?2 [to-set|

lemma trancl-insert:
(insert (y, z) )"+ =r"+ U {(a, b). (a, y) € 7"« A (z, b) € r"*}
— primitive recursion for trancl over finite relations
apply (rule equalityl )
apply (rule subsetl)
apply (simp only: split-tupled-all)
apply (erule trancl-induct, blast)

apply (blast intro: rtrancl-into-trancll trancl-into-rtrancl trancl-trans)

apply (rule subsetl)
apply (blast intro: trancl-mono rtrancl-mono

[THEN (2] rev-subsetD] rtrancl-trancl-trancl rtrancl-into-trancl2)
done

lemma tranclp-conversel: (r"++)"——1zy ==> (r"——1)"++ z y
apply (drule conversepD)
apply (erule tranclp-induct)
apply (iprover intro: conversepl tranclp-trans)+
done

lemmas trancl-conversel = tranclp-conversel [to-set]

lemma tranclp-converseD: (r"——1)"++ zy ==> (r’'++)"——1zy
apply (rule conversepl)
apply (erule tranclp-induct)
apply (iprover dest: conversepD intro: tranclp-trans)-+
done

428



THEORY “Transitive-Closure” 429

lemmas trancl-converseD = tranclp-converseD [to-set]

lemma tranclp-converse: (r°"——1)"++ = (r"+4) "——1
by (fastsimp simp add: expand-fun-eq
introl: tranclp-conversel dest!: tranclp-converseD)

lemmas trancl-converse = tranclp-converse [to-set]

lemma sym-trancl: sym r ==> sym (r"+)
by (simp only: sym-conv-converse-eq trancl-converse [symmetric])

lemma converse-tranclp-induct [consumes 1, case-names base step]:
assumes major: v ++ a b
and cases: ly. ry b ==> P(y)
Wy z.[|ryz, r"++ 20b; P(z)]|] ==> P(y)
shows P a
apply (rule tranclp-induct [OF tranclp-conversel, OF conversepl, OF major])
apply (rule cases)
apply (erule conversepD)
apply (blast intro: assms dest!: tranclp-converseD)
done

lemmas converse-trancl-induct = converse-tranclp-induct [to-set]

lemma tranclpD: R°™++ zy ==> FEX 2. Rz 2z AN R"xx z gy
apply (erule converse-tranclp-induct)
apply auto
apply (blast intro: rtranclp-trans)
done

lemmas tranclD = tranclpD [to-set]

lemma converse-tranclpE:
assumes major: tranclp r x z

assumes base: 7 x z ==> P
assumes step: A\ y. [| rz y; tranclp ry z || ==> P
shows P

proof —

from tranclpD[OF magjor]
obtain y where r z y and rtranclp r y z by iprover
from this(2) show P
proof (cases rule: rtranclp.cases)

case rtrancl-refl

with (r z y» base show P by iprover
next

case rtrancl-into-rtrancl

from this have tranclp ry z

by (iprover intro: rtranclp-into-tranclpl)
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with (r z y» step show P by iprover
qed
qed

lemmas converse-tranclE = converse-tranclpE [to-set]

lemma tranclD2:
(z,y) € Rt = Fz. (z,2) € R* A (2, y) € R
by (blast elim: tranclE intro: trancl-into-rtrancl)

lemma irrefi-trancll: r°—1 N r*sx = {} ==> (z, z) ¢ r"+
by (blast elim: tranclE dest: trancl-into-rtrancl)

lemma irrefl-trancl-rD: 'X. ALL z. (z, z) ¢ r"+ ==> (z,y) Er==>xz #£ y
by (blast dest: r-into-trancl)

lemma trancl-subset-Sigma-auz:
(a,D)ers==>rCAxA==>a=bVacA
by (induct rule: rtrancl-induct) auto

lemma trancl-subset-Sigma: r C A X A ==>r"+ C A x A
apply (rule subsetl)
apply (simp only: split-tupled-all)
apply (erule tranclE)
apply (blast dest!: trancl-into-rtrancl trancl-subset-Sigma-auz)+
done

lemma reflcl-tranclp [simp]: (r"4+4) == = r xx
apply (safe intro!: order-antisym)
apply (erule tranclp-into-rtranclp)
apply (blast elim: rtranclp.cases dest: rtranclp-into-trancip1)
done

lemmas reficl-trancl [simp] = reflcl-tranclp [to-set]
lemma trancl-reflcl [simp]: (r"=) "+ = r %
apply safe
apply (drule trancl-into-rtrancl, simp)
apply (erule rtranclE, safe)
apply (rule r-into-trancl, simp)
apply (rule rtrancl-into-trancll)
apply (erule rtrancl-reflcl [THEN equalityD2, THEN subsetD], fast)
done

lemma trancl-empty [simp]: {} "+ = {}
by (auto elim: trancl-induct)

lemma rtrancl-empty [simp]: {} "« = Id
by (rule subst [OF reficl-trancl]) simp
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lemma rtranclpD: R« a b==>a=bVa#bAR++ ab
by (force simp add: reflcl-tranclp [symmetric] simp del: reflcl-tranclp)

lemmas rtranclD = rtranclpD [to-set]

lemma rtrancl-eq-or-trancl:
(z,y) € R* = (z=y V 2#y A (z,9) € RY)
by (fast elim: trancl-into-rtrancl dest: rtranclD)

lemma trancl-unfold-right: r"+ = 1"« O r
by (auto dest: tranclD2 intro: rtrancl-into-trancll)

lemma trancl-unfold-left: r"+ = r O r"x
by (auto dest: tranclD intro: rtrancl-into-trancl2)

Simplifying nested closures

lemma rtrancl-trancl-absorb[simp]: (R"x) "+ = R "
by (simp add: trans-rtrancl)

lemma trancl-rtrancl-absorb[simp]: (R"+) "x = R "
by (subst reficl-trancl[symmetric]) simp

lemma rtrancl-reflcl-absorb[simp]: (R %) "= = R "%
by auto

Domain and Range

lemma Domain-rtrancl [simp]: Domain (R %) = UNIV
by blast

lemma Range-rtrancl [simp]: Range (R"x) = UNIV
by blast

lemma rtrancl-Un-subset: (R« U S™x) C (R Un S) "«
by (rule rtrancl-Un-rtrancl [THEN subst]) fast

lemma in-rtrancl-Unl: © € R™x V z € S« ==> 1z € (RU §) "%
by (blast intro: subsetD [OF rtrancl-Un-subset))

lemma trancl-domain [simp]: Domain (r"+) = Domain r
by (unfold Domain-def) (blast dest: tranclD)

lemma trancl-range [simp]: Range (r"+) = Range r
unfolding Range-def by(simp add: trancl-converse [symmetric])

lemma Not-Domain-rtrancl:
z ~: Domain R ==> ((z, y) : R"x) = (z = y)
apply auto
apply (erule rev-mp)
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apply (erule rtrancl-induct)
apply auto
done

lemma trancl-subset-Field2: r"+ <= Field r x Field r
apply clarify
apply (erule trancl-induct)
apply (auto simp add: Field-def)
done

lemma finite-trancl: finite (r"+) = finite r
apply auto
prefer 2
apply (rule trancl-subset-Field2 [THEN finite-subset])
apply (rule finite-Sigmal)
prefer 3
apply (blast intro: r-into-trancl’ finite-subset)
apply (auto simp add: finite-Field)
done

More about converse rtrancl and trancl, should be merged with main body.

lemma single-valued-confluent:
[ single-valued r; (z,y) € r7%; (x,2) € r'* ]
= (y,z) € r"« V (2,y) € r’x
apply (erule rtrancl-induct)
apply simp
apply (erule disjE)
apply (blast elim:converse-rtranclE dest:single-valuedD)
apply (blast intro:rtrancl-trans)
done

lemma r-r-into-trancl: (a, b) € R ==> (b, ¢) € R ==> (a, ¢) € R+
by (fast intro: trancl-trans)

lemma trancl-into-trancl [rule-format]:
(a,b) € r* ==> (b, c) € ——> (a,c) € rt
apply (erule trancl-induct)
apply (fast intro: r-r-into-trancl)
apply (fast intro: r-r-into-trancl trancl-trans)
done

lemma tranclp-rtranclp-tranclp:
"t ab==>r"*bc==>r"tqac
apply (drule tranclpD)
apply (elim exE conjE)
apply (drule rtranclp-trans, assumption)
apply (drule rtranclp-into-tranclp2, assumption, assumption)
done
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lemmas trancl-rtrancl-trancl = tranclp-rtranclp-tranclp [to-set]

lemmas transitive-closure-trans [trans] =
r-r-into-trancl trancl-trans rtrancl-trans
trancl.trancl-into-trancl trancl-into-trancl2
rtrancl.rtrancl-into-rtrancl converse-rtrancl-into-rtrancl
rtrancl-trancl-trancl trancl-rtrancl-trancl

lemmas transitive-closurep-trans’ [trans] =
tranclp-trans rtranclp-trans
tranclp.trancl-into-trancl tranclp-into-tranclp2
rtranclp.rtrancl-into-rtrancl converse-rtranclp-into-rtranclp
rtranclp-tranclp-tranclp tranclp-rtranclp-tranclp

declare trancl-into-rtrancl [elim]

23.4 The power operation on relations

R ""n=R O .. OR, the n-fold composition of R

overloading
relpow == compow :: nat = (‘a x 'a) set = (‘a x 'a) set
begin

primrec relpow :: nat = (‘a x 'a) set = (‘a x 'a) set where
relpow 0 R = Id
| relpow (Sucn) R=(R ""n) OR

end

lemma rel-pow-1 [simp]:
!/

fixes R :: (a x 'a) set
shows R "1 = R
by simp

lemma rel-pow-0-1:
(z,z) € R "" 0
by simp

lemma rel-pow-Suc-1:
(z,y)€e R ""n=(y,2) e R=(z,2) € R "~ Sucn
by auto

lemma rel-pow-Suc-12:
(z,y) € R= (y,2) € R ""n= (z,2) € R "~ Sucn
by (induct n arbitrary: z) (simp, fastsimp)

lemma rel-pow-0-E:
(t,y) € R "0 = (r=y=— P) = P
by simp
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lemma rel-pow-Suc-E:
(z,2) € R """ Sucen = (A\y. (z,y) € R ""n= (y,2) e R— P) = P
by auto

lemma rel-pow-E:

(z,z)€ R""n= (n=0= 12 =2z= P)

= (Aym.n=8Sucm = (z,y) € R""m=(y,2) € R=P)
= P

by (cases n) auto

lemma rel-pow-Suc-D2:
(z,2) € R """ Sucn= Fy. (z,y) € RN (y,z) € R """ n)
apply (induct n arbitrary: z z)
apply (blast intro: rel-pow-0-1 elim: rel-pow-0-E rel-pow-Suc-E)
apply (blast intro: rel-pow-Suc-I elim: rel-pow-0-F rel-pow-Suc-E)
done

lemma rel-pow-Suc-E2:
(z,2) € R """ Suen = (A\y. (z,y) e R= (y,2) € R ""n= P) = P
by (blast dest: rel-pow-Suc-D2)

lemma rel-pow-Suc-D2":
Veyz (z,y) €R ""nA(y,z) € R— (Jw. (z, w) € RA (w, z) € R """ n)
by (induct n) (simp-all, blast)

lemma rel-pow-E2:
(z,z) €ER ""n= (n=0=1=2= P)
= (Aym.n=8Sucm = (z,y) € R= (y,2) € R ""m = P)
== P
apply (cases n, simp)
apply (cut-tac n=nat and R=R in rel-pow-Suc-D2’, simp, blast)
done

lemma rel-pow-add: R ** (m+n) = R""m O R"™n
by (induct n) auto

lemma rel-pow-commute: ROR “~"n=R ""nOR
by (induct n) (simp, simp add: O-assoc [symmetric|)

lemma rtrancl-imp- UN-rel-pow:
assumes p € R x
shows p € (Un. R " n)
proof (cases p)
case (Pair z y)
with assms have (z, y) € R x by simp
then have (z, y) € (Un. R *" n) proof induct
case base show ?Zcase by (blast intro: rel-pow-0-I)
next
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case step then show Zcase by (blast intro: rel-pow-Suc-I)
qed
with Pair show ?thesis by simp
qed

lemma rel-pow-imp-rtrancl:
assumes p € R " n
shows p € R "«
proof (cases p)
case (Pair z y)
with assms have (z, y) € R """ n by simp
then have (z, y) € R x proof (induct n arbitrary: z y)
case ( then show ?case by simp
next
case Suc then show ?Zcase
by (blast elim: rel-pow-Suc-E intro: rtrancl-into-rtrancl)
qed
with Pair show ?thesis by simp
qed

lemma rtrancl-is- UN-rel-pow:
Rx=(Un. R ""n)
by (blast intro: rtrancl-imp-UN-rel-pow rel-pow-imp-rtrancl)

lemma rtrancl-power:
pER*x«— (In.peE R ""n)
by (simp add: rtrancl-is-UN-rel-pow)

lemma trancl-power:
pER+«—— (In>0.pe R ""n)
apply (cases p)
apply simp
apply (rule iffI)
apply (drule tranclD2)
apply (clarsimp simp: rtrancl-is- UN-rel-pow)
apply (rule-tac z=Suc n in exI)
apply (clarsimp simp: rel-comp-def)
apply fastsimp
apply clarsimp
apply (case-tac n, simp)
apply clarsimp
apply (drule rel-pow-imp-rtrancl)
apply (drule rtrancl-into-trancll) apply auto
done

lemma rtrancl-imp-rel-pow:
pERx=dn.pe R """ n
by (auto dest: rtrancl-imp- UN-rel-pow)
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lemma single-valued-rel-pow:
fixes R :: (‘a * 'a) set
shows single-valued R = single-valued (R "~ n)
apply (induct n arbitrary: R)
apply simp-all
apply (rule single-valuedl)
apply (fast dest: single-valuedD elim: rel-pow-Suc-E)
done

23.5 Setup of transitivity reasoner
ML (

structure Trancl-Tac = Trancl-Tac

(
val r-into-trancl = Q{thm trancl.r-into-trancl};
val trancl-trans = @Q{thm trancl-trans};
val rtrancl-refl = Q{thm rtrancl.rtrancl-refl};
val r-into-rtrancl = Q{thm r-into-rtrancl};
val trancl-into-rtrancl = Q{thm trancl-into-rtrancl};
val rtrancl-trancl-trancl = Q{thm rtrancl-trancl-trancl};
val trancl-rtrancl-trancl = @Q{thm trancl-rtrancl-trancl};
val rtrancl-trans = Q{thm rtrancl-trans};

fun decomp (@Q{const Trueprop} $ t) =
let fun dec (Const (op :, -) $ (Const (Pair, -) $ a $b) $ rel ) =
let fun decr (Const (Transitive-Closure.rtrancl, - ) $ ) = (r,r*)
| decr (Const (Transitive-Closure.trancl, - ) $ r) = (r,r+)
| decr r = (r,r);
val (rel,r) = decr (Envir.beta-eta-contract rel);
in SOME (a,b,rel,r) end
| dec - = NONE
in dec t end
| decomp - = NONE};
);

structure Tranclp-Tac = Trancl-Tac
(
val r-into-trancl = Q{thm tranclp.r-into-trancl};
val trancl-trans = Q{thm tranclp-trans};
val rtrancl-refl = Q{thm rtranclp.rtrancl-refl};
val r-into-rtrancl = Q{thm r-into-rtranclp};
val trancl-into-rtrancl = @Q{thm tranclp-into-rtranclp};
val rtrancl-trancl-trancl = Q{thm rtranclp-tranclp-tranclp};
val trancl-rtrancl-trancl = Q{thm tranclp-rtranclp-tranclp};
val rtrancl-trans = Q{thm rtranclp-trans};

fun decomp (@Q{const Trueprop} $ t) =
let fun dec (rel $ a $ b) =
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let fun decr (Const (Transitive-Closure.rtranclp, - ) $ r) = (r,r%)
| decr (Const (Transitive-Closure.tranclp, - ) $ r) = (r,r+)
| decr r = (r,r);
val (rel,r) = decr rel;
in SOME (a, b, rel, ) end
| dec - = NONE
in dec t end
| decomp - = NONE;
);
)

declaration ( fn - =>
Simplifier.map-ss (fn ss => ss
addSolver (mk-solver’ Trancl (Trancl-Tac.trancl-tac o Simplifier.the-context))
addSolver (mk-solver’ Rtrancl ( Trancl-Tac.rtrancl-tac o Simplifier.the-context))
addSolver (mk-solver’ Tranclp ( Tranclp-Tac.trancl-tac o Simplifier.the-context))
addSolver (mk-solver’ Rtranclp ( Tranclp- Tac.rtrancl-tac o Simplifier.the-context)))

»
Optional methods.

method-setup trancl =
{( Scan.succeed (SIMPLE-METHOD' o Trancl-Tac.trancl-tac) ))
{ simple transitivity reasoner ))
method-setup rtrancl =
{( Scan.succeed (SIMPLE-METHOD' o Trancl-Tac.rtrancl-tac) ))
{ simple transitivity reasoner ))
method-setup tranclp =
{( Scan.succeed (SIMPLE-METHOD' o Tranclp-Tac.trancl-tac) ))
{ simple transitivity reasoner (predicate version) ))
method-setup rtranclp =
{ Scan.succeed (SIMPLE-METHOD' o Tranclp-Tac.rtrancl-tac) )
{ simple transitivity reasoner (predicate version) )

end

24 Wellfounded: Well-founded Recursion

theory Wellfounded

imports Transitive-Closure
uses (Tools/Function/size. ML)
begin

24.1 Basic Definitions

definition wf :: (‘a * 'a) set => bool where
wf(r) == ('P. (lz. (ly. (y,x):r ——> P(y)) ——> P(z)) ——> (lz. P(x)))

definition wfP :: ('a => ‘a => bool) => bool where
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wfP r == uf {(z, y). 7 & y}

lemma wfP-wf-eq [pred-set-conv]: wfP Az y. (z, y) € r) = wf r
by (simp add: wfP-def)

lemma wfUNIVI:
("P z. (ALL z. (ALL y. (y,xz) : r —> P(y)) ——> P(z)) ==> P(z)) ==>
wf (r)
unfolding wf-def by blast

lemmas wfPUNIVI = wfUNIVI [to-pred]

Restriction to domain A and range B. If r is well-founded over their inter-
section, then wf r

lemma wfl:
[| m C A<x> B;
Ng P. [Vz. Vy. (y,z) : 7 ——>Py) —>Pua; z: A 2:B||==>Puz|
==> wfr
unfolding wf-def by blast

lemma wf-induct:
[ wf(r);
Wo.[| ALL y. (y,x): r —> P(y) || ==> P(z)
| ==> P(a)
unfolding wf-def by blast

lemmas wfP-induct = wf-induct [to-pred]

lemmas wf-induct-rule = wf-induct [rule-format, consumes 1, case-names less,
induct set: wf]

lemmas wfP-induct-rule = wf-induct-rule [to-pred, induct set: wfP]

lemma wf-not-sym: wf r ==> (a, ) : r ==> (x, a) ~: r
by (induct a arbitrary: z set: wf) blast

lemma wf-asym:
assumes wf r (a, r) € 1
obtains (z, a) ¢ r
by (drule wf-not-sym[OF assms])
lemma wf-not-refl [simp]: wf r ==> (a, a) ~: r
by (blast elim: wf-asym)

lemma wf-irrefl: assumes wf r obtains (a, a) ¢ r
by (drule wf-not-refl[OF assms])

lemma wf-wellorderl:
assumes wf: wf {(z::a:zord, y). z < y}
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assumes lin: OFCLASS('a::ord, linorder-class)
shows OFCLASS('a::ord, wellorder-class)
using lin by (rule wellorder-class.intro)
(blast intro: class.wellorder-azioms.intro wf-induct-rule [OF wf])

lemma (in wellorder) wf:

wf {(z, y). z <y}
unfolding wf-def by (blast intro: less-induct)

24.2 Basic Results

Point-free characterization of well-foundedness

lemma wfE-pf:
assumes wf: wf R
assumes a: A C R “A
shows A = {}
proof —
{ fix z
from wf have z ¢ A
proof induct
fix  assume Ay. (y,2) e R—=y ¢ A
then have z ¢ R ““ A by blast
with a show z ¢ A by blast
qed
} thus ?thesis by auto
qed

lemma wfl-pf:
assumes a: N\A. ACR “A= A=1{}
shows wf R
proof (rule wfUNIVI)
fix P :: 'a = bool and z
let YA = {z. = Pz}
assume Vz. (Vy. (y,z) € R— Py) — Pz
then have ?A C R “* ?A by blast
with a show P z by blast
qed

Minimal-element characterization of well-foundedness

lemma wfE-min:
assumes wf: wf R and Q: z € @Q
obtains z where z € Q A\y. (v, 2) E R= y ¢ Q
using Q wfE-pf[OF wf, of Q] by blast

lemma wfl-min:
assumes a: A\z Q. 1 € Q = 32€Q.Vy. (y,2) E R — y ¢ Q
shows wf R

proof (rule wfl-pf)
fix A assume b: A C R “ A

439
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{ fix z assume z € A
from a[OF this] b have False by blast

}
thus A = {} by blast
qed

lemma wf-eq-minimal: wf r = (VQ z. z€Q ——> (32€Q. Vy. (y,2)er ——>
y¢Q))

apply auto

apply (erule wfE-min, assumption, blast)

apply (rule wfl-min, auto)

done

lemmas wfP-eq-minimal = wf-eq-minimal [to-pred]

Well-foundedness of transitive closure

lemma wf-trancl:
assumes wf r
shows wf (r"+)
proof —
{
fix P and z
assume induct-step: lz. (Ny. (y, 2) : r"+ ==> Py) ==> Pz
have P x
proof (rule induct-step)
fix y assume (y, z) : 7"+
with wf r» show P y
proof (induct z arbitrary: y)
case (less )
note hyp = Az’ y'. (z', z) : r ==> (y', ') : r"+ ==> P y"
from «(y, z) : r"+> show Py
proof cases
case base
show Py
proof (rule induct-step)
fix y’ assume (y’, y) : r"+
with «(y, ) : » show P y’ by (rule hyp [of v y])
qed
next
case step
then obtain z’ where (z/, z) : r and (y, z') : "+ by simp
then show P y by (rule hyp [of z’ y])
qed
qed
qed
} then show ?thesis unfolding wf-def by blast
qed

lemmas wfP-trancl = wf-trancl [to-pred]
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lemma wf-converse-trancl: wf (r"—1) ==> wf ((r’+)"—1)
apply (subst trancl-converse [symmetric])
apply (erule wf-trancl)
done

Well-foundedness of subsets

lemma wf-subset: [| wf(r); p<=r |] ==> wf(p)
apply (simp (no-asm-use) add: wf-eq-minimal)
apply fast
done

lemmas wfP-subset = wf-subset [to-pred]

Well-foundedness of the empty relation

lemma wf-empty [iff]: wf {}
by (simp add: wf-def)

lemma wfP-empty [iff]:
wfP (Az y. False)
proof —
have wfP bot by (fact wf-empty [to-pred bot-empty-eq2])
then show %thesis by (simp add: bot-fun-eq bot-bool-eq)
qed

lemma wf-Int1: wf r ==> wf (r Int r’)
apply (erule wf-subset)
apply (rule Int-lowerl)
done

lemma wf-Int2: wf r ==> wf (r’' Int r)
apply (erule wf-subset)
apply (rule Int-lower2)
done

Exponentiation

lemma wf-exp:
assumes wf (R "" n)
shows wf R
proof (rule wfl-pf)
fix Aassume A C R “A
then have A C (R """ n) “ A by (induct n) force+
with «wf (R """ n)
show A = {} by (rule wfE-pf)
qed

Well-foundedness of insert

lemma wf-insert [iff]: wf (insert (y,z) r) = (wf(r) & (z,y) ~: r7%)

441
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apply (rule iffI)
apply (blast elim: wf-trancl [THEN wf-irrefl]
intro: rtrancl-into-trancll wf-subset
rtrancl-mono [THEN [2] rev-subsetD))
apply (simp add: wf-eg-minimal, safe)
apply (rule allE, assumption, erule impE, blast)
apply (erule bexE)
apply (rename-tac a, case-tac a = )
prefer 2
apply blast
apply (case-tac y:Q)
prefer 2 apply blast
apply (rule-tac x = {z. 2:Q & (z,y) : "%} in allF)
apply assumption
apply (erule-tac V.= ALL Q. (EX z. z : Q) ——> ?P Q in thin-rl)
— essential for speed

Blast with new substOccur fails

apply (fast intro: converse-rtrancl-into-rtrancl)
done

Well-foundedness of image

lemma wf-prod-fun-image: [| wf r; inj f |] ==> wf(prod-fun f f ‘ r)
apply (simp only: wf-eqg-minimal, clarify)

apply (case-tac EX p. fp : Q)

apply (erule-tac x = {p. fp : Q} in allF)

apply (fast dest: inj-onD, blast)

done

24.3 Well-Foundedness Results for Unions

lemma wf-union-compatible:
assumes wf R wf S
assumes R O S C R
shows wf (R U S)
proof (rule wfl-min)
fix z :: ‘/a and @
let 7Q'={r€ Q. Vy. (y,7) € R — y ¢ Q}
assume z €
obtain a where a € ?Q’
by (rule wfE-min [OF «wf Ry « € @]) blast
with wf S
obtain z where z € ?Q’ and zmin: A\y. (y, 2) € S = y ¢ ?Q’ by (erule
wfE-min)
{
fix y assume (y, z) € S
then have y ¢ ?Q' by (rule zmin)

have y ¢ Q
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proof
assume y €
with «y ¢ 2Q"
obtain w where (w, y) € R and w € Q by auto
from «(w, y) € R «(y, z) € S have (w, z) € R O S by (rule rel-compl)
with (R O S C R) have (w, z) € R ..
with «z € 2Q" have w ¢ @ by blast
with (w € @) show Fualse by contradiction
qed
}
with z € 2Q" show 32€Q.Vy. (y,2) € RUS — y ¢ @ by blast
qed

Well-foundedness of indexed union with disjoint domains and ranges

lemma wf-UN: [| ALL i:1. wf(r 4);
ALL i:1. ALL j:I. r i “= r j ——> Domain(r i) Int Range(r j) = {}
| ==> wf(UN i:I. r 1)
apply (simp only: wf-eqg-minimal, clarify)
apply (rename-tac A a, case-tac EX i:1. EX a:A. EX b:A. (b,a) : 7 1)
prefer 2
apply force
apply clarify
apply (drule bspec, assumption)
apply (erule-tac t={a. a:A & (EX b:A. (b,a) : v i) } in allE)
apply (blast elim!: allE)
done

lemma wfP-SUP:
Vi. wfP (ri) = Vij. ri#rj— inf (DomainP (ri)) (RangeP (rj)) = bot
— wfP (SUPR UNIV r)
by (rule wf-UN [where I=UNIV and r=Xi. {(z, y). riz y}, to-pred SUP-UN-eq2])
(simp-all add: Collect-def)

lemma wf-Union:
[| ALL r:R. wf r;
ALL r:R. ALL s:R. r ~= s ——> Domain r Int Range s = {}
|| ==> wf(Union R)
apply (simp add: Union-def)
apply (blast intro: wf-UN)
done

lemma wf-Un:
[| wfr; wf s; Domain r Int Range s = {} || ==> wf(r Un s)
using wf-union-compatible[of s ]
by (auto simp: Un-ac)

lemma wf-union-merge:
wf (RUS)=wf (RORUSORULS) (is wf ?A = wf ?B)
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proof
assume wf ?A
with wf-trancl have wfT: wf (?4°+) .
moreover have ?B C 24"+
by (subst trancl-unfold, subst trancl-unfold) blast
ultimately show wf ¢B by (rule wf-subset)
next
assume wf 7B

show wf 74

proof (rule wfl-min)
fix Q :: 'a set and x
assume z € @

with wf 7B)
obtain z where z € Q and Ay. (y, 2) € B = y ¢ Q
by (erule wfE-min)
then have A7: A\y. (y,2) E ROR = y ¢ Q
and 42: A\y. (y,2) e SOR =y ¢ Q
and A3: N\y. (y,2) €S =y ¢ Q
by auto

show 32€Q.Vy. (y,2) € 24 — y ¢ Q
proof (cases Vy. (y, z) € R — y ¢ Q)
case True
with <z € @) A3 show ?thesis by blast
next
case Fulse
then obtain 2z’ where 2'€Q (z’, z) € R by blast

have Vy. (y, z2) € PA — y ¢ Q
proof (intro alll impl)
fix y assume (y, z’) € ?4
then show y ¢ @
proof
assume (y, z) € R
then have (y, z) € R O R using «(z/, z) € R ..
with A1 show y ¢ @ .
next
assume (y, z/) € S
then have (y, z) € S O R using «(z/, z) € R) ..
with A2 show y ¢ Q .
ged
qed
with (z’ € @) show ?thesis ..
qed
qed
qed
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lemma wf-comp-self: wf R = wf (R O R) — special case
by (rule wf-union-merge [where S = {}, simplified])

24.4 Acyclic relations

definition acyclic :: ('a * 'a) set => bool where
acyclic r == lz. (z,x) ~: r'+

abbreviation acyclicP :: (‘a => 'a => bool) => bool where
acyclicP r == acyclic {(z, y). r x y}

~

lemma acyclicl: ALL x. (z, ) ~: r"+ ==> acyclic r

by (simp add: acyclic-def)

lemma wf-acyclic: wf r ==> acyclic r
apply (simp add: acyclic-def)

apply (blast elim: wf-trancl [THEN wf-irrefl])
done

lemmas wfP-acyclicP = wf-acyclic [to-pred]

lemma acyclic-insert [iff]:
acyclic(insert (y,z) r) = (acyclic r & (z,y) ~: %)
apply (simp add: acyclic-def trancl-insert)
apply (blast intro: rtrancl-trans)
done

lemma acyclic-converse [iff]: acyclic(r"—1) = acyclic r
by (simp add: acyclic-def trancl-converse)

lemmas acyclicP-converse [iff| = acyclic-converse [to-pred]

lemma acyclic-impl-antisym-rtrancl: acyclic r ==> antisym(r x)

apply (simp add: acyclic-def antisym-def)

apply (blast elim: rtranclE intro: rtrancl-into-trancll rtrancl-trancl-trancl)
done

lemma acyclic-subset: [| acyclic s; r <= s || ==> acyclic r
apply (simp add: acyclic-def)

apply (blast intro: trancl-mono)

done

Wellfoundedness of finite acyclic relations

lemma finite-acyclic-wf [rule-format]: finite r ==> acyclic r ——> wf r
apply (erule finite-induct, blast)

apply (simp (no-asm-simp) only: split-tupled-all)

apply simp
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done

lemma finite-acyclic-wf-converse: [|finite r; acyclic r|] ==> wf (r"—1)
apply (erule finite-converse [THEN iffD2, THEN finite-acyclic-wf))
apply (erule acyclic-converse [THEN iffD2])

done

lemma wf-iff-acyclic-if-finite: finite r ==> wf r = acyclic r
by (blast intro: finite-acyclic-wf wf-acyclic)

24.5 nat is well-founded

lemma less-nat-rel: op < = (Am n. n = Suc m) "++
proof (rule ext, rule ext, rule iffI)
fix n m :: nat
assume m < n
then show (Am n. n = Suc m) "++ m n
proof (induct n)
case 0 then show ?case by auto
next
case (Suc n) then show ?case
by (auto simp add: less-Suc-eg-le le-less intro: tranclp.trancl-into-trancl)
qed
next
fix n m :: nat
assume (Am n. n = Suc m) "++ mn
then show m < n
by (induct n)
(simp-all add: less-Suc-eq-le reflexive le-less)
qed

definition
pred-nat :: (nat * nat) set where
pred-nat = {(m, n). n = Suc m}

definition
less-than :: (nat * nat) set where
less-than = pred-nat ™+

lemma less-eq: (m, n) € pred-nat™+ «—— m < n
unfolding less-nat-rel pred-nat-def trancl-def by simp

lemma pred-nat-trancl-eg-le:
(m, n) € pred-nat™x «—— m < n
unfolding less-eq rtrancl-eq-or-trancl by auto

lemma wf-pred-nat: wf pred-nat
apply (unfold wf-def pred-nat-def, clarify)
apply (induct-tac z, blast+)
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done

lemma wf-less-than [iff]: wf less-than
by (simp add: less-than-def wf-pred-nat [THEN wf-trancl))

lemma trans-less-than [iff]: trans less-than
by (simp add: less-than-def)

lemma less-than-iff [iff]: ((z,y): less-than) = (z<y)
by (simp add: less-than-def less-eq)

lemma wf-less: wf {(z, y::nat). z < y}
using wf-less-than by (simp add: less-than-def less-eq [symmetric))

24.6 Accessible Part

Inductive definition of the accessible part acc r of a relation; see also [?].

inductive-set
acc :: (a * 'a) set => 'a set
for r :: (a x 'a) set
where
accl: Ny. (y, z) : r==>y :accr) ==>2x:accr

abbreviation
termip :: ('a => 'a => bool) => 'a => bool where
termip r == accp (r~t71)

abbreviation
termi :: (a * 'a) set => 'a set where
termi r == acc (r—1)

lemmas accpl = accp.accl

Induction rules

theorem accp-induct:
assumes major: accp r a
assumes hyp: lz. accp rx ==>Vy. ryc ——> Py ==> Pz
shows P a
apply (rule major [THEN accp.induct])
apply (rule hyp)
apply (rule accp.accl)
apply fast
apply fast
done

theorems accp-induct-rule = accp-induct [rule-format, induct set: accp]

theorem accp-downward: accp rb ==> ra b ==> accpr a
apply (erule accp.cases)
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apply fast
done

lemma not-accp-down:

assumes na: — accp R x

obtains z where R z x and — accp R 2
proof —

assume a: A\z. [R z z; = accp R 2] = thesis

show thesis
proof (cases Vz. R zx — accp R z)
case True
hence Az. R z x = accp R z by auto
hence accp R z
by (rule accp.accl)
with na show thesis ..
next
case Fulse then obtain 2z where R z z and — accp R 2
by auto
with o show thesis .
qged
qed

lemma accp-downwards-auz: r** b a ==> accp ra ——> acep r b
apply (erule rtranclp-induct)
apply blast
apply (blast dest: accp-downward)

done

theorem accp-downwards: accp r a ==> r** b a ==> accp rd
apply (blast dest: accp-downwards-aux)
done

theorem accp-wfPI: Vx. accp r x ==> wfP r
apply (rule wfPUNIVT)
apply (induct-tac P z rule: accp-induct)
apply blast
apply blast
done

theorem accp-wfPD: wfP r ==> accp r z
apply (erule wfP-induct-rule)
apply (rule accp.accl)
apply blast
done

theorem wfP-accp-iff: wfP r = (V. accp r x)
apply (blast intro: accp-wfPI dest: accp-wfPD)
done

448
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Smaller relations have bigger accessible parts:

lemma accp-subset:
assumes sub: R1 < R2
shows accp R2 < accp R1
proof (rule predicatell)
fix z assume accp R2 z
then show accp R1 x
proof (induct x)
fix =
assume ih: Ay. R2yx = accp R1y
with sub show accp R1 x
by (blast intro: accp.accl)
qed
qed

This is a generalized induction theorem that works on subsets of the acces-
sible part.

lemma accp-subset-induct:
assumes subset: D < accp R
and del: Az 2. [Daz; Rzz] = D 2
and Dz
and istep: Az. [Dz; (A2. Rz22 = Pz)] = Pz
shows P x
proof —
from subset and (D x)
have accp R © ..
then show P z using (D n
proof (induct x)
fix z
assume D x
and \y. Ryr = Dy = Py
with dcl and istep show P x by blast
qed
qed

Set versions of the above theorems

lemmas acc-induct = accp-induct [to-set]

lemmas acc-induct-rule = acc-induct [rule-format, induct set: acc]
lemmas acc-downward = accp-downward [to-set]

lemmas not-acc-down = not-accp-down [to-set]

lemmas acc-downwards-aur = accp-downwards-auz [to-set]

lemmas acc-downwards = accp-downwards [to-set|
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lemmas acc-wfl = accp-wfPI [to-set]

lemmas acc-wfD = accp-wfPD [to-set]

lemmas wf-acc-iff = wfP-accp-iff [to-set]

lemmas acc-subset = accp-subset [to-set pred-subset-eq]

lemmas acc-subset-induct = accp-subset-induct [to-set pred-subset-eq]

24.7 Tools for building wellfounded relations

Inverse Image

lemma wf-inv-image [simp,intro!]: wf(r) ==> wf (inv-image r (f::'a=>"D))
apply (simp (no-asm-use) add: inv-image-def wf-eq-minimal)

apply clarify

apply (subgoal-tac EX (w::'b) . w : {w. EX (z:'a) . z: Q & (fz = w) })
prefer 2 apply (blast del: allE)

apply (erule allF)

apply (erule (1) notE impE)

apply blast

done

Measure functions into nat

definition measure :: ('a => nat) => (‘a * 'a)set
where measure == inv-image less-than

lemma in-measure[simp|: ((z,y) : measure f) = (fz < fy)
by (simp add:measure-def)

lemma wf-measure [iff]: wf (measure f)
apply (unfold measure-def)

apply (rule wf-less-than [THEN wf-inv-image))
done

Lexicographic combinations

definition
lez-prod :: [('ax’a)set, ("bx'b)set] => (('ax'b)x('ax'b))set
(infixr <xlezx> 80)
where
ra <slexx> rb == {((a,b),(a’,b")). (a,a’) : ra | a=a’ & (b,b’) : b}

lemma wf-lex-prod [introl]: [| wf(ra); wf(rd) || ==> wf(ra <xlexx> rb)
apply (unfold wf-def lex-prod-def)

apply (rule alll, rule impl)

apply (simp (no-asm-use) only: split-paired-All)

apply (drule spec, erule mp)

apply (rule alll, rule impI)
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apply (drule spec, erule mp, blast)
done

lemma in-lex-prod[simp):
(((a,b),(a’,b"): r <slexx> s) = ((a,a’): vV (a = a’ A (b, b)) : 5))
by (auto simp:lez-prod-def)

op <xlexx> preserves transitivity

lemma trans-lez-prod [intro!]:
[| trans R1; trans R2 || ==> trans (R1 <xlexx> R2)
by (unfold trans-def lex-prod-def, blast)

lexicographic combinations with measure functions

definition

mlez-prod :: ('a = nat) = (‘a x 'a) set = (‘a x 'a) set (infixr <xmlexx> 80)
where

[ <xmlex+x> R = inv-image (less-than <xlexx> R) (%ox. (f z, z))

lemma wf-mlex: wf R = wf (f <s¢mlexx> R)
unfolding mlez-prod-def
by auto

lemma mlex-less: fz < fy = (z, y) € f <s*mlexx> R
unfolding mlez-prod-def by simp

lemma mlex-leq: fz < fy = (z,y) € R = (z, y) € [ <«xmlexx> R
unfolding mlez-prod-def by auto

proper subset relation on finite sets

definition finite-psubset :: (‘a set x 'a set) set
where finite-psubset == {(A,B). A < B & finite B}

lemma wf-finite-psubset|[simp|: wf (finite-psubset)

apply (unfold finite-psubset-def’)

apply (rule wf-measure [THEN wf-subset])

apply (simp add: measure-def inv-image-def less-than-def less-eq)
apply (fast elim!: psubset-card-mono)

done

lemma trans-finite-psubset: trans finite-psubset
by (simp add: finite-psubset-def less-le trans-def , blast)

lemma in-finite-psubset[simp]: (A, B) € finite-psubset = (A < B & finite B)
unfolding finite-psubset-def by auto
max- and min-extension of order to finite sets

inductive-set maz-ext :: ('a x 'a) set = ('a set x 'a set) set
for R :: (Ya x 'a) set
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where
maz-ext] [intro]: finite X = finite Y = Y # {} = (A\z. z € X = JyeY.
(z,y) € R) = (X, Y) € maz-ext R

lemma maz-ext-wf:
assumes wf: wf r
shows wf (maz-ext r)
proof (rule acc-wfl, intro alll)
fix M show M € acc (maz-ext r) (is - € ?W)
proof cases
assume finite M
thus ?thesis
proof (induct M)

show {} € ?W
by (rule accl) (auto elim: maz-ext.cases)
next

fix M a assume M € ?W finite M
with wf show insert a M € ¢W
proof (induct arbitrary: M)
fix M a
assume M € ?W and [intro]: finite M
assume hyp: A\b M. (b, a) € r = M € ?W = finite M = insert b M

{
fix NM :: 'a set

assume finite N finite M

then

have [M € ?W ; (A\y. y e N = (y,a) €r)] = NUM € ?W
by (induct N arbitrary: M) (auto simp: hyp)

}

note add-less = this

IS4

show insert a M € ¢W
proof (rule accl)
fix N assume Nless: (N, insert a M) € maz-ext r
hence asmi: Az.z € N = (z,a) €rV 3y e M. (z,y) €r)
by (auto elim!: maz-ext.cases)

let NI ={neN.(n,a)cr}
let P/N2 ={neN.(n,a)¢r}
have N: ?N1 U ?N2 = N by (rule set-ext) auto
from Nless have finite N by (auto elim: maz-ext.cases)
then have finites: finite ?N1 finite ?N2 by auto

have N2 € ?W
proof cases
assume [simp]: M = {}
have Mw: {} € ?W by (rule accl) (auto elim: maz-ext.cases)
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from asm! have ?N2 = {} by auto
with Mw show ?N2 € ?W by (simp only:)
next
assume M # {}
have N2: (?N2, M) € max-ext r
by (rule maz-extI[OF - - (M # {}]) (insert asm1, auto intro: finites)

with (M € ?W) show ?N2 € ¢?W by (rule acc-downward)
qed
with finites have ?N1 U ?N2 € ?W
by (rule add-less) simp
then show N € ?W by (simp only: N)
qged
qed
qed
next
assume [simp]: — finite M
show ?thesis
by (rule accl) (auto elim: maz-ext.cases)
qed
qed

lemma maz-ext-additive:

(A, B) € maz-ext R = (C, D) € maz-ext R =
(AU C, BU D) € maz-ext R

by (force elim!: maz-ext.cases)

definition

min-ext :: (‘a x 'a) set = ('a set X 'a set) set
where

[code del]: min-ext r ={(X, V)| X Y. X £ {} ANVye Y. Bz e X. (z,y) €
"}

lemma min-ext-wf:
assumes wf r
shows wf (min-ext r)
proof (rule wfl-min)
fix Q :: 'a set set
fix z
assume nonempty: r € Q
show 3m € Q. (VY n. (n, m) € min-ext r — n ¢ Q)
proof cases
assume @ = {{}} thus %thesis by (simp add: min-ext-def)
next
assume Q # {{}}
with nonempty
obtain e z where ©z € @ e € z by force
then have eU: e € | Q by auto
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with «wf m

obtain z where z: z € JQ Ay. (v, 2) e r =y ¢ U Q
by (erule wfE-min)

from z obtain m where m € @ z € m by auto

from im € @

show ?thesis

proof (rule, intro bexI alll impI)
fix n
assume smaller: (n, m) € min-ext v

with (z € m) obtain y where y: y € n (y, 2) € r by (auto simp: min-ext-def)
then show n ¢ @ using 2(2) by auto

qed

qed
qed

24.8 Weakly decreasing sequences (w.r.t. some well-founded
order) stabilize.

This material does not appear to be used any longer.

lemma sequence-trans: [| ALL i. (f (Suc i), fi): r'x || ==> (f (i+k), fi) : r'x
by (induct k) (auto intro: rtrancl-trans)

lemma wf-weak-decr-stable:
assumes as: ALL i. (f (Suc i), fi): r"s wf (r'+)
shows EX i. ALL k. f (i+k) = f1i
proof —
have lem: lz. [| ALL i. (f (Suc i), fi) : r'x wf (r"4) |]
—=> ALLm. fm =x ——> (EX i. ALL k. f (m+i+k) = f (m+1))
apply (erule wf-induct, clarify)
apply (case-tac EX j. (f (m+34), fm) : r°+)
apply clarify
apply (subgoal-tac EX i. ALL k. f ((m+j) +i+k) = f ( (m+j) +i) )
apply clarify
apply (rule-tac x = j+i in exl)
apply (simp add: add-ac, blast)
apply (rule-tac z = 0 in exl, clarsimp)
apply (drule-tac i = m and k = k in sequence-trans)
apply (blast elim: rtranclE dest: rtrancl-into-trancll)
done

from lem[OF as, THEN spec, of 0, simplified]
show ?thesis by auto
qed

lemma weak-decr-stable:

ALL i. f (Suc i) <= ((fi):nat) ==> EX i. ALL k. f (i+k) = f1i
apply (rule-tac r = pred-nat in wf-weak-decr-stable)
apply (simp add: pred-nat-trancl-eg-le)
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apply (intro wf-trancl wf-pred-nat)
done

24.9 size of a datatype value
use Tools/ Function/ size. ML

setup Size.setup

lemma size-bool [code]:
size (b::bool) = 0 by (cases b) auto

lemma nat-size [simp, code]: size (n:nat) = n
by (induct n) simp-all

declare prod.size [no-atp]

lemma [code]:
size (P :: 'a Predicate.pred) = 0 by (cases P) simp

lemma [code]:
pred-size f P = 0 by (cases P) simp

end

25 FunDef: Function Definitions and Termination
Proofs

theory FunDef
imports Wellfounded
uses
Tools / prop-logic. ML
Tools / sat-solver. ML
(Tools | Function/ function-lib. ML)
(Tools / Function / function-common. ML)
(Tools/ Function/ context-tree. ML)
(Tools/ Function / function-core. ML)
(Tools/ Function / sum-tree. ML)
(Tools | FPunction /mutual. ML)
(Tools | Function /pattern-split. ML)
(Tools / Function/ function. ML)
(Tools | Function/relation. ML)
(Tools/ Function / measure-functions. ML)
(Tools/ Function /lexicographic-order. ML)
(Tools | Function [ pat-completeness. ML)
(Tools/ Function/ fun. ML)
(Tools / Function /induction-schema. ML)
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(Tools / Function /termination. ML)

(Tools | Function/scnp-solve. ML)

(Tools / Function/scnp-reconstruct. ML)
begin

25.1 Definitions with default value.

definition
THE-default :: 'a = ('a = bool) = ’'a where
THE-default d P = (if (3!z. P z) then (THE z. P z) else d)

lemma THE-defaultl”: 3lx. P x = P (THE-default d P)
by (simp add: thel’ THE-default-def)

lemma THE-default1-equality:
[3'z. Pxz; Pa] = THE-default d P = a
by (simp add: thel-equality THE-default-def)

lemma THE-default-none:
—(3!z. Px) = THE-default d P = d
by (simp add: THE-default-def)

lemma fundef-exi-ezistence:
assumes f-def: f == (Az::'a. THE-default (d ) (\y. G z y))
assumes exl: Ily. Gz y
shows G z (f z)
apply (simp only: f-def)
apply (rule THE-defaultI”)
apply (rule exl)
done

lemma fundef-ex-uniqueness:
assumes f-def: f == (A\z::'a. THE-default (d ) (\y. G = y))
assumes exl: Ily. Gz y
assumes elm: G z (h z)
shows hz = fz
apply (simp only: f-def)
apply (rule THE-default1-equality [symmetric))
apply (rule ex1)
apply (rule elm)
done

lemma fundef-ex1-iff:
assumes f-def: f == (Az::'a. THE-default (d ) (\y. G z y))
assumes exl: Ily. Gy
shows (Gzy) = (fz =vy)
apply (auto simp:exl f-def THE-default1-equality)
apply (rule THE-defaultl”)
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apply (rule exl)
done

lemma fundef-default-value:
assumes f-def: f == (Az::'a. THE-default (d ) (\y. G z y))
assumes graph: Az y. Gz y = D x
assumes - Dz
shows fz = dx
proof —
have =(3y. G z y)
proof
assume Jy. Gz y
hence D x using graph ..
with (= D 2 show Fulse ..
qed
hence —~(3!y. G z y) by blast

thus ?thesis
unfolding f-def
by (rule THE-default-none)
qed

definition in-rel-def[simp]:
inrel Rexy == (z,y) € R

lemma wf-in-rel:
wf R = wfP (in-rel R)
by (simp add: wfP-def)

use Tools/ Function /function-lib. ML

use Tools/ Function/ function-common. ML
use Tools/ Function/ context-tree. ML

use Tools/Function/ function-core. ML

use Tools/Function/sum-tree. ML

use Tools/Function/mutual. ML

use Tools/ Function/pattern-split. ML

use Tools/ Function/relation. ML

use Tools/ Function/ function. ML

use Tools/Function /pat-completeness. ML
use Tools/Function/fun. ML

use Tools/ Function/induction-schema. ML

setup (
Function.setup
#> Pat-Completeness.setup
#> Function-Fun.setup
#> Induction-Schema.setup

)
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25.2 Measure Functions

inductive is-measure :: ('a = nat) = bool
where is-measure-trivial: is-measure f

use Tools/ Function /measure-functions. ML
setup MeasureFunctions.setup

lemma measure-size[measure-function|: is-measure size
by (rule is-measure-trivial)

lemma measure-fst[measure-function): is-measure f = is-measure (Ap. f (fst p))
by (rule is-measure-trivial)
lemma measure-snd|[measure-function]: is-measure f = is-measure (Ap. f (snd

p))

by (rule is-measure-trivial)

use Tools/Function /lexicographic-order. ML
setup Lexicographic-Order.setup

25.3 Congruence Rules

lemma let-cong [fundef-congl:
M=N= (At.2=N = fo=gz) = Let Mf =Let Ng
unfolding Let-def by blast

lemmas [fundef-cong] =
if-cong image-cong INT-cong UN-cong
bex-cong ball-cong imp-cong

lemma split-cong [fundef-cong):
Azy. (z,y)=qg=fry=gzy) = p=g¢
= split fp = split g q
by (auto simp: split-def)

lemma comp-cong [fundef-cong]:
flogz)=["(9"a)) = (fog)z=(fog)a
unfolding o-apply .

25.4 Simp rules for termination proofs

lemma termination-basic-simps[termination-simp):
z < (yunat) =z < y+ 2z
r<z=—z<y-+z
z<y= z<y+ (z:nal)
z<z= 2z <y+ (z:nat)
z < y= 1z < (y:nat)

by arith+

declare le-imp-less-Suc[termination-simp)
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lemma prod-size-simp[termination-simp):
prod-size f g p = f (fst p) + g (snd p) + Suc 0
by (induct p) auto

25.5 Decomposition

lemma less-by-empty:
A={}= ACB
and wunion-comp-emptyL:
[AoC={}; BOoC={}]=(AUB)OC=1{}
and union-comp-emptyR:
[AOB={};AoC={}]= A0 BUO) ={}
and wf-no-loop:
ROR={} = wfR
by (auto simp add: wf-comp-self [of R])

25.6 Reduction Pairs

definition
reduction-pair P = (wf (fst P) A fst P O snd P C fst P)

lemma reduction-pairl [intro]: wf R = R O S C R = reduction-pair (R, S)
unfolding reduction-pair-def by auto

lemma reduction-pair-lemma:
assumes rp: reduction-pair P
assumes R C fst P
assumes S C snd P
assumes wf S
shows wf (R U 5)
proof —
from rp S C snd P) have wf (fst P) fst P O S C fst P
unfolding reduction-pair-def by auto
with «wf S have wf (fst P U S)
by (auto intro: wf-union-compatible)
moreover from (R C fst P have R U S C fst P U S by auto
ultimately show ?thesis by (rule wf-subset)
qed

definition
rp-inv-image = (A(R,S) f. (inv-image R f, inv-image S f))

lemma rp-inv-image-rp:
reduction-pair P = reduction-pair (rp-inv-image P f)
unfolding reduction-pair-def rp-inv-image-def split-def
by force
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25.7 Concrete orders for SCNP termination proofs

definition pair-less = less-than <xlexx> less-than

definition [code del]: pair-leq = pair-less*=

definition maz-strict = mazx-ext pair-less

definition [code del]: maz-weak = maz-ext pair-leq U {({}, {})}
definition [code del]: min-strict = min-ext pair-less

definition [code del]: min-weak = min-ext pair-leq U {({}, {})}

lemma wf-pair-less[simp]: wf pair-less
by (auto simp: pair-less-def)

Introduction rules for pair-less/pair-leq

lemma pair-legl1: a < b = ((a, s), (b, t)) € pair-leg
and pair-leql2: a < b = s <t = ((a, ), (b, t)) € pair-leq
and pair-lessI1: a < b = ((a, s), (b, t)) € pair-less
and pair-lessI2: a < b = s < t = ((a, 3), (b, t)) € pair-less
unfolding pair-leg-def pair-less-def by auto

Introduction rules for max

lemma smazx-emptyl:
finite Y = Y # {} = ({}, Y) € maz-strict
and smaz-insert!:
[y € Y; (z,y) € pair-less; (X, Y) € maz-strict]) = (insert x X, Y') € maz-strict
and wmaz-emptyl:
finite X = ({}, X) € maz-weak
and wmaz-insertl:
ly € YS; (z, y) € pair-leg; (XS, YS) € maz-weak] = (insert x XS, YS) €
max-weak
unfolding maz-strict-def maz-weak-def by (auto elim!: maz-ext.cases)

Introduction rules for min

lemma smin-emptyl:

X #{} = (X, {}) € min-strict

and smin-insertl:

[x € XS; (z, y) € pair-less; (XS, YS) € min-strict] = (XS, insert y YS) €
min-strict

and wmin-emptyl:

(X, {}) € min-weak

and wmin-insertl:

[x € XS; (z, y) € pair-leg; (XS, YS) € min-weak] = (XS, insert y YS) €
min-weak
by (auto simp: min-strict-def min-weak-def min-ext-def)

Reduction Pairs

lemma maz-ext-compat:

assumes R O S C R

shows maz-ext R O (maz-ext S U {({},{})}) € maz-ext R
using assms
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apply auto

apply (elim maz-ext.cases)

apply rule

apply auto[3]

apply (drule-tac x=zxa in meta-spec)
apply simp

apply (erule bexE)

apply (drule-tac z=zb in meta-spec)
by auto

lemma maz-rpair-set: reduction-pair (maz-strict, maz-weak)
unfolding max-strict-def max-weak-def

apply (intro reduction-pairl maz-ext-wf)

apply simp

apply (rule maz-ext-compat)

by (auto simp: pair-less-def pair-leg-def)

lemma min-ext-compat:
assumes R O S C R
shows min-ext B O (min-ext S U {({},{})}) C min-ext R
using assms
apply (auto simp: min-ext-def)
apply (drule-tac z=ya in bspec, assumption)
apply (erule bexE)
apply (drule-tac x=xc in bspec)
apply assumption
by auto

lemma min-rpair-set: reduction-pair (min-strict, min-weak)
unfolding min-strict-def min-weak-def

apply (intro reduction-pairl min-ext-wf)

apply simp

apply (rule min-ext-compat)

by (auto simp: pair-less-def pair-leg-def)

25.8 Tool setup

use Tools/Function/termination. ML
use Tools/ Function/scnp-solve. ML
use Tools/ Function/scnp-reconstruct. ML

setup (( ScnpReconstruct.setup ))

ML-val — setup inactive
{
Context.theory-map (Function-Common.set-termination-prover
(SenpReconstruct.decomp-senp-tac [ScnpSolve. MAX, ScenpSolve. MIN , Senp-
Solve.MS)))

)
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end

26 Extraction: Program extraction for HOL

theory FExtraction

imports Option

uses Tools/rewrite-hol-proof . ML
begin

26.1 Setup

setup (
FEaxtraction.add-types
((bool, ([, NONE))] #>
Eztraction.set-preprocessor (fn thy =>
Proofterm.rewrite-proof-notypes
([, RewriteHOLProof .elim-cong :: ProofRewriteRules.rprocs true) o
Proofterm.rewrite-proof thy
(RewriteHOLProof .rews,
ProofRewriteRules.rprocs true @ [ProofRewrite Rules.expand-of-class thy]) o
ProofRewriteRules.elim-vars (curry Const @Q{ const-name default}))

)

lemmas [eztraction-expand] =
meta-spec atomize-eq atomize-all atomize-imp atomize-conj
allE rev-mp congE Eq-Truel Eq-Falsel eqTruel eqTrueE eq-cong2
notE’ impE’ impE iffE imp-cong simp-thms eq-True eq-False
induct-forall-eq induct-implies-eq induct-equal-eq induct-conj-eq
induct-atomize induct-atomize’ induct-rulify induct-rulify’
induct-rulify-fallback induct-truel
True-implies-equals TrueE

lemmas [eztraction-expand-def] =
induct-forall-def induct-implies-def induct-equal-def induct-conj-def
induct-true-def induct-false-def

datatype sumbool = Left | Right

26.2 Type of extracted program

extract-type
typeof (Trueprop P) = typeof P

typeof P = Type (TYPE(Null)) = typeof Q = Type (TYPE('Q)) =
typeof (P — Q) = Type (TYPE('Q))

typeof Q@ = Type (TYPE(Null)) = typeof (P — Q) = Type (TYPE(Null))
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typeof P = Type (TYPE('P)) = typeof Q@ = Type (TYPE('Q)) =
typeof (P — Q) = Type (TYPE('P = 'Q))

(Az. typeof (P x)) = (Ax. Type (TYPE(Null))) =
typeof (Vz. P x) = Type (TYPE(Null))

(Az. typeof (P z)) = (\z. Type (TYPE('P))) =
typeof (Vz::'a. P z) = Type (TYPE('a = 'P))

(Az. typeof (P x)) = (Az. Type (TYPE(Null))) =
typeof (x::'a. P z) = Type (TYPE('a))

(A\z. typeof (P x)) = (A\z. Type (TYPE('P))) =
typeof (3z::'a. P z) = Type (TYPE('a x 'P))

typeof P = Type (TYPE(Null)) = typeof Q@ = Type (TYPE(Null)) =
typeof (P V Q) = Type (TYPE(sumbool))

typeof P = Type (TYPE(Null)) = typeof Q = Type (TYPE('Q)) =
typeof (P V Q) = Type (TYPE('Q option))

typeof P = Type (TYPE('P)) = typeof Q = Type (TYPE(Null)) =
typeof (P V Q) = Type (TYPE('P option))

typeof P = Type (TYPE('P)) = typeof Q = Type (TYPE('Q)) =
typeof (P v Q) = Type (TYPE('P + 'Q))

typeof P = Type (TYPE(Null)) = typeof Q = Type (TYPE('Q)) =
typeof (P A Q) = Type (TYPE('Q))

typeof P = Type (TYPE('P)) = typeof Q = Type (TYPE(Null)) =
typeof (P A Q) = Type (TYPE('P))

typeof P = Type (TYPE('P)) = typeof Q = Type (TYPE('Q)) =
typeof (P A Q) = Type (TYPE('P x 'Q))

typeof (P = Q) = typeof (P — Q) A (Q — P))
typeof (z € P) = typeof P

26.3 Realizability

realizability
(realizes t (Trueprop P)) = (Trueprop (realizes t P))

(typeof P) = (Type (TYPE(Null))) =
(realizes t (P — @Q)) = (realizes Null P — realizes t Q)
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(typeof P) = (Type (TYPE('P))) =
(typeof Q) = (Type (TYPE(Null))) =
(realizes t (P — @Q)) = (Vx::'P. realizes ¢ P — realizes Null Q)

(realizes t (P — Q)) = (Vx. realizes x P — realizes (t z) Q)

(Az. typeof (P z)) = (Az. Type (TYPE(Null))) =
(realizes t (Vz. P z)) = (V. realizes Null (P z))

(realizes t (Vx. P x)) = (V. realizes (¢t z) (P x))

(Az. typeof (P z)) = (Az. Type (TYPE(Null))) =
(realizes t (3x. P z)) = (realizes Null (P t))

(realizes t (Jz. P x)) = (realizes (snd t) (P (fst t)))

(typeof P) = (Type (TYPE(Null))) =
(typeof Q) = (Type (TYPE(Null))) =
(realizes t (P V Q)) =
(case t of Left = realizes Null P | Right = realizes Null Q)

(typeof P) = (Type (TYPE(Null))) =
(realizes t (P V Q)) =
(case t of None = realizes Null P | Some q = realizes q Q)

(typeof Q) = (Type (TYPE(Null))) =
(realizes t (P V Q)) =
(case t of None = realizes Null Q | Some p = realizes p P)

(realizes t (P V Q)) =
(case t of Inl p = realizes p P | Inr ¢ = realizes q Q)

(typeof P) = (Type (TYPE(Null))) =
(realizes t (P N Q)) = (realizes Null P A realizes t Q)

(typeof Q) = (Type (TYPE(Null))) =
(realizes t (P N Q)) = (realizes t P A realizes Null Q)

(realizes t (P N Q)) = (realizes (fst t) P A realizes (snd t) Q)

typeof P = Type (TYPE(Null)) =
realizes t (= P) = — realizes Null P

typeof P = Type (TYPE('P)) =
realizes t (= P) = (Vxz::'P. — realizes z P)

typeof (P::bool) = Type (TYPE(Null)) =
typeof @ = Type (TYPE(Null)) =
realizes t (P = Q) = realizes Null P = realizes Null Q
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(realizes t (P = Q)) = (realizes t (P — Q) A (Q — P)))

26.4 Computational content of basic inference rules

theorem disjE-realizer:
assumes 7: case x of Inlp = Pp | Inr ¢ = Q ¢
and r1: Ap. Pp = R (fp) and 72: A\q. @ ¢ = R (g q)
shows R (case x of Inl p = fp | Inr ¢ = g q)
proof (cases x)
case Inl
with r show ?thesis by simp (rule r1)
next
case Inr
with r show ?thesis by simp (rule r2)
qed

theorem disjE-realizer?:
assumes r: case x of None = P | Some ¢ = Q ¢
and r1: P = R f and 72: Aq. @ ¢ = R (g q)
shows R (case z of None = f | Some ¢ = ¢ q)
proof (cases x)
case None
with r show ?thesis by simp (rule r1)
next
case Some
with r show ?thesis by simp (rule r2)
qed

theorem disjE-realizer3:

assumes r: case ¢ of Left = P | Right = Q

and r1: P= Rfand r2: Q = R g

shows R (case z of Left = f | Right = g)
proof (cases )

case Left

with r show ?thesis by simp (rule r1)
next

case Right

with r show ?thesis by simp (rule r2)
qed

theorem conjl-realizer:
Pp= Qq= P (fst (p, ¢)) N Q (snd (p, q))
by simp

theorem exl-realizer:
Pyx = P (snd (z, y)) (fst (z, y)) by simp

theorem exE-realizer: P (snd p) (fst p) =
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Aey Pye = Q (fry)) = Q (let (z,y) = pinfry)
by (cases p) (simp add: Let-def)

theorem exE-realizer’: P (snd p) (fst p) =
(Azty. Pyz = Q) = Q by (cases p) simp

realizers
impl (P, Q): Apg. pq
A(e:-)(d:-)PQupq(h:-).alll ---c-(Azx. impl----- (h - )

impl (P): Null
A(c:-)PQ (h:-).alll --+c-(Ax. impl----- (h - z))

impl (Q): A\q. ¢ A (¢: -) P Q q. impl - - - -

impl: Null impl

mp (P, Q): Apq. pq

A(c:-)(d:-) PQupq (h:-)p.mp----- (spec - --p-c-h)
mp (P): Null
A(c:-)PQ (h:-)p.mp----- (spec - --p-c-h)

mp (Q): Ag.- g A (¢:-) P Qg.mp----

mp: Null mp

alll (P): Ap.pA(c:-)P(d:-)p.alll ---d

alll: Null alll

spec (P): Adxp.px A(c:-) Pz (d:-) p. spec---x+d

spec: Null spec

ex] (P): Az p. (z, p) A (¢: -) Pz (d: -) p. exl-realizer - P - p-x-c-d
exI: Ax. x A Pz (c¢:-) (h:-). h

exls (P, Q): Ap pg. let (z, y) = pinpgzy
A(e:-)(d:-) PQ (e:-)p (h:-) pq. exE-realizer - P -p-Q -pg-c-e-d-h

exE (P): Null
A (¢:-) PQ (d:-) p. exE-realizer’ - - - - - - - c-d

exE (Q): Az pg. pq x
A(e:-) PQ(d:-)z (hl:-)pg (h2:-). h2 -z - hl

exE: Null
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APQ(c:-)z (hi:-) (h2:-). h2 -z - hi

congl (P, Q): Pair
A(e:-)(d:-) PQp (h:-)q. conjl-realizer - P -p-Q -q-c-d-h

congl (P): Ap. p
A (¢:-) P@Qp. congl - - -

congl (Q): Aq. q
A(e:-) PQ (h:-)q. congl - -+ - - h

congl: Null conjl

congunctl (P, Q): fst
A (c:-) (d: -) P Q pq. conjunct] - - - -

conjunctl (P): Ap. p
A (¢: -) P @ p. conjunct! - - - -

conjunct! (Q): Null
A (¢e: -) P Q q. conjunct! - - - -

conjunctl: Null conjunctl

conjunct2 (P, Q): snd
A (e:-) (d: -) P Q pq. conjunct2 - - - -

conjunct2 (P): Null
A (¢:-) P @ p. conjunct2 - - - -

conjunct2 (Q): Ap. p
A (¢: -) P Q p. conjunct2 - - - -

conjunct2: Null conjunct2

disjI1 (P, Q): Inl

Ae:-)(d:-) PQyp.iffD2----- (sum.cases-1 - P - - - p - arity-type-bool - ¢
disjI1 (P): Some

A(c:-) PQp.iffD2 - - (option.cases-2 - - - P - p - arity-type-bool - ¢)
disjI1 (Q): None

A(c:-)PQ.iffD2 - -+ -+ (option.cases-1 - - - - - arity-type-bool - c)
disjl1: Left

APQ.iffD2 - -- -- (sumbool.cases-1 - - - - - arity-type-bool)

disjI2 (P, Q): Inr
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A(d:-)(e:-) QPgq. iffD2----- (sum.cases-2 - - - Q - q - arity-type-bool -
c-d)
disjI2 (P): None
A(c:-) QP.iffD2 - - - (option.cases-1 - - - - - arity-type-bool -+ ¢)
disjI2 (Q): Some
A(c:-) QPgq. iffD2 - - - - (option.cases-2 - - - Q - q - arity-type-bool - c)
disjI2: Right
ANQP.iffD2 - - - (sumbool.cases-2 - - - - - arity-type-bool)
disjE (P, @, R): A\pq pr qr.
(case pq of Inl p = prp | Inr q = qr q)
A(e:-)(d:-)(e:-) PQRpg (hl:-) pr (h2:-) qr.
disjE-realizer - -+ --pq- R -pr-qr-c+d-e-hl - h2
disjE (@, R): Apq pr qr.
(case pq of None = pr | Some q¢ = qr q)
A(c:-)(d:-) PQRpq (hi:-)pr (h2:-) gr.
disjB-realizer2 - - - --pq - R -pr-qr-c-+d-hl - h2
disjE (P, R): A\pq pr qr.
(case pq of None = qr | Some p = pr p)
A(e:-)(d:-) PQRpq(hi:-)pr (h2:-) gr (hS: -).
disjE-realizer2 - - - - - pq-R-qr-pr-c-d-hl-h8-h2
disjE (R): Apq pr qr.
(case pq of Left = pr | Right = qr)
A(c:-) PQRpq (hi:-)pr (h2:-) gr.
disjF-realizers - - - - - pq-R-pr-qr-c-hl-h2
disjE (P, Q): Null
A (c:-) (d: -) P QR pq. disjE-realizer - - - - - pq - (Ax. R) - - - - c-d-
arity-type-bool
disjE (Q): Null
A (¢:-) P QR pq. disjE-realizer2 - -+ - - pq - (Ax. R) - -+ - - ¢ + arity-type-bool
disjE (P): Null
A (e:-) PQRpg (hi:-) (h2:-) (h3: -).
disjE-realizer2 - - - - - pqg - (Az. R) -+ -- ¢ - arity-type-bool « h1 - h3 - h2
disjE: Null
A P Q R pq. disjE-realizery - - - - - pg - (Az. R) - -+ - arity-type-bool

FalseE (P): default
A (¢: -) P. FalseE - -
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FualseE: Null FalseE

notl (P): Null
A(e:-)P(h:-).alll ---c-(Az. notl ---(h-zx))

notl: Null notl

notE (P, R): \p. default
A(e:-)(d:-) PR (h:-) p. notEl - - - - - (spec - --p-c-h)

notE (P): Null
A(c:-) PR (h:-) p. notE - -+ - (spec - --p-c-h)

notE (R): default
A (c:-) PR. notE - - - -

notE: Null notE

subst (P): As t ps. ps
A(e:-)stP(d:-) (h:-) ps. subst -s-t-Pps-d-h

subst: Null subst

iffD1 (P, Q): fst
A (d:-) (e:-) Q@ P pq (h: -) p.
mp - - - (spec - -+ p - d - (conjunctl - - - - - h))

iffD1 (P): Ap. p
Alc:-)QPp(h:-).mp----- (conjunctl - - - - - h)

iff D1 (Q): Null
A(e:-) QP gl (h:-) q2.
mp - - - (spec - - - q2 - ¢+ (conjunctl - - - -+ h))

iffD1: Null iffD1
iffD2 (P, Q): snd

A (c:-) (d:-) P Qpq (h: ) q.
mp .- - (spec + - q - d - (conjunct2 - - - - - h))

iff D2 (P): Ap. p
A(e:-)PQp (h:-).mp----- (conjunct2 - - - - - h)

iffD2 (Q): Null
A(c:-) P@Qaql (h:-) q2.
mp - - - (spec - - - q2 - ¢+ (conjunct2 - - - -+ h))

iffD2: Null iffD2
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il
A

P, Q): Pair

c:-) (d:-) P Qupq (ht:-)qp (h2 : -). conjl-realizer -
Apg.Vz. Px — @Q (pq x)) - pq -

Agp. Vo. Qz — P (gp z)) - qp -

arity-type-fun - ¢ - d) -

arity-type-fun - d - c) -

PR ey

all - -+c+(Az.impl - - - (h1 - z))) -
aolll ---d- Az impl----- (h2 - 1)))
iffT (P): Ap. p
A(e:-)PQ(hl:-)p (h2:-). congl - -+ -+
(all - -+ c+ (A z. impl - - -+ (h1 - z))) -
(impl - - - - - h2)
iffl (Q): Aq- ¢
A(c:-)PQq (h1:-)(h2:-). comgl --- -~
(impIl - - - - - h1)
(alll -+--c+(Az. impl----- (h2 - 1)))

T Null iffl

end

27 Plain: Plain HOL

theory Plain
imports Datatype Record FunDef Extraction
begin

Plain bootstrap of fundamental HOL tools and packages; does not include
Hilbert-Choice.

ML { path-add ~~ /src/HOL/ Library )

end

28 Big-Operators: Big operators and finite (non-
empty) sets

theory Big-Operators

imports Plain

begin

28.1 Generic monoid operation over a set

no-notation times (infixl x 70)
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no-notation Groups.one (1)

locale comm-monoid-big = comm-monoid +
fixes F' :: ('b = 'a) = b set = 'a
assumes F-eq: F g A = (if finite A then fold-image (op %) g 1 A else 1)

sublocale comm-monoid-big < folding-image proof
qed (simp add: F-eq)

context comm-monoid-big
begin

lemma infinite [simp]:
- finite A= FgA=1
by (simp add: F-eq)

end

for ad-hoc proofs for fold-image

lemma (in comm-monoid-add) comm-monoid-mult:
class.comm-monoid-mult (op +) 0
proof qed (auto intro: add-assoc add-commute)

notation times (infixl x 70)
notation Groups.one (1)

28.2 Generalized summation over a set

definition (in comm-monoid-add) setsum :: ('b = 'a) => 'b set => 'a where
setsum f A = (if finite A then fold-image (op +) f 0 A else 0)

sublocale comm-monoid-add < setsum!: comm-monoid-big op + 0 setsum proof
qed (fact setsum-def)

abbreviation
Setsum (> - [1000] 999) where
S A == setsum (%z. ) A

Now: lot’s of fancy syntax. First, setsum (Az. e) A is written > z€A. e.

syntax

-setsum :: pttrn => 'a set => 'b => 'br:comm-monoid-add  ((3SUM -:-. -) [0,
51, 10] 10)
syntax (zsymbols)

-setsum :: pttrn => 'a set => ‘b => 'b::comm-monoid-add  ((8Y_ -€-. -) [0,
51, 10] 10)
syntax (HTML output)

-setsum :: pttrn => 'a set => 'b => 'bucomm-monoid-add  ((3>_ -€-. -) [0,
51, 10] 10)
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translations — Beware of argument permutation!
SUM i:A. b == CONST setsum (%i. b) A
> i€A. b == CONST setsum (%i. b) A

Instead of > ze{x. P}. e we introduce the shorter ) z|P. e.

syntax

-gsetsum :: pttrn = bool = 'a = 'a ((3SUM - |/ -./ -) [0,0,10] 10)
syntax (zsymbols)

-gsetsum :: pttrn = bool = 'a = 'a ((3>_-| (-)./ -) [0,0,10] 10)
syntax (HTML output)

-gsetsum :: pttrn = bool = 'a = 'a ((8>_-| (-)./ -) [0,0,10] 10)

translations
SUM z|P. t => CONST setsum (%z. t) {z. P}
> x|P. t => CONST setsum (%ox. t) {z. P}

print-translation
let
fun setsum-tr’ [Abs (z, Tx, t), Const (Q{const-syntaz Collect}, -) $ Abs (y, Ty,
p) =
if x <> y then raise Match
else
let
val ' = Syntax.mark-bound z;
val t' = subst-bound (x', t);
val P’ = subst-bound (z', P);
in Syntaz.const Q{syntaz-const -gsetsum} $ Syntax.mark-bound © $ P’ $
t' end
| setsum-tr’ - = raise Match;
in [(@Q{ const-syntax setsum}, setsum-tr’)] end

)

lemma setsum-empty:
setsum f {} = 0
by (fact setsum.empty)

lemma setsum-insert:
finite F ==> a ¢ F ==> setsum [ (insert a F) = f a + setsum [ F
by (fact setsum.insert)

lemma setsum-infinite:
~ finite A ==> setsum fA = 0
by (fact setsum.infinite)

lemma (in comm-monoid-add) setsum-reindex:
assumes inj-on f B shows setsum h (f * B) = setsum (h o f) B
proof —
interpret comm-monoid-mult op + 0 by (fact comm-monoid-mult)
from assms show ?thesis by (auto simp add: setsum-def fold-image-reindex
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dest!: finite-imageD)
qed

lemma (in comm-monoid-add) setsum-reindez-id:
inj-on f B ==> setsum f B = setsum id (f ‘ B)
by (simp add: setsum-reindex)

lemma (in comm-monoid-add) setsum-reindez-nonzero:
assumes [S: finite S
and nz: Nzy.z€S —=yeS=uv#y=fo=fy= h(fz)=20
shows setsum h (f < S) = setsum (h o f) S
using nz
proof (induct rule: finite-induct] OF fS])
case 1 thus ?case by simp
next
case (2z F)
{assume fzF: fz € f ‘' F hence dy € F . fy = fz by auto
then obtain y where y: y € F fz = fy by auto
from 2.hyps y have zy: © # y by auto

from 2.prems[of z y] 2.hyps zy y have h0: h (f z) = 0 by simp
have setsum h (f “ insert z F) = setsum h (f  F) using fxF by auto

also have ... = setsum (h o f) (insert z F)
unfolding setsum.insert[OF (finite F) x¢F)]
using h0
apply simp

apply (rule 2.hyps(3))
apply (rule-tac y=y in 2.prems)
apply simp-all
done
finally have ?case .}
moreover
{assume frF: fz ¢ f‘F
have setsum h (f “insert  F) = h (f z) + setsum h (f * F)
using frF' 2.hyps by simp

also have ... = setsum (h o f) (insert z F)
unfolding setsum.insert[OF (finite F) (x¢F)]
apply simp

apply (rule cong [OF refl [of op + (h (f ))])
apply (rule 2.hyps(3))
apply (rule-tac y=y in 2.prems)
apply simp-all
done
finally have ?case .}
ultimately show ?case by blast
qed

lemma (in comm-monoid-add) setsum-cong:
A=B==> (Nz. z:B ==> fz = gx) ==> setsum f A = setsum g B
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by (cases finite A) (auto intro: setsum.cong)

lemma (in comm-monoid-add) strong-setsum-cong [cong]:
A=B==> (llz. ©:B =simp=> fz =g x)
==> setsum (%z. fz) A = setsum (%z. g ) B
by (rule setsum-cong) (simp-all add: simp-implies-def)

lemma (in comm-monoid-add) setsum-cong2: [N\z. 2 € A = fz = g z] =
setsum f A = setsum g A
by (auto intro: setsum-cong)

lemma (in comm-monoid-add) setsum-reindex-cong:
[linj-on fA; B =f‘A;Na. a:A = ga = h (f a)l]
==> setsum h B = setsum g A
by (simp add: setsum-reindex cong: setsum-cong)

lemma (in comm-monoid-add) setsum-0[simp|: setsum (%i. 0) A = 0
by (cases finite A) (erule finite-induct, auto)

lemma (in comm-monoid-add) setsum-0": ALL a:A. fa = 0 ==> setsum f A =
0
by (simp add:setsum-cong)

lemma (in comm-monoid-add) setsum-Un-Int: finite A ==> finite B ==>
setsum g (A Un B) + setsum g (A Int B) = setsum g A + setsum g B
— The reversed orientation looks more natural, but LOOPS as a simprule!
by (fact setsum.union-inter)

lemma (in comm-monoid-add) setsum-Un-disjoint: finite A ==> finite B
==> A Int B = {} ==> setsum g (A Un B) = setsum g A + setsum g B
by (fact setsum.union-disjoint)

lemma setsum-mono-zero-left:
assumes [T finite T and ST: S C T
and z:Vie T — S. fi=10
shows setsum f S = setsum f T
proof—
have e¢: T = S U (T — S) using ST by blast
have d: S N (T — S) = {} using ST by blast
from fT ST have f: finite S finite (T — S) by (auto intro: finite-subset)
show ?thesis
by (simp add: setsum-Un-disjoint[OF f d, unfolded eq[symmetric]] setsum-0'[OF
z])
qed

lemma setsum-mono-zero-right:
finite T—= S CT=VieT—-S5.fi=0= setsum f T = setsum [ S
by (blast intro!: setsum-mono-zero-left[symmetric])
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lemma setsum-mono-zero-cong-left:
assumes [T finite T and ST: S C T
and z:Vie T — S.gi=10
and fg: A\e. 2 € S = faz =gz
shows setsum f S = setsum g T
proof—
have e¢: T = S U (T — S) using ST by blast
have d: S N (T — S) = {} using ST by blast
from fT ST have f: finite S finite (T — S) by (auto intro: finite-subset)
show ?thesis
using fg by (simp add: setsum-Un-disjoint[OF f d, unfolded eq[symmetric]|
setsum-0'[OF z])
qed

lemma setsum-mono-zero-cong-right:
assumes f7T: finite T and ST: S C T
and z:Vie T — S. fi=10
and fg: A\e.z € S = fz =gz
shows setsum f T = setsum g S
using setsum-mono-zero-cong-left|OF fT ST z] fg[symmetric] by auto

lemma setsum-delta:
assumes fS: finite S
shows setsum (k. if k=a then b k else 0) S = (if a € S then b a else 0)
proof—
let ?f = (M\k. if k=a then b k else 0)
{assume a: a ¢ S
hence V ke S. ?fk = 0 by simp
hence %thesis using a by simp}
moreover
{assume a: a € S
let 24 =25 — {a}
let B = {a}
have eq: S = ?A U ?B using a by blast
have dj: ?A N ?B = {} by simp
from fS have fAB: finite ?A finite 7B by auto
have setsum ?f S = setsum ?f ?A + setsum ?f 7B
using setsum-Un-disjoint|OF fAB dj, of ?f, unfolded eq[symmetric]|
by simp
then have ?thesis using a by simp}
ultimately show ?thesis by blast
qged
lemma setsum-delta”:
assumes fS5: finite S shows
setsum (k. if a = k then b k else 0) S =
(if a€ S then b a else 0)
using setsum-delta|OF fS, of a b, symmetric]
by (auto intro: setsum-cong)
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lemma setsum-restrict-set:

assumes fA: finite A

shows setsum f (A N B) = setsum (Az. if © € B then fz else 0) A
proof—

from fA have fab: finite (A N B) by auto

have aba: A N B C A by blast

let 99 = Az. if x € ANDB then f x else 0

from setsum-mono-zero-left|OF fA aba, of %g|

show ?thesis by simp
qed

lemma setsum-cases:
assumes fA: finite A
shows setsum (Az. if P x then fz else gz) A =
setsum f (A N {z. P x}) + setsum g (AN — {z. P z})
proof—
have a: A=ANn{z. Pz} UAN —{z. Pz}
(An{z. Pzy)n (AN —{z. Pz}) ={}
by blast+
from fA
have f: finite (A N {z. P z}) finite (A N —{z. P z}) by auto
let ?2g = Az. if P x then fz else g x
from setsum-Un-disjoint[OF f a(2), of ?g] a(1)
show ?thesis by simp
qed

lemma (in comm-monoid-add) setsum-UN-disjoint:

assumes finite [ and ALL i:I. finite (A i)

and ALL i:I. ALL j:I. i #j ——> AiInt Aj = {}

shows setsum f (UNION I A) = (> i€l. setsum f (A 7))
proof —

interpret comm-monoid-mult op + 0 by (fact comm-monoid-mult)

from assms show ?thesis by (simp add: setsum-def fold-image- UN-disjoint cong:
setsum-cong)
qed

No need to assume that C'is finite. If infinite, the rhs is directly 0, and |J C
is also infinite, hence the lhs is also 0.

lemma setsum-Union-disjoint:
[| (ALL A:C. finite A);
(ALL A:C. ALL B:C. A# B ——> A Int B ={}) ||
==> setsum f (Union C) = setsum (setsum f) C
apply (cases finite C)
prefer 2 apply (force dest: finite-UnionD simp add: setsum-def)
apply (frule setsum-UN-disjoint [of C id f])
apply (unfold Union-def id-def, assumption+)
done
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lemma (in comm-monoid-add) setsum-Sigma:

assumes finite A and ALL z:A. finite (B )

shows (3" z€A. O yeBz. fzy)) = (O (x,y)e(SIGMA z:A. Bzx). fzy)
proof —

interpret comm-monoid-mult op + 0 by (fact comm-monoid-mult)

from assms show ?thesis by (simp add: setsum-def fold-image-Sigma split-def
cong: setsum-cong)
qged

Here we can eliminate the finiteness assumptions, by cases.

lemma setsum-cartesian-product:

(Cwed. (N yeB. fay) = (X (ay) € A <x> B. fay)
apply (cases finite A)
apply (cases finite B)

apply (simp add: setsum-Sigma)
apply (cases A={}, simp)
apply (simp)
apply (auto simp add: setsum-def

dest: finite-cartesian-productD1 finite-cartesian-productD2)

done

lemma (in comm-monoid-add) setsum-addf: setsum (%x. fx + g x) A = (setsum
f A+ setsum g A)
by (cases finite A) (simp-all add: setsum.distrib)

28.2.1 Properties in more restricted classes of structures

lemma setsum-SucD: setsum f A = Sucn ==> EX a:A. 0 < fa
apply (case-tac finite A)

prefer 2 apply (simp add: setsum-def)

apply (erule rev-mp)

apply (erule finite-induct, auto)

done

lemma setsum-eq-0-iff [simp):
finite F ==> (setsum f F = 0) = (ALL a:F. f a = (0::nat))
by (induct set: finite) auto

lemma setsum-eq-SucO-iff: finite A =
(setsum f A = Suc 0) = (EX a:A. fa = Suc 0 & (ALL b:A. a#b — fb = 0))
apply (erule finite-induct)
apply (auto simp add:add-is-1)
done

lemmas setsum-eq-1-iff = setsum-eq-SucO-iff [simplified One-nat-def[symmetric])

lemma setsum-Un-nat: finite A ==> finite B ==>
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(setsum f (A Un B) :: nat) = setsum f A + setsum f B — setsum f (A Int B)
— For the natural numbers, we have subtraction.
by (subst setsum-Un-Int [symmetric], auto simp add: algebra-simps)

lemma setsum-Un: finite A ==> finite B ==>
(setsum f (A Un B) :: 'a :: ab-group-add) =
setsum f A + setsum f B — setsum f (A Int B)
by (subst setsum-Un-Int [symmetric], auto simp add: algebra-simps)

lemma (in comm-monoid-add) setsum-eg-general-reverses:
assumes [S: finite S and fT: finite T
and kh: Ay.ye T = kye SAh(ky) =y
and hk: N\o.z € S=hax e T ANk (hz)=azANg(hz)=Ffz
shows setsum f S = setsum g T
proof —
interpret comm-monoid-mult op + 0 by (fact comm-monoid-mult)
show ?thesis
apply (simp add: setsum-def fS fT)
apply (rule fold-image-eq-general-inverses)
apply (rule fS)
apply (erule kh)
apply (erule hk)
done
qed

lemma (in comm-monoid-add) setsum-Un-zero:
assumes [S: finite S and fT: finite T
and 10:Vx € SNT. fx =0
shows setsum f (S U T) = setsum [ S + setsum f T
proof —
interpret comm-monoid-mult op + 0 by (fact comm-monoid-mult)
show ?thesis
using fS fT
apply (simp add: setsum-def)
apply (rule fold-image-Un-one)
using 10 by auto
qed

lemma setsum-UNION-zero:
assumes [fS: finite S and fSS: VT € S. finite T
and f0: ANT1 T2 z. T1eS = T2eS —= T1 # T2 —= 12 € Tl = z € T2
= fz =10
shows setsum f (US) = setsum (AT. setsum f T) S
using fSS f0
proof (induct rule: finite-induct] OF fS])
case 1 thus ?case by simp
next
case (2 TF)
then have fTF: finite TV T€F. finite T finite F and TF: T ¢ F
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and H: setsum f (|J F) = setsum (setsum f) F by auto
from fTF have fUF': finite ((JF) by auto
from 2.prems TF fTF
show ?Zcase
by (auto simp add: H[symmetric| intro: setsum-Un-zero|OF fTF(1) fUF, of
)
qed

lemma setsum-diff1-nat: (setsum f (A — {a}) :: nat) =
(if a:A then setsum f A — [ a else setsum f A)

apply (case-tac finite A)

prefer 2 apply (simp add: setsum-def)

apply (erule finite-induct)

apply (auto simp add: insert-Diff-if )

apply (drule-tac a = a in mk-disjoint-insert, auto)

done

lemma setsum-diff1: finite A =
(setsum f (A — {a}) :: ('a::ab-group-add)) =
(if a:A then setsum f A — f a else setsum f A)
by (erule finite-induct) (auto simp add: insert-Diff-if )

lemma setsum-diff1'[rule-format]:

finite A= ac A— O z€A fz)y=Ffa+ (O z€(4—-{a}). fa)
apply (erule finite-induct[where F=A4 and P=% A. (a € A — (> z € A. fz)
=fat (X ze(4—-{a}) f2)))
apply (auto simp add: insert-Diff-if add-ac)
done

lemma setsum-diff1-ring: assumes finite A a € A
shows setsum f (A — {a}) = setsum f A — (f a::'a::ring)
unfolding setsum-diff1 |OF assms] by auto

lemma setsum-diff-nat:
assumes finite B and B C A
shows (setsum f (A — B) :: nat) = (setsum f A) — (setsum f B)
using assms
proof induct
show setsum f (A — {}) = (setsum f A) — (setsum f {}) by simp
next
fix F r assume finF: finite F and znotinF: z ¢ F
and zFinA: insert t F C A
and [H: FF C A = setsum f (A — F) = setsum f A — setsum f F
from znotinF zFinA have zinAF: v € (A — F) by simp
from zinAF have A: setsum f (A — F) — {z}) = setsum f (A — F) — fz
by (simp add: setsum-diff1-nat)
from zFinA have F C A by simp
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with IH have setsum f (A — F) = setsum f A — setsum f F by simp

with A have B: setsum f ((A — F) — {z}) = setsum f A — setsum fF — fz
by simp

from znotinF have A — insert t F = (A — F) — {z} by auto

with B have C: setsum f (A — insert  F) = setsum f A — setsum fF — [z
by simp

from finF znotinF have setsum f (insert x F) = setsum f F + fx by simp

with C have setsum f (A — insert ¢ F') = setsum f A — setsum f (insert z F)
by simp

thus setsum f (A — insert © F) = setsum f A — setsum f (insert x F) by simp

qed

lemma setsum-diff:
assumes le: finite A B C A
shows setsum f (A — B) = setsum f A — ((setsum f B)::('a::ab-group-add))
proof —
from le have finiteB: finite B using finite-subset by auto
show ?thesis using finiteB le
proof induct
case empty
thus ?case by auto
next
case (insert z F)
thus ?case using le finiteB
by (simp add: Diff-insert[where a=z and B=F] setsum-diff1 insert-absorb)
qged
qged

lemma setsum-mono:
assumes le: \i. i€ K = f (i::'a) < ((g ¢)::('b::{ comm-monoid-add, ordered-ab-semigroup-add}))
shows (3" i€K. fi) < (3 ieK. gi)
proof (cases finite K)
case True
thus ?thesis using le
proof induct
case empty
thus ?case by simp
next
case insert
thus ?case using add-mono by fastsimp
qed
next
case Fulse
thus ?thesis
by (simp add: setsum-def)
qed

lemma setsum-strict-mono:
fixes f :: 'a = 'b::{ordered-cancel-ab-semigroup-add,comm-monoid-add}
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assumes finite A A # {}
and !lz. 1A = fax < gz

shows setsum f A < setsum g A

using prems
proof (induct rule: finite-ne-induct)

case singleton thus ?case by simp
next

case insert thus ?case by (auto simp: add-strict-mono)
qed

lemma setsum-negf:
setsum (%ox. — (f z):'a::ab-group-add) A = — setsum f A
proof (cases finite A)
case True thus ?thesis by (induct set: finite) auto
next
case Fulse thus ?thesis by (simp add: setsum-def)
qed

lemma setsum-subtractf:

setsum (%z. ((f x)::'a:ab-group-add) — g z) A =

setsum f A — setsum g A

proof (cases finite A)

case True thus ?thesis by (simp add: diff-minus setsum-addf setsum-negf)
next

case False thus ?thesis by (simp add: setsum-def)
qged

lemma setsum-nonneg:
assumes nn: Vz€A. (0::'a::{ ordered-ab-semigroup-add ,comm-monoid-add}) < f
x
shows 0 < setsum f A
proof (cases finite A)
case True thus ?thesis using nn
proof induct
case empty then show ?Zcase by simp
next
case (insert z F)
then have 0 + 0 < fxz + setsum f F by (blast intro: add-mono)
with insert show ?case by simp
qed
next
case Fulse thus ?thesis by (simp add: setsum-def)
qed

lemma setsum-nonpos:
assumes np: Vz€A. fx < (0::'a::{ordered-ab-semigroup-add,comm-monoid-add})
shows setsum f A < 0

proof (cases finite A)
case True thus ?thesis using np
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proof induct
case empty then show ?case by simp
next
case (insert x F)
then have fz + setsum f F < 0 + 0 by (blast intro: add-mono)
with insert show ?2case by simp
qed
next
case False thus ?thesis by (simp add: setsum-def)
qged

lemma setsum-nonneg-leq-bound:
fixes f :: ‘a = 'b::{ordered-ab-group-add}
assumes finite s Ni. it € s = fi >0 ()i €s.fi)=Bi€s
shows fi < B
proof —
have 0 < (}_ ie€s— {i}. fi)and 0 < fi
using assms by (auto introl: setsum-nonneg)
moreover
have (>, i € s — {i}. fi)+ fi=1B
using assms by (simp add: setsum-diff1)
ultimately show ?thesis by auto
qed

lemma setsum-nonneg-0:
fixes f :: 'a = 'b::{ordered-ab-group-add}
assumes finite s and pos: \ i.1 € s = fi >0
and (D i€s. fi)=0andi:i€s
shows fi =0
using setsum-nonneg-leg-bound[OF assms] pos[OF i] by auto

lemma setsum-mono2:
fixes f :: ‘a = 'b :: ordered-comm-monoid-add
assumes fin: finite B and sub: A C B and nn: A\b. b€ B—A = 0 < fb
shows setsum f A < setsum [ B
proof —
have setsum f A < setsum f A + setsum f (B—A)
by (simp add: add-increasing2|OF setsum-nonneg] nn Ball-def)
also have ... = setsum f (A U (B—A)) using fin finite-subset|OF sub fin]
by (simp add:setsum-Un-disjoint del: Un-Diff-cancel)
also have A U (B—A) = B using sub by blast
finally show ?thesis .
qged

lemma setsum-mono3: finite B ==> A <= B ==>
ALL z: B — A.
0 <= ((f z):'a::{ comm-monoid-add,ordered-ab-semigroup-add}) ==>
setsum f A <= setsum f B
apply (subgoal-tac setsum f B = setsum f A + setsum f (B — A))
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apply (erule ssubst)

apply (subgoal-tac setsum f A + 0 <= setsum f A + setsum f (B — A))

apply simp
apply (rule add-left-mono)
apply (erule setsum-nonneg)
apply (subst setsum-Un-disjoint [THEN sym])
apply (erule finite-subset, assumption)
apply (rule finite-subset)
prefer 2
apply assumption
apply (auto simp add: sup-absorb2)
done

lemma setsum-right-distrib:
fixes [ :: 'a => ('b::semiring-0)
shows r * setsum f A = setsum (%n. v * fn) A
proof (cases finite A)
case True
thus %thesis
proof induct
case empty thus ?case by simp
next
case (insert z A) thus fcase by (simp add: right-distrib)
qed
next
case Fulse thus ?thesis by (simp add: setsum-def)
qed

lemma setsum-left-distrib:
setsum f A x (r:'az:semiring-0) = (3 n€A. fn 1)
proof (cases finite A)
case True
then show ?thesis
proof induct
case empty thus ?case by simp
next
case (insert © A) thus Zcase by (simp add: left-distrib)
qed
next
case Fulse thus ?thesis by (simp add: setsum-def)
qed

lemma setsum-divide-distrib:
setsum f A/ (r:'azfield) = (D ned. fn /1)
proof (cases finite A)
case True
then show ?thesis
proof induct
case empty thus ?case by simp

483
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next
case (insert z A) thus %case by (simp add: add-divide-distrib)
qed
next
case Fulse thus ?thesis by (simp add: setsum-def)
qed

lemma setsum-abs[iff]:
fixes f :: ‘a => ('b::ordered-ab-group-add-abs)
shows abs (setsum f A) < setsum (%i. abs(f 1)) A
proof (cases finite A)
case True
thus ?thesis
proof induct
case emply thus ?case by simp
next
case (insert z A)
thus ?case by (auto intro: abs-triangle-ineq order-trans)
qed
next
case Fulse thus ?thesis by (simp add: setsum-def)
qed

lemma setsum-abs-ge-zero[iff]:
fixes f :: ‘a => ('b::ordered-ab-group-add-abs)
shows 0 < setsum (%i. abs(fi)) A
proof (cases finite A)
case True
thus ?thesis
proof induct
case empty thus ?case by simp
next
case (insert z A) thus %case by auto
qed
next
case Fualse thus ?thesis by (simp add: setsum-def)
qed

lemma abs-setsum-abs[simp]:
fixes f :: ‘a => ('b::ordered-ab-group-add-abs)
shows abs (> acA. abs(f a)) = (O acA. abs(f a))
proof (cases finite A)
case True
thus ?thesis
proof induct
case empty thus ?case by simp
next
case (insert a A)
hence |3 acinsert a A. |f a|| = ||f a| + O] a€A. |f a])| by simp
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also have ... = ||f a| + |D>_ a€A. |f a||| using insert by simp
also have ... = |fa| + |>_ a€A. |f d||
by (simp del: abs-of-nonneg)
also have ... = (}_ a€insert a A. |f a|) using insert by simp
finally show ?Zcase .
qed
next
case Fulse thus ?thesis by (simp add: setsum-def)
qed

lemma setsum-Plus:

fixes A :: ‘a set and B :: 'b set

assumes fin: finite A finite B

shows setsum f (A <+> B) = setsum (f o Inl) A + setsum (f o Inr) B
proof —

have A <+> B = Inl * AU Inr * B by auto

moreover from fin have finite (Inl * A :: ('a + 'b) set) finite (Inr * B :: ('a +
'b) set)

by (auto intro: finite-imagel)

moreover have Inl ‘AN Inr ‘B = ({} = (Ya + 'b) set) by auto

moreover have inj-on (Inl :: '‘a = 'a + 'b) A inj-on (Inr :: 'b = 'a + 'b) B
by (auto intro: inj-onl)

ultimately show ?thesis using fin by (simp add: setsum-Un-disjoint setsum-reindex)
qed

Commuting outer and inner summation

lemma setsum-commute:
(>oi€A. Y jeB. fij) = (D jeB. Y i€A. fij)
proof (simp add: setsum-cartesian-product)
have (> (z,y) € A <x> B. fz y) =
(2 (y,z) € (%(i, §). (4, 4) “ (A x B). fzy)
(is %s = -)
apply (simp add: setsum-reindex [where f = %(i, 7). (4, 1)] swap-inj-on)
apply (simp add: split-def)

done
also have ... = (3 (y,z)eB x A. fz y)
(is - = %)
apply (simp add: swap-product)
done
finally show %s = 2¢ .
qed

lemma setsum-product:
fixes f :: 'a => ('b::semiring-0)
shows setsum f A * setsum g B = (D i€A. Y je€B. fi* g}j)
by (simp add: setsum-right-distrib setsum-left-distrib) (rule setsum-commute)

lemma setsum-mult-setsum-if-ing:
fixes f :: 'a => ('b::semiring-0)
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shows inj-on (%(a,b). fa * gb) (A x B) ==>
setsum f A * setsum g B = setsum id {f a * g b|la b. a:A & b:B}
by (auto simp: setsum-product setsum-cartesian-product
intro!: setsum-reindex-cong[symmetric])

lemma setsum-constant [simp]: (> z € A. y) = of-nat(card A) * y
apply (cases finite A)

apply (erule finite-induct)

apply (auto simp add: algebra-simps)

done

lemma setsum-bounded:
assumes le: Ni. i€A = fi < (K:'a:{semiring-1, ordered-ab-semigroup-add})
shows setsum f A < of-nat(card A) x K
proof (cases finite A)
case True
thus ?thesis using le setsum-mono[where K=A and g = %z. K] by simp
next
case Fulse thus ?thesis by (simp add: setsum-def)
qed

28.2.2 Cardinality as special case of setsum

lemma card-eq-setsum:
card A = setsum (Az. 1) A
by (simp only: card-def setsum-def)

lemma card-UN-disjoint:

finite I ==> (ALL i:1. finite (A i)) ==>

(ALL i:I. ALL j:1. i £ j ——> AiInt Aj={})

==> card (UNION I A) = (> i€l. card(A 7))
apply (simp add: card-eg-setsum del: setsum-constant)
apply (subgoal-tac

setsum (%i. card (A i) I = setsum (%i. (setsum (Yoz. 1) (A 4))) I)

apply (simp add: setsum-UN-disjoint del: setsum-constant)
apply (simp cong: setsum-cong)
done

lemma card-Union-disjoint:
finite C ==> (ALL A:C. finite A) ==>
(ALL A:C. ALL B:C. A# B ——> A Int B = {})
==> card (Union C) = setsum card C

apply (frule card-UN-disjoint [of C id])

apply (unfold Union-def id-def, assumption—+)

done

The image of a finite set can be expressed using fold-image.

lemma image-eq-fold-image:
finite A ==> f ‘A = fold-image (op Un) (%z. {fz}) {} A



THEORY “Big-Operators” 487

proof (induct rule: finite-induct)

case empty then show ?case by simp
next

interpret ab-semigroup-mult op Un

proof qed auto

case insert

then show ?case by simp
qed

28.2.3 Cardinality of products

lemma card-Sigmal [simp]:
[ finite A; ALL a:A. finite (B a) |
= card (SIGMA z: A. Bz) = (> a€A. card (B a))
by (simp add: card-eq-setsum setsum-Sigma del:setsum-constant)

lemma card-cartesian-product: card (A <> B) = card(A) * card(B)
by (cases finite A A finite B)
(auto simp add: card-eq-0-iff dest: finite-cartesian-productD1 finite-cartesian-productD2)

lemma card-cartesian-product-singleton: card({z} <x*> A) = card(A)
by (simp add: card-cartesian-product)

28.3 Generalized product over a set

definition (in comm-monoid-mult) setprod :: ('b = 'a) => 'b set => 'a where
setprod f A = (if finite A then fold-image (op %) f1 A else 1)

sublocale comm-monoid-mult < setprod!: comm-monoid-big op x 1 setprod proof
qed (fact setprod-def)

abbreviation
Setprod (I]- [1000] 999) where
[TA == setprod (%oz. z) A

syntax
-setprod :: pttrn => 'a set => b => 'b::comm-monoid-mult ((8PROD -:-. -)
[0, 51, 10] 10)

syntax (zsymbols)

-setprod :: pttrn => 'a set => 'b => 'bu:comm-monoid-mult ((3][]-€-. -) [0,
51, 10] 10)
syntax (HTML output)

-setprod :: pttrn => 'a set => 'b => 'b::comm-monoid-mult ((3]]-€-. -) [0,
51, 10] 10)

translations — Beware of argument permutation!
PROD i:A. b == CONST setprod (%i. b) A
[1i€A. b == CONST setprod (%i. b) A
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Instead of [[z€{z. P}. e we introduce the shorter [[ z|P. e.

syntax

-gsetprod :: pttrn = bool = 'a = 'a ((3PROD - |/ -./ -) [0,0,10] 10)
syntax (zsymbols)

-gsetprod :: pttrn = bool = 'a = 'a ((3[]-| (-)./ -) [0,0,10] 10)
syntax (HTML output)

-gsetprod :: pttrn = bool = 'a = 'a ((8]]-| (-)./ -) [0,0,10] 10)

translations
PROD z|P. t => CONST setprod (%ox. t) {z. P}
[1z|P. t => CONST setprod (%ox. t) {z. P}

lemma setprod-empty: setprod f {} = 1
by (fact setprod.empty)

lemma setprod-insert: || finite A; a ¢ A || ==>
setprod [ (insert a A) = f a * setprod f A
by (fact setprod.insert)

lemma setprod-infinite: ~ finite A ==> setprod f A = 1
by (fact setprod.infinite)

lemma setprod-reindex:
inj-on f B ==> selprod h (f ¢ B) = setprod (h o f) B
by (auto simp: setprod-def fold-image-reindex dest!:finite-imageD)

lemma setprod-reindez-id: inj-on f B ==> setprod f B = setprod id (f * B)
by (auto simp add: setprod-reindez)

lemma setprod-cong:
A=B==> (llz. :B ==> fz = gz) ==> setprod f A = setprod g B
by (fastsimp simp: setprod-def intro: fold-image-cong)

lemma strong-setprod-cong|congl:
A =B ==> (llz. 2:B =simp=> fz = g x) ==> setprod f A = setprod g B
by (fastsimp simp: simp-implies-def setprod-def intro: fold-image-cong)

lemma setprod-reindez-cong: inj-on f A ==>
B=f‘A==>¢g=hof==> setprod h B = setprod g A
by (frule setprod-reindex, simp)

lemma strong-setprod-reindez-cong: assumes i: inj-on f A
and B: B=f‘Aandeq¢: N\e. 1€ A= gax=(hof)z
shows setprod h B = setprod g A

proof—

have setprod h B = setprod (h o f) A

by (simp add: B setprod-reindex[OF i, of h])
then show ?thesis apply simp

apply (rule setprod-cong)
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apply simp
by (simp add: eq)
qed

lemma setprod-Un-one:
assumes [S: finite S and fT": finite T
and 10:Vx € SNT. fz =1
shows setprod f (S U T) = setprod f S « setprod f T
using fS fT
apply (simp add: setprod-def)
apply (rule fold-image-Un-one)
using 10 by auto

lemma setprod-1: setprod (%i. 1) A = 1

apply (case-tac finite A)

apply (erule finite-induct, auto simp add: mult-ac)
done

lemma setprod-1": ALL a:F. fa =1 ==> setprod f F = 1
apply (subgoal-tac setprod f F = setprod (%x. 1) F)
apply (erule ssubst, rule setprod-1)

apply (rule setprod-cong, auto)

done

lemma setprod-Un-Int: finite A ==> finite B
==> setprod g (A Un B) x setprod g (A Int B) = setprod g A x setprod g B
by (simp add: setprod-def fold-image-Un-Int[symmetric])

lemma setprod-Un-disjoint: finite A ==> finite B
==> A Int B = {} ==> setprod g (A Un B) = setprod g A * setprod g B
by (subst setprod-Un-Int [symmetric], auto)

lemma setprod-mono-one-left:
assumes [T finite T and ST: S C T
and z:Vie T — S. fi=1
shows setprod f S = setprod f T
proof—
have e¢: T = S U (T — S) using ST by blast
have d: S N (T — S) = {} using ST by blast
from fT ST have f: finite S finite (T — S) by (auto intro: finite-subset)
show ?thesis
by (simp add: setprod-Un-disjoint|OF f d, unfolded eq[symmetric]] setprod-1'{OF
)
qed

lemmas setprod-mono-one-right = setprod-mono-one-left [THEN sym]

lemma setprod-delta:



THEORY “Big-Operators” 490

assumes [S: finite S
shows setprod (Ak. if k=a then b k else 1) S = (if a € S then b a else 1)
proof—
let ?f = (A\k. if k=a then b k else 1)
{assume a: a ¢ S
hence V ke S. ?fk = 1 by simp
hence %thesis using a by (simp add: setprod-1 cong add: setprod-cong) }
moreover
{assume a: a € S
let 24 =5 — {a}
let ?B = {a}
have eq: S = ?A U ?B using a by blast
have dj: ?A N ¢B = {} by simp
from fS have fAB: finite ?A finite ?B by auto
have fA1: setprod ?f ?A = 1 apply (rule setprod-1') by auto
have setprod ?f ?A x setprod ?f ?B = setprod ?f S
using setprod-Un-disjoint|OF fAB dj, of ?f, unfolded eq[symmetric|]
by simp
then have %thesis using a by (simp add: fA1 cong add: setprod-cong cong
del: if-weak-cong)}
ultimately show ?thesis by blast
qged

lemma setprod-delta’”:
assumes [S: finite S shows
setprod (Mk. if a = k then b k else 1) S =
(if a€ S then b a else 1)
using setprod-delta[OF fS, of a b, symmetric]
by (auto intro: setprod-cong)

lemma setprod-UN-disjoint:
finite I ==> (ALL i:I. finite (4 i)) ==>
(ALL i:I. ALLj:I. i #£j ——> AiInt Aj ={}) ==>
setprod f (UNION I A) = setprod (%i. setprod f (A i)) I
by (simp add: setprod-def fold-image- UN-disjoint cong: setprod-cong)

lemma setprod-Union-disjoint:
[| (ALL A:C. finite A);
(ALL A:C. ALL B:C. A# B ——> A Int B ={}) ||
==> setprod f (Union C) = setprod (setprod f) C
apply (cases finite C')
prefer 2 apply (force dest: finite-UnionD simp add: setprod-def)
apply (frule setprod-UN-disjoint [of C id f])
apply (unfold Union-def id-def, assumption+)
done

lemma setprod-Sigma: finite A ==> ALL z:A. finite (B 1) ==>
(JTz€A. (Jlye Bz. fzy)) =
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(II(z,y)e(SIGMA x:A. Bx). fzy)
by (simp add:setprod-def fold-image-Sigma split-def cong:setprod-cong)

Here we can eliminate the finiteness assumptions, by cases.

lemma setprod-cartesian-product:
(ITz€A. (ITye B. fzy)) = (Il (z,y)e(A <+> B). fz y)

apply (cases finite A)

apply (cases finite B)

apply (simp add: setprod-Sigma)

apply (cases A={}, simp)

apply (simp add: setprod-1)
apply (auto simp add: setprod-def

dest: finite-cartesian-productD1 finite-cartesian-productD2)

done

lemma setprod-timesf:
setprod (%ox. fx x gx) A = (setprod f A = setprod g A)
by (simp add:setprod-def fold-image-distrib)

28.3.1 Properties in more restricted classes of structures

lemma setprod-eq-1-iff [simp):
finite F ==> (setprod f F = 1) = (ALL a:F. f a = (1::nat))
by (induct set: finite) auto

lemma setprod-zero:
finite A ==> EX z: A. fz = (0::'a::comm-semiring-1) ==> setprod f A = 0
apply (induct set: finite, force, clarsimp)
apply (erule disjE, auto)
done

lemma setprod-nonneg [rule-format:
(ALL x: A. (0::'a::linordered-semidom) < fz) ——> 0 < setprod f A
by (cases finite A, induct set: finite, simp-all add: mult-nonneg-nonneg)

lemma setprod-pos [rule-format]: (ALL z: A. (0::'a::linordered-semidom) < f x)
——> 0 < setprod f A
by (cases finite A, induct set: finite, simp-all add: mult-pos-pos)

lemma setprod-zero-iff [simp]: finite A ==>
(setprod f A = (0::'a::{ comm-semiring-1,no-zero-divisors})) =
(EXz: A. fz =0)

by (erule finite-induct, auto simp:no-zero-divisors)

lemma setprod-pos-nat:
finite S ==> (ALL z : S. fz > (0::nat)) ==> setprod fS > 0

using setprod-zero-iff by (simp del:neq0-conv add:neq0-conv[symmetric])

lemma setprod-pos-nat-iff [simp):
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finite S ==> (setprod f S > 0) = (ALL z : S. fz > (0::nat))
using setprod-zero-iff by (simp del:neq0-conv add:neq0-conv[symmetric])

lemma setprod-Un: finite A ==> finite B ==> (ALL z: A Int B. fz # 0) ==>
(setprod f (A Un B) :: 'a ::{field})
= setprod f A x setprod f B / setprod f (A Int B)

by (subst setprod-Un-Int [symmetric], auto)

lemma setprod-diff1: finite A ==> fa # 0 ==>
(setprod f (A — {a}) : 'a = {field}) =
(if a:A then setprod f A /| f a else setprod f A)
by (erule finite-induct) (auto simp add: insert-Diff-if)

lemma setprod-inversef:

fixes f :: 'b = ’a::field-inverse-zero

shows finite A ==> setprod (inverse o ) A = inverse (setprod f A)
by (erule finite-induct) auto

lemma setprod-dividef:

fixes f :: 'b = ’a::field-inverse-zero

shows finite A

==> setprod (%ox. fz /| gx) A = setprod f A / setprod g A
apply (subgoal-tac
setprod (Yox. fx | gx) A = setprod (%ox. fx * (inverse o g) z) A)

apply (erule ssubst)
apply (subst divide-inverse)
apply (subst setprod-timesf)
apply (subst setprod-inversef, assumption+, rule refl)
apply (rule setprod-cong, rule refl)
apply (subst divide-inverse, auto)
done

lemma setprod-dvd-setprod [rule-format]:
(ALL z : A. fz dvd g x) — setprod f A dvd setprod g A
apply (cases finite A)
apply (induct set: finite)
apply (auto simp add: dvd-def)
apply (rule-tac z = k * ka in exl)
apply (simp add: algebra-simps)
done

lemma setprod-dvd-setprod-subset:
finite B —= A <= B = setprod f A dvd setprod f B
apply (subgoal-tac setprod f B = setprod f A x setprod f (B — A))
apply (unfold dvd-def, blast)
apply (subst setprod-Un-disjoint [symmetric])
apply (auto elim: finite-subset intro: setprod-cong)
done
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lemma setprod-dvd-setprod-subset2:
finite B=—= A <= B = ALL z : A. (f z::"a::comm-semiring-1) dvd g = =
setprod f A dvd setprod g B
apply (rule dvd-trans)
apply (rule setprod-dvd-setprod, erule (1) bspec)
apply (erule (1) setprod-dvd-setprod-subset)
done

lemma dvd-setprod: finite A — i:A =
(f i ::'a::comm-semiring-1) dvd setprod f A
by (induct set: finite) (auto intro: dvd-mult)

lemma dvd-setsum [rule-format]: (ALL i : A. d dvd f1i) —
(d::'a::comm-semiring-1) dvd (SUM z : A. f )
apply (cases finite A)
apply (induct set: finite)
apply auto
done

lemma setprod-mono:
fixes [ :: 'a = 'b::linordered-semidom
assumes VicA. 0 < fiNfi<gi
shows setprod f A < setprod g A
proof (cases finite A)
case True
hence ?thesis setprod f A > 0 using subset-refi[of A]
proof (induct A rule: finite-subset-induct)
case (insert a F)
thus setprod f (insert a F') < setprod g (insert a F') 0 < setprod f (insert a F')
unfolding setprod-insert|OF insert(1,3)]
using assms|rule-format,OF insert(2)] insert
by (auto intro: mult-mono mult-nonneg-nonneq)
qged auto
thus ?thesis by simp
qed auto

lemma abs-setprod:
fixes f :: 'a = 'b::{linordered-field,abs}
shows abs (setprod f A) = setprod (Az. abs (fz)) A
proof (cases finite A)
case True thus ?thesis
by induct (auto simp add: field-simps abs-mult)
qed auto

lemma setprod-constant: finite A ==> ([[z€ A. (y::'a::{comm-monoid-mult}))
=y (card A)

apply (erule finite-induct)

apply auto

done
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lemma setprod-gen-delta:
assumes [fS: finite S
shows setprod (Ak. if k=a then bk else ¢) S = (if a € S then (b a ::'a::{ comm-monoid-mult})
x ¢ (card S — 1) else ¢” card S)
proof—
let 2f = (M\k. if k=a then b k else ¢)
{assume a: a ¢ S
hence V k€ S. ?f k = ¢ by simp
hence ?thesis using a setprod-constant[OF fS, of c] by (simp add: setprod-1
cong add: setprod-cong) }
moreover
{assume a: a € S
let A =5 — {a}
let B = {a}
have eq: S = ?A U ?B using a by blast
have dj: ?A N ?B = {} by simp
from fS have fAB: finite ?A finite B by auto
have fA0:setprod ?f ?A = setprod (Ai. ¢) 7A
apply (rule setprod-cong) by auto
have cA: card YA = card S — 1 using fS a by auto
have fA1: setprod ?f ?A = ¢ * card ?A unfolding fA0 apply (rule setprod-constant)
using fS by auto
have setprod ?f ?A x setprod ?f ?B = setprod ?f S
using setprod-Un-disjoint|OF fAB dj, of ?f, unfolded eq[symmetric])
by simp
then have ?thesis using a cA
by (simp add: fA1 field-simps cong add: setprod-cong cong del: if-weak-cong)}
ultimately show ?thesis by blast
qed

28.4 Versions of inf and sup on non-empty sets

no-notation times (infixl « 70)
no-notation Groups.one (1)

locale semilattice-big = semilattice +
fixes F :: 'a set = 'a
assumes F-eq: finite A = F A = foldl (op *) A

sublocale semilattice-big < folding-one-idem proof
qed (simp-all add: F-eq)

notation times (infixl x 70)
notation Groups.one (1)

context lattice
begin
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definition Inf-fin :: 'a set = 'a ([] g,- [900] 900) where
Inf-fin = foldl inf

definition Sup-fin :: 'a set = 'a (|| f,- [900] 900) where
Sup-fin = foldl sup

end

sublocale lattice < Inf-fin!: semilattice-big inf Inf-fin proof
qed (simp add: Inf-fin-def)

sublocale lattice < Sup-fin!: semilattice-big sup Sup-fin proof
qed (simp add: Sup-fin-def)

context semilattice-inf
begin

lemma ab-semigroup-idem-mult-inf:
class.ab-semigroup-idem-mult inf
proof qed (rule inf-assoc inf-commute inf-idem)+

lemma fold-inf-insert[simp|: finite A = fold inf b (insert a A) = inf a (fold inf

b A)

by (rule fun-left-comm-idem.fold-insert-idem|OF ab-semigroup-idem-mult. fun-left-comm-idem|[OF
ab-semigroup-idem-mult-inf]])

lemma inf-le-fold-inf: finite A = ALL a:A. b < a = infb c < fold infc A
by (induct pred: finite) (auto intro: le-infl1)

lemma fold-inf-le-inf: finite A — a € A = fold infb A < infad
proof (induct arbitrary: a pred:finite)
case empty thus ?case by simp
next
case (insert z A)
show Zcase
proof cases
assume A = {} thus ?thesis using insert by simp
next
assume A # {} thus ?thesis using insert by (auto intro: le-infI2)
qed
qed

lemma below-fold1-iff:
assumes finite A A # {}
shows = < foldl inf A «— (VacA. z < a)
proof —
interpret ab-semigroup-idem-mult inf
by (rule ab-semigroup-idem-mult-inf)
show ?thesis using assms by (induct rule: finite-ne-induct) simp-all
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qed

lemma fold1-belowl:
assumes finite A
and a € A
shows foldl inf A < a
proof —
from assms have A # {} by auto
from <finite A) (A # {}> «a € A show ?thesis
proof (induct rule: finite-ne-induct)
case singleton thus ?case by simp
next
interpret ab-semigroup-idem-mult inf
by (rule ab-semigroup-idem-mult-inf)
case (insert x F)
from insert(5) have a = z V a € F by simp
thus ?case
proof
assume ¢ = z thus ?thesis using insert
by (simp add: mult-ac)
next
assume a € F
hence bel: foldl inf F < a by (rule insert)
have inf (fold1 inf (insert x F)) a = inf z (inf (foldl inf F) a)
using insert by (simp add: mult-ac)
also have inf (fold! inf F) a = foldl inf F
using bel by (auto intro: antisym)
also have inf z ... = foldl inf (insert z F)
using insert by (simp add: mult-ac)
finally have auz: inf (foldl inf (insert x F)) a = fold1 inf (insert x F) .
moreover have inf (foldl inf (insert © F)) a < a by simp
ultimately show ?thesis by simp
qed
qed
qed

end

context semilattice-sup
begin

lemma ab-semigroup-idem-mult-sup: class.ab-semigroup-idem-mult sup
by (rule semilattice-inf .ab-semigroup-idem-mult-inf)(rule dual-semilattice)

lemma fold-sup-insert[simp]: finite A = fold sup b (insert a A) = sup a (fold
sup b A)

by (rule semilattice-inf . fold-inf-insert)(rule dual-semilattice)

lemma fold-sup-le-sup: finite A = ALL a:A. a < b = fold sup ¢ A < sup b ¢
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by (rule semilattice-inf .inf-le-fold-inf)(rule dual-semilattice)

lemma sup-le-fold-sup: finite A — a € A = sup a b < fold sup b A
by (rule semilattice-inf . fold-inf-le-inf )(rule dual-semilattice)

end

context lattice
begin

lemma Inf-le-Sup [simp]: [ finite A; A # {} | = [15,4 < U pnd
apply (unfold Sup-fin-def Inf-fin-def)

apply (subgoal-tac EX a. a:A)

prefer 2 apply blast

apply (erule ezFE)

apply (rule order—tmns)

apply (erule (1) fold1-belowl)

apply (erule (1) semilattice-inf .fold1-belowl [OF dual-semilattice])
done

lemma sup-Inf-absorb [simp]:
finite A = a € A = sup a ([,4) = a
apply (subst sup-commute)
apply (simp add: Inf-fin-def sup-absorb2 fold1-belowl)
done

lemma inf-Sup-absorb [simp]:
finite A = a € A = infa (g,4) = a

by (simp add: Sup-fin-def inf-absorb1!
semilattice-inf .fold1-belowl [OF dual-semilattice])

end

context distrib-lattice
begin

lemma sup-Inf1-distrib:
assumes finite A
and A # {}
shows sup = ([ ipA4) = [1fin{sup = ala. a € A}
proof —
interpret ab-semigroup-idem-mult inf
by (rule ab-semigroup-idem-mult-inf)
from assms show ?thesis
by (simp add: Inf-fin-def image-def
hom-fold1-commute [where h=sup z, OF sup-inf-distrib1])
(rule arg-cong [where f=fold1 inf], blast)
qged
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lemma sup-Inf2-distrib:
assumes A: finite A A # {} and B: finite B B # {}
shows sup ([15,4) ([5nB) =[1fin{sup a bla b. a € ANb € B}
using A proof (induct rule: finite-ne-induct)
case singleton thus Zcase
by (simp add: sup-Infl-distrib [OF B] fold1-singleton-def [OF Inf-fin-def])
next
interpret ab-semigroup-idem-mult inf
by (rule ab-semigroup-idem-mult-inf)
case (insert z A)
have finB: finite {sup z b |b. b € B}
by (rule finite-surj[where f = sup z, OF B(1)], auto)
have finAB: finite {sup a b |a b. a € AN b € B}

proof —
have {sup a b |ab. a € ANDb € B} = (UN a:A. UN b:B. {sup a b})
by blast
thus ?thesis by (simp add: insert(1) B(1))
qged

have ne: {sup a b |a b. a € A AN b € B} # {} using insert B by blast
have sup ([] gp(insert © A)) ([ 5 B) = sup (infz ([ [,4)) ([ finB)
using insert by (simp add: fold1-insert-idem-def [OF Inf-fin-def])
also have ... = inf (sup z (['] 3, B)) (sup (['1inA) (' inB)) by (rule sup-inf-distrib2)

also have ... = inf ([]g,{sup z b[b. b € B}) ([1fp{sup ablab. a € AND €
B})
using insert by(simp add:sup-Inf1-distrib|OF B])
also have ... =[]g,({supz b [b. b€ B} U{supab|ab. a € ANDbE B}
(is - = [ in?M)

using B nsert
by (simp add: Inf-fin-def fold1-Un2 [OF finB - finAB ne))
also have ?M = {sup a b |ab. a € insert z A N b € B}
by blast
finally show ?case .
qed

lemma inf-Sup1-distrib:
assumes finite A and A # {}
shows inf z (| f,4) = L in{inf z ala. a € A}
proof —
interpret ab-semigroup-idem-mult sup
by (rule ab-semigroup-idem-mult-sup)
from assms show ?thesis
by (simp add: Sup-fin-def image-def hom-fold1-commute [where h=inf z, OF
inf-sup-distrib1])
(rule arg-cong [where f=fold1 sup]|, blast)
qed

lemma inf-Sup2-distrib:
assumes A: finite A A # {} and B: finite B B # {}
shows inf (L] 5,4) (U fgnB) = Upnlinfablad a € ANDe B}
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using A proof (induct rule: finite-ne-induct)
case singleton thus ?case
by (simp add: inf-Sup1-distrib [OF B] fold1-singleton-def [OF Sup-fin-def])
next
case (insert r A)
have finB: finite {inf z b |b. b € B}
by (rule finite-surj[where f = %b. inf x b, OF B(1)], auto)
have finAB: finite {infab|ab. a € AND€E B}

proof —
have {infa b|ab. a € ANDb € B} = (UN a:A. UN b:B. {inf a b})
by blast
thus ?thesis by(simp add: insert(1) B(1))
qed

have ne: {infa b |lab. a € ANb € B} # {} using insert B by blast
interpret ab-semigroup-idem-mult sup
by (rule ab-semigroup-idem-mult-sup)
have inf (L] g,(insert « A)) (U 5, B) = inf (sup z (L f,4)) (U finB)
using insert by (simp add: fold1-insert-idem-def [OF Sup-fin-def])
also have ... = sup (infz (L 4,B)) (inf (L fn4) (L finB)) by (rule inf-sup-distrib2)

also have ... = sup (| gp{inf = b[b. b € B}) (Upplinfablab. ac ANDE
B})
using insert by(simp add:inf-Sup1-distrib[OF B])
also have ... = || g,({infz b [b. b € B} U {infabd|ab. a € ANbE B}
(is - = [ ?M)

using B nsert
by (simp add: Sup-fin-def fold1-Un2 [OF finB - finAB ne])
also have ?M = {infab|ab. a € insert t AN b € B}
by blast
finally show “case .
qed

end

context complete-lattice
begin

lemma Inf-fin-Inf:
assumes finite A and A # {}
shows [ 5,4 = Inf A
proof —
interpret ab-semigroup-idem-mult inf
by (rule ab-semigroup-idem-mult-inf)
from (A # {}) obtain b B where A = insert b B by auto
moreover with (finite A> have finite B by simp
ultimately show ?thesis
by (simp add: Inf-fin-def fold1-eq-fold-idem inf-Inf-fold-inf [symmetric])
(simp add: Inf-fold-inf)
qed
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lemma Sup-fin-Sup:
assumes finite A and A # {}
shows | | 5,4 = Sup A
proof —
interpret ab-semigroup-idem-mult sup
by (rule ab-semigroup-idem-mult-sup)
from (A # {}) obtain b B where A = insert b B by auto
moreover with (finite A> have finite B by simp
ultimately show ?thesis
by (simp add: Sup-fin-def fold1-eq-fold-idem sup-Sup-fold-sup [symmetric])
(simp add: Sup-fold-sup)
qged

end

28.5 Versions of min and maxr on non-empty sets

definition (in linorder) Min :: 'a set = ’‘a where
Min = fold1 min

definition (in linorder) Maz :: 'a set = 'a where
Max = foldl mazx

sublocale linorder < Min!: semilattice-big min Min proof
qed (simp add: Min-def)

sublocale linorder < Maz!: semilattice-big max Maz proof
qed (simp add: Maz-def)

context linorder
begin

lemmas Min-singleton = Min.singleton
lemmas Maz-singleton = Mazx.singleton

lemma Min-insert:
assumes finite A and A # {}
shows Min (insert x A) = min z (Min A)
using assms by simp

lemma Maz-insert:
assumes finite A and A # {}
shows Mazx (insert x A) = maz x (Maz A)
using assms by simp

lemma Min-Un:
assumes finite A and A # {} and finite B and B # {}
shows Min (A U B) = min (Min A) (Min B)
using assms by (rule Min.union-idem)



THEORY “Big-Operators” 501

lemma Maz-Un:
assumes finite A and A # {} and finite B and B # {}
shows Maz (A U B) = maz (Maz A) (Mazx B)
using assms by (rule Max.union-idem,)

lemma hom-Min-commute:
assumes Az y. h (min z y) = min (h z) (hy)
and finite N and N # {}
shows h (Min N) = Min (h ‘ N)
using assms by (rule Min.hom-commute)

lemma hom-Maz-commute:
assumes Az y. b (maz z y) = maz (h x) (hy)
and finite N and N # {}
shows h (Max N) = Maz (h ‘ N)

using assms by (rule Max.hom-commute)

lemma ab-semigroup-idem-mult-min:
class.ab-semigroup-idem-mult min
proof qged (auto simp add: min-def)

lemma ab-semigroup-idem-mult-maz:
class.ab-semigroup-idem-mult max
proof qed (auto simp add: maz-def)

lemma max-lattice:
class.semilattice-inf (op >) (op >) maz
by (fact min-maz.dual-semilattice)

lemma dual-mazx:
ord.max (op >) = min
by (auto simp add: ord.maz-def-raw min-def expand-fun-eq)

lemma dual-min:
ord.min (op >) = max
by (auto simp add: ord.min-def-raw maz-def expand-fun-eq)

lemma strict-below-fold1-iff :
assumes finite A and A # {}
shows z < foldl min A — (Va€A. z < a)
proof —
interpret ab-semigroup-idem-mult min
by (rule ab-semigroup-idem-mult-min)
from assms show ?thesis
by (induct rule: finite-ne-induct)
(simp-all add: fold1-insert)
qed
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lemma fold1-below-iff:
assumes finite A and A # {}
shows fold1 min A < z «— (Ja€A. a < x)
proof —
interpret ab-semigroup-idem-mult min
by (rule ab-semigroup-idem-mult-min)
from assms show ?thesis
by (induct rule: finite-ne-induct)
(simp-all add: fold1-insert min-le-iff-disj)
qed

lemma fold1-strict-below-iff :
assumes finite A and A # {}
shows foldl min A < z «—— (Ja€A. a < 1)
proof —
interpret ab-semigroup-idem-mult min
by (rule ab-semigroup-idem-mult-min)
from assms show ?thesis
by (induct rule: finite-ne-induct)
(simp-all add: fold1-insert min-less-iff-disj)
qed

lemma fold1-antimono:
assumes A # {} and A C B and finite B
shows fold1 min B < fold1 min A
proof cases
assume A = B thus ?thesis by simp
next
interpret ab-semigroup-idem-mult min
by (rule ab-semigroup-idem-mult-min)
assume A # B

have B: B = A U (B—A) using <A C B) by blast
have fold1 min B = foldl min (A U (B—A)) by(subst B)(rule refl)
also have ... = min (fold1 min A) (foldl min (B—A))

proof —

have finite A by (rule finite-subset|OF (A C B (finite B)])
moreover have finite(B—A) by(rule finite-Diff [OF «finite B])
moreover have (B—A) # {} using prems by blast

moreover have A Int (B—A) = {} using prems by blast
ultimately show ?thesis using (A # {} by (rule-tac fold1-Un)

qed

also have ... < foldl min A by (simp add: min-le-iff-disj)

finally show ?thesis .
qed

lemma Min-in [simp]:
assumes finite A and A # {}
shows Min A € A

proof —

502
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interpret ab-semigroup-idem-mult min
by (rule ab-semigroup-idem-mult-min)
from assms fold1-in show ?thesis by (fastsimp simp: Min-def min-def)
qed

lemma Maz-in [simp]:

assumes finite A and A # {}

shows Max A € A
proof —

interpret ab-semigroup-idem-mult max

by (rule ab-semigroup-idem-mult-mazx)

from assms fold1-in [of A] show ?thesis by (fastsimp simp: Max-def maz-def)

qed

lemma Min-le [simp]:
assumes finite A and © € A
shows Min A < z
using assms by (simp add: Min-def min-max.fold1-belowl)

lemma Maz-ge [simp):

assumes finite A and ¢ € A

shows z < Maz A
proof —

interpret semilattice-inf op > op > max

by (rule max-lattice)

from assms show ?thesis by (simp add: Max-def fold1-belowl)

qged

lemma Min-ge-iff [simp, no-atp]:
assumes finite A and A # {}
shows z < Min A «— (Va€A. ¢ < a)
using assms by (simp add: Min-def min-max.below-fold1-iff)

lemma Maz-le-iff [simp, no-atp]:

assumes finite A and A # {}

shows Maz A < z «—— (Va€A. a < 1)
proof —

interpret semilattice-inf op > op > mazx

by (rule maz-lattice)

from assms show ?thesis by (simp add: Max-def below-fold1-iff )

qed

lemma Min-gr-iff [simp, no-atp]:
assumes finite A and A # {}
shows z < Min A «—— (Va€A. z < a)
using assms by (simp add: Min-def strict-below-fold1-iff)

lemma Maz-less-iff [simp, no-atp):
assumes finite A and A # {}
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shows Mazr A < z «—— (Va€A. a < 1)
proof —
interpret dual: linorder op > op >
by (rule dual-linorder)
from assms show ?thesis
by (simp add: Max-def dual.strict-below-fold1-iff [folded dual.dual-max])
qed

lemma Min-le-iff [no-atp]:
assumes finite A and A # {}
shows Min A < z «— (FJa€A. a < x)
using assms by (simp add: Min-def fold1-below-iff)

lemma Maz-ge-iff [no-atp:
assumes finite A and A # {}
shows z < Max A «— (FJa€A. z < a)
proof —
interpret dual: linorder op > op >
by (rule dual-linorder)
from assms show ?thesis
by (simp add: Maz-def dual.fold1-below-iff [folded dual.dual-maz))
qged

lemma Min-less-iff [no-atp]:
assumes finite A and A # {}
shows Min A < z «— (Ja€A. a < 1)
using assms by (simp add: Min-def fold1-strict-below-iff)

lemma Maz-gr-iff [no-atp]:
assumes finite A and A # {}
shows z < Maz A «+— (Ja€A. © < a)
proof —
interpret dual: linorder op > op >
by (rule dual-linorder)
from assms show ?thesis
by (simp add: Maz-def dual.fold1-strict-below-iff [folded dual.dual-maz))
qed

lemma Min-eql:

assumes finite A

assumes \y. y € A = y >«

and z € A

shows Min A =z
proof (rule antisym)

from x € A have A # {} by auto

with assms show Min A > z by simp
next

from assms show = > Min A by simp
qed
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lemma Maz-eql:

assumes finite A

assumes A\y. y € A = y < x

and z € A

shows Max A = ¢
proof (rule antisym)

from @ € A have A # {} by auto

with assms show Max A < z by simp
next

from assms show = < Maz A by simp
qed

lemma Min-antimono:
assumes M C N and M # {} and finite N
shows Min N < Min M
using assms by (simp add: Min-def fold1-antimono)

lemma Maz-mono:
assumes M C N and M # {} and finite N
shows Max M < Max N
proof —
interpret dual: linorder op > op >
by (rule dual-linorder)
from assms show ?thesis
by (simp add: Maz-def dual.fold1-antimono [folded dual.dual-mazx))
qed

lemma finite-linorder-maz-induct[consumes 1, case-names empty insert|:
assumes fin: finite A
and empty: P {}
and insert: ('b A. finite A = ALL a:A. a < b = P A = P(insert b A))
shows P A
using fin empty insert
proof (induct rule: finite-psubset-induct)
case (psubset A)
have IH: AB. [B < A; P {}; (AA b. [finite A; VacA. a<b; P A] = P (insert
b A))] = P B by fact
have fin: finite A by fact
have empty: P {} by fact
have step: \b A. [finite A; Va€A. a < b; P A] = P (insert b A) by fact
show P A
proof (cases A = {})
assume A = {}
then show P A using (P {}) by simp
next
let B = A — {Mazx A}
let ?A = insert (Max A) ?B
have finite B using <finite A> by simp
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assume A # {}

with (finite A» have Maz A : A by auto

then have A: ?A = A using insert-Diff-single insert-absorb by auto

then have P ?B using (P {} step IH[of ?B] by blast

moreover

have Va€?B. a < Mazx A using Maz-ge [OF (finite A)] by fastsimp

ultimately show P A using A insert-Diff-single step|OF «finite ?B)] by
fastsimp
qed

qed

lemma finite-linorder-min-induct[consumes 1, case-names empty insert]:
[finite A; P {}; \b A. [finite A;Va€A. b < a; P A] = P (insert b A)] = P A
by (rule linorder. finite-linorder-maz-induct[OF dual-linorder])

end

context linordered-ab-semigroup-add
begin

lemma add-Min-commute:
fixes k
assumes finite N and N # {}
shows k + Min N = Min {k + m | m. m € N}
proof —
have Az y. k + min zy = min (k + z) (k + v)
by (simp add: min-def not-le)
(blast intro: antisym less-imp-le add-left-mono)
with assms show Zthesis
using hom-Min-commute [of plus k N]
by simp (blast intro: arg-cong [where f = Min))
qed

lemma add-Maz-commute:
fixes k
assumes finite N and N # {}
shows k + Mazx N = Maz {k + m | m. m € N}
proof —
have Az y. k + maz zy = maz (k + z) (k + y)
by (simp add: maz-def not-le)
(blast intro: antisym less-imp-le add-left-mono)
with assms show Zthesis
using hom-Maz-commute [of plus k N
by simp (blast intro: arg-cong [where f = Maz))
qed

end

context linordered-ab-group-add
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begin

lemma minus-Maz-eq-Min [simp):
finite S = S # {} = — (Maz S) = Min (uminus * S)
by (induct S rule: finite-ne-induct) (simp-all add: minus-maz-eg-min)

lemma minus-Min-eq-Mazx [simp]:
finite S = § # {} = — (Min S) = Maz (uminus ‘S)
by (induct S rule: finite-ne-induct) (simp-all add: minus-min-eg-maz)

end

end

29 Equiv-Relations: Equivalence Relations in Higher-
Order Set Theory

theory Fquiv-Relations
imports Big-Operators Relation Plain
begin

29.1 Equivalence relations

locale equiv =
fixes A and r
assumes refl-on: refl-on A r
and sym: sym r
and trans: trans r

Suppes, Theorem 70: r is an equiv relation iff r=t O r = r.
First half: equiv A r ==>r~t Or = .

lemma sym-trans-comp-subset:
sym r ==> trans r ==>r"L Or Cr
by (unfold trans-def sym-def converse-def) blast

lemma refl-on-comp-subset: refl-on A r ==>r Cr=t Or
by (unfold refl-on-def) blast

lemma equiv-comp-eq: equiv A r ==>r"1 Or =r
apply (unfold equiv-def)
apply clarify
apply (rule equalityl)
apply (iprover intro: sym-trans-comp-subset refl-on-comp-subset)+
done

Second half.

lemma comp-equivl:
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r~' Or =r==> Domainr = A ==> equiv A r
apply (unfold equiv-def refl-on-def sym-def trans-def)
apply (erule equalityFE)
apply (subgoal-tac Vz y. (z,y) € r ——> (y, ) € )
apply fast
apply fast
done

29.2 Equivalence classes

lemma equiv-class-subset:
equiv A r ==> (a, b) € r ==> r*“{a} C r“{b}
— lemma for the next result
by (unfold equiv-def trans-def sym-def) blast

theorem equiv-class-eq: equiv A r ==> (a, b) € r ==> r*{a} = r*{b}
apply (assumption | rule equalityl equiv-class-subset)+
apply (unfold equiv-def sym-def)
apply blast
done

lemma equiv-class-self: equiv A r ==> a € A ==> a € r*{a}
by (unfold equiv-def refl-on-def) blast

lemma subset-equiv-class:
equiv A r ==>r‘{b} C r*{a} ==> b€ A==> (a,b) €r
— lemma for the next result
by (unfold equiv-def refl-on-def) blast

lemma eg-equiv-class:
r‘{a} = r{b} ==>equiv Ar ==>be€ A==> (a,b) €r
by (iprover intro: equalityD2 subset-equiv-class)

lemma equiv-class-nondisjoint:
equiv A r ==> gz € (r‘{a} N r{b}) ==> (a, b) € r
by (unfold equiv-def trans-def sym-def) blast

lemma equiv-type: equiv A r ==>1r C A x A
by (unfold equiv-def refl-on-def) blast

theorem equiv-class-eq-iff
equiv Ar==>((z,y) er) =z} =r{yt &z e A& yc A
by (blast introl: equiv-class-eq dest: eg-equiv-class equiv-type)

theorem eg-equiv-class-iff :
equiv Ar==>z € A==>yec A==> (r"{z} = r'{y}) = (z, y) € 1)
by (blast intro!: equiv-class-eq dest: eg-equiv-class equiv-type)
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29.3 Quotients

definition quotient :: 'a set = ('a x 'a) set = 'a set set (infixl ’/’/ 90) where
[code del]: Af/r = (Uzx € A. {r*{z}}) — set of equiv classes

lemma quotient]: x € A ==> r*{z} € A//r
by (unfold quotient-def) blast

lemma quotientE:
XecAllr==>Nz. X =r{2} ==>2€ A==>P)==>P
by (unfold quotient-def) blast

lemma Union-quotient: equiv A r ==> Union (A//r) = A
by (unfold equiv-def refl-on-def quotient-def) blast

lemma quotient-disj:
equiv Ar==>XcAljr=>Y cA//fr==>X=Y | XNnY={})
apply (unfold quotient-def)
apply clarify
apply (rule equiv-class-eq)
apply assumption
apply (unfold equiv-def trans-def sym-def)
apply blast
done

lemma quotient-eql:
[lequiv A r; X € Af/r; Y € A)/riz e X;y e Y (zy) er]]==>X=Y
apply (clarify elim!: quotientE)
apply (rule equiv-class-eq, assumption)
apply (unfold equiv-def sym-def trans-def, blast)
done

lemma quotient-eq-iff:

llequiv Ar; X € A/ Y € A)/riz e X;ye YV||==> (X =Y)=((z,y) €
)

apply (rule iffI)

prefer 2 apply (blast del: equalityl intro: quotient-eql)

apply (clarify elim!: quotientE)

apply (unfold equiv-def sym-def trans-def, blast)

done

lemma eg-equiv-class-iff2:

[ equivArizediyeA]l = ({z}//r ={y}//r) = ((z.y) : )
by (simp add:quotient-def eq-equiv-class-iff )

lemma quotient-empty [simp]: {}//r = {}
by (simp add: quotient-def)

lemma quotient-is-empty [iff]: (A//r ={}) = (A ={})
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by (simp add: quotient-def)

lemma quotient-is-empty2 [iff]: {} = A//r) = (A = {})
by (simp add: quotient-def)

lemma singleton-quotient: {z}//r = {r “ {z}}
by (simp add:quotient-def)

lemma quotient-diff1:
[inj-on (%a. {a}//r) A5 a € A] = (4 — {a})//r = A//r — {a}//r
apply(simp add:quotient-def inj-on-def)
apply blast
done

29.4 Defining unary operations upon equivalence classes

A congruence-preserving function

locale congruent =
fixes r and f
assumes congruent: (y,z) € r ==> fy = f=z

abbreviation
RESPECTS :: ('a => 'b) => ('a * 'a) set => bool
(infixr respects 80) where
f respects r == congruent r f

lemma UN-constant-eq: a € A ==>Vy € A fy=c==> (Jy € A. f(y))=c
— lemma required to prove UN-equiv-class
by auto

lemma UN-equiv-class:
equiv A r ==> frespects r ==> a € A
==> (Jz € r'{a}. fz)=fa
— Conversion rule
apply (rule equiv-class-self [THEN UN-constant-eq|, assumption—+)
apply (unfold equiv-def congruent-def sym-def)
apply (blast del: equalityl)
done

lemma UN-equiv-class-type:

equiv A r ==> frespects r ==> X € A//r ==>
Nz.z€e A==>fr e B)==>(Jre X. fz)eB

apply (unfold quotient-def)

apply clarify

apply (subst UN-equiv-class)
apply auto

done
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Sufficient conditions for injectiveness. Could weaken premises! major premise
could be an inclusion; bcong could be ly. y € A ==> fy € B.

lemma UN-equiv-class-inject:

equiv A v ==> [ respects r ==>
UzeX. foy=UyeY. fyy=>XecA//r==>YcAllr
==>(lzy. s € Ad==>yecA==>fz=fy==>(z,y) €r)
=> X =Y

apply (unfold quotient-def)

apply clarify

apply (rule equiv-class-eq)

apply assumption

apply (subgoal-tac fx = f za)

apply blast

apply (erule boz-equals)

apply (assumption | rule UN-equiv-class)+

done

29.5 Defining binary operations upon equivalence classes

A congruence-preserving function of two arguments

locale congruent2 =
fixes 1 and r2 and f
assumes congruent?:
(y1,21) € 11 ==> (y2,22) € 2 ==> fyl y2 = f 21 22

Abbreviation for the common case where the relations are identical

abbreviation
RESPECTS2:: ['a => 'a => 'b, ('a * 'a) set] => bool
(infixr respects2 80) where
f respects2 r == congruent2 r r f

lemma congruent2-implies-congruent:
equiv A r1 ==> congruent2 r1 r2 f ==> a € A ==> congruent r2 (f a)
by (unfold congruent-def congruent2-def equiv-def refl-on-def) blast

lemma congruent2-implies-congruent-UN:
equiv A1 rl ==> equiv A2 r2 ==> congruent2 r1 r2 f ==> a € A2 ==>
congruent 1 (Azxl.|Jz2 € r2°{a}. fxl 22)
apply (unfold congruent-def)
apply clarify
apply (rule equiv-type [THEN subsetD, THEN SigmaE2)], assumption+)
apply (simp add: UN-equiv-class congruent2-implies-congruent)
apply (unfold congruent2-def equiv-def refl-on-def)
apply (blast del: equalityl)
done

lemma UN-equiv-class2:
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equiv A1 r1 ==> equiv A2 r2 ==> congruent2 r1 r2 f ==> al € Al ==> a2
€ A2
==> (Jzl € r1*{al}. U2 € r2°{a2}. fzl 22) = fal a2
by (simp add: UN-equiv-class congruent2-implies-congruent
congruent2-implies-congruent-UN)

lemma UN-equiv-class-type2:

equiv A1 rl ==> equiv A2 r2 ==> congruent2 r1 r2 f
==> X1 € Al//rl ==> X2 € A2//r2
==> (a1 22. x1 € Al ==> 22 € A2 ==> fuzl 22 € B)
==> (Juzl € X1.Jz2 € X2. fz122) € B

apply (unfold quotient-def)

apply clarify

apply (blast intro: UN-equiv-class-type congruent2-implies-congruent-UN
congruent2-implies-congruent quotientl)

done

lemma UN-UN-split-split-eq:
U@, z2) e X. U, y2) € Y. Al 22yl y2) =
Uz e X. Uy e Y. (ANat, 22). (Myl, y2). A z1 22 yl y2) y) x)
— Allows a natural expression of binary operators,
— without explicit calls to split
by auto

lemma congruent2l:

equiv A1 1 ==> equiv A2 r2
==> Nyzw. we A2 ==> (y,z2) €rl ==> fyw = f2zw)
==>Nyzw. we Al ==> (y,z2) €12 ==>fwy=[fw2)
==> congruent2 r1 r2 f

— Suggested by John Harrison — the two subproofs may be

— much simpler than the direct proof.

apply (unfold congruent2-def equiv-def refl-on-def)

apply clarify

apply (blast intro: trans)

done

lemma congruent2-commutel:
assumes equivA: equiv A T
and commute: ly z. y € A==>z2€ A==>fyz=fzy
and congt: ly zw. w € A ==> (y,z2) Er==>fwy=fwz
shows f respects2 r
apply (rule congruent2l [OF equivA equivA))
apply (rule commute [THEN trans))
apply (rule-tac [3] commute [THEN trans, symmetric])
apply (rule-tac [5] sym)
apply (rule congt | assumption |
erule equivA [THEN equiv-type, THEN subsetD, THEN SigmaE2])+
done
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29.6 Quotients and finiteness

Suggested by Florian Kammiiller

lemma finite-quotient: finite A ==>r C A x A ==> finite (4//r)
— recall equiv ?A r = ?r C 74 x %A
apply (rule finite-subset)
apply (erule-tac [2] finite-Pow-iff [THEN 4ffD2])
apply (unfold quotient-def)
apply blast
done

lemma finite-equiv-class:
finite A==>r CAx A==>X € A//r ==> finite X
apply (unfold quotient-def)
apply (rule finite-subset)
prefer 2 apply assumption
apply blast
done

lemma equiv-imp-dvd-card:
finite A ==> equiv A r ==>VX € A//r. k dvd card X
==> k dvd card A
apply (rule Union-quotient [THEN subst [where P=AA. k dvd card A]])
apply assumption
apply (rule dvd-partition)
prefer 3 apply (blast dest: quotient-disj)
apply (simp-all add: Union-quotient equiv-type)
done

lemma card-quotient-disjoint:
[ finite 4; ing-on (A\z. {2} // r) A] = card(4//r) = card A
apply (simp add:quotient-def)
apply (subst card-UN-disjoint)
apply assumption
apply simp
apply (fastsimp simp add:inj-on-def)
apply simp
done

end

30 Int: The Integers as Equivalence Classes over
Pairs of Natural Numbers
theory Int

imports FEquiv-Relations Nat Wellfounded
uses
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(Tools /numeral. ML)
(Tools /numeral-syntax. ML)
(Tools [int-arith. ML)

begin

30.1 The equivalence relation underlying the integers

definition intrel :: ((nat x nat) x (nat x nat)) set where
[code del]: intrel = {((z, y), (u, v)) |zyuv. 2 +v=u+y }

typedef (Integ)
int = UNIV //intrel
by (auto simp add: quotient-def)

instantiation int :: {zero, one, plus, minus, uminus, times, ord, abs, sgn}
begin

definition
Zero-int-def [code del]: 0 = Abs-Integ (intrel ““ {(0, 0)})

definition
One-int-def [code del]: 1 = Abs-Integ (intrel ““ {(1, 0)})

definition
add-int-def [code del]: z + w = Abs-Integ
(U (z, y) € Rep-Integ z. \J (u, v) € Rep-Integ w.
intrel “ {(z + u, y + v)})

definition
minus-int-def [code del]:
— z = Abs-Integ (U (z, y) € Rep-Integ z. intrel “ {(y, )})

definition
diff-int-def [code del]: z — w = z + (—w :: int)

definition
mult-int-def [code del]: z x w = Abs-Integ
(U(z, y) € Rep-Integ z. |J (u,v ) € Rep-Integ w.
intrel < {(zxu + y*v, xxv + y*u)})

definition
le-int-def [code del]:

514

z<w+— (Jzyuv. z+v < uty A (z, y) € Rep-Integ z A\ (u, v) € Rep-Integ

w)

definition
less-int-def [code del]: (z:int) < w «— 2z < w A z # w

definition
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zabs-def: |izint] = (if ¢ < 0 then — i else i)

definition
zsgn-def: sgn (i::int) = (if i=0 then 0 else if 0<i then 1 else — 1)

instance ..

end

30.2 Construction of the Integers

lemma intrel-iff [simp]: (((z,y),(u,v)) € intrel) = (z+v = uty)
by (simp add: intrel-def)

lemma equiv-intrel: equiv UNIV intrel
by (simp add: intrel-def equiv-def refl-on-def sym-def trans-def)

Reduces equality of equivalence classes to the intrel relation: (intrel *“ {z}
= antrel “ {y}) = ((z, y) € intrel)

lemmas equiv-intrel-iff [simp] = eq-equiv-class-iff [OF equiv-intrel UNIV-I UNIV-I]

All equivalence classes belong to set of representatives

lemma [simp]: intrel“{(z,y)} € Integ
by (auto simp add: Integ-def intrel-def quotient-def)

Reduces equality on abstractions to equality on representatives: [z € Integ;
y € Integ] = (Abs-Integ x = Abs-Integ y) = (z = y)

declare Abs-Integ-inject [simp,no-atp] Abs-Integ-inverse [simp,no-atp]

Case analysis on the representation of an integer as an equivalence class of
pairs of naturals.

lemma eq-Abs-Integ [case-names Abs-Integ, cases type: int]:
Nz y. z = Abs-Integ(intrel*{(z,y)}) ==> P) ==> P

apply (rule Abs-Integ-cases [of z])

apply (auto simp add: Integ-def quotient-def)

done

30.3 Arithmetic Operations

lemma minus: — Abs-Integ(intrel*‘{(z,y)}) = Abs-Integ(intrel ““ {(y,x)})
proof —
have (A(z,y). intrel*“{(y,z)}) respects intrel
by (simp add: congruent-def)
thus ?thesis
by (simp add: minus-int-def UN-equiv-class [OF equiv-intrel])
qed

lemma add:
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Abs-Integ (intrel*“{(z,y)}) + Abs-Integ (intrel*{(u,v)}) =
Abs-Integ (intrel“{(z+u, y+v)})
proof —
have (Az w. (A(z,y). (A (u,v). intrel “ {(z+u, y+v)}) w) 2)
respects2 intrel
by (simp add: congruent2-def)
thus ?thesis
by (simp add: add-int-def UN-UN-split-split-eq
UN-equiv-class2 [OF equiv-intrel equiv-intrel])
qged

Congruence property for multiplication

lemma mult-congruent2:
(%opt p2. (%(z,y). (%(u,v). intrel“{(xxu + y*v, zxv + y*u)}) p2) pl)
respects? intrel

apply (rule equiv-intrel [THEN congruent2-commutel)

apply (force simp add: mult-ac, clarify)

apply (simp add: congruent-def mult-ac)

apply (rename-tac u v w x y 2)

apply (subgoal-tac uxy + Ty = wky + vky & ukz + T*z = wkz + v¥z)

apply (simp add: mult-ac)

apply (simp add: add-mult-distrib [symmetric])

done

lemma mult:
Abs-Integ((intrel“{(z,y)})) * Abs-Integ((intrel*“{(u,v)})) =
Abs-Integ(intrel “ {(zxu + y*v, xxv + y*u)})
by (simp add: mult-int-def UN-UN-split-split-eq mult-congruent?2
UN-equiv-class2 [OF equiv-intrel equiv-intrel))

The integers form a comm-ring-1

instance int :: comm-ring-1
proof
fixijk ::int
show (i +j) + k=i + (j + k)
by (cases i, cases j, cases k) (simp add: add add-assoc)
show ¢ +j =7 +1¢
by (cases i, cases j) (simp add: add-ac add)
show 0 + 1 =1
by (cases ) (simp add: Zero-int-def add)
show — ¢+ 141 =10
by (cases i) (simp add: Zero-int-def minus add)
show i — j =i+ —j
by (simp add: diff-int-def)
show (i % j) « k=i x (j * k)
by (cases i, cases j, cases k) (simp add: mult algebra-simps)
show i * j = j % 1
by (cases i, cases j) (simp add: mult algebra-simps)
show 1 %1 =1
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by (cases i) (simp add: One-int-def mult)
show (i + j)xk=ixk+jxk
by (cases i, cases j, cases k) (simp add: add mult algebra-simps)
show 0 # (1::int)
by (simp add: Zero-int-def One-int-def)
qed

lemma int-def: of-nat m = Abs-Integ (intrel ““ {(m, 0)})
by (induct m, simp-all add: Zero-int-def One-int-def add)

30.4 The < Ordering

lemma le:
(Abs-Integ(intrel*“{(z,y)}) < Abs-Integ(intrel*“{(u,v)})) = (z+v < u+ty)
by (force simp add: le-int-def)

lemma less:
(Abs-Integ(intrel*“{(z,y)}) < Abs-Integ(intrel*{(u,v)})) = (z+v < u+ty)
by (simp add: less-int-def le order-less-le)

instance int :: linorder
proof
fix ijk:int
show antisym: 1 < j = j<i=i=3j
by (cases i, cases j) (simp add: le)
show (i < j) = (i <j A~ < i)
by (auto simp add: less-int-def dest: antisym)
show i < ¢
by (cases i) (simp add: le)
show i < j = j<k= i<k
by (cases i, cases j, cases k) (simp add: le)
show i < jVvj <4
by (cases i, cases j) (simp add: le linorder-linear)
qed

instantiation int :: distrib-lattice
begin

definition
(inf :: int = int = int) = min

definition
(sup :: int = int = int) = max

instance
by intro-classes

(auto simp add: inf-int-def sup-int-def min-mazx.sup-inf-distrib1)

end
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instance int :: ordered-cancel-ab-semigroup-add
proof
fix ijk::int
show i <j =k +i<k+j
by (cases i, cases j, cases k) (simp add: le add)
qed

Strict Monotonicity of Multiplication

strict, in 1st argument; proof is by induction on k;0

lemma zmult-zless-mono2-lemma:
(izint)<j ==> 0<k ==> of-nat k * i < of-nat k * j
apply (induct k, simp)
apply (simp add: left-distrib)
apply (case-tac k=0)
apply (simp-all add: add-strict-mono)
done

lemma zero-le-imp-eq-int: (0::int) < k ==> In. k = of-nat n
apply (cases k)

apply (auto simp add: le add int-def Zero-int-def)

apply (rule-tac z=z—y in exl, simp)

done

lemma zero-less-imp-eq-int: (0::int) < k ==> In>0. k = of-nat n
apply (cases k)

apply (simp add: less int-def Zero-int-def)

apply (rule-tac z=z—y in exl, simp)

done

lemma zmult-zless-mono2: [| i<j; (0:int) < k || ==> ki < kxj
apply (drule zero-less-imp-eg-int)

apply (auto simp add: zmult-zless-mono2-lemma)

done

The integers form an ordered integral domain

instance int :: linordered-idom
proof
fixijk :int
show i < j = 0 < k= Fkxi<k=xj
by (rule zmult-zless-mono2)
show |i| = (if i < 0 then —i else i)
by (simp only: zabs-def)
show sgn (i:int) = (if i=0 then 0 else if 0<i then 1 else — 1)
by (simp only: zsgn-def)
qed

lemma zless-imp-addi-zle: w < z = w + (1:int) < z
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apply (cases w, cases z)
apply (simp add: less le add One-int-def)
done

lemma zless-iff-Suc-zadd:
(w = int) < z «— (In. 2 = w + of-nat (Suc n))
apply (cases z, cases w)
apply (auto simp add: less add int-def)
apply (rename-tac a b ¢ d)
apply (rule-tac x=a+d — Suc(c+b) in exl)
apply arith
done

lemmas int-distrib =
left-distrib [of z1::int 22 w, standard)]
right-distrib [of w:int z1 22, standard)
left-diff-distrib [of z1::int 22 w, standard)
right-diff-distrib [of w::int z1 22, standard]

30.5 Embedding of the Integers into any ring-1: of-int

context ring-1
begin

definition of-int :: int = ’‘a where
[code del]: of-int z = contents (|J (¢, j) € Rep-Integ z. { of-nat i — of-nat j })

lemma of-int: of-int (Abs-Integ (intrel *“ {(i,5)})) = of-nat i — of-nat j
proof —
have (A(i,5). { of-nat i — (of-nat j :: 'a) }) respects intrel
by (simp add: congruent-def algebra-simps of-nat-add [symmetric]
del: of-nat-add)
thus ?thesis
by (simp add: of-int-def UN-equiv-class [OF equiv-intrel])
qed

lemma of-int-0 [simp]: of-int 0 = 0
by (simp add: of-int Zero-int-def)

lemma of-int-1 [simp]: of-int 1 = 1
by (simp add: of-int One-int-def)

lemma of-int-add [simp]: of-int (w+z) = of-int w + of-int z
by (cases w, cases z, simp add: algebra-simps of-int add)

lemma of-int-minus [simp]: of-int (—z) = — (of-int z)
by (cases z, simp add: algebra-simps of-int minus)

lemma of-int-diff [simp]: of-int (w — z) = of-int w — of-int z
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by (simp add: diff-minus Groups.diff-minus)

lemma of-int-mult [simp]: of-int (wxz) = of-int w * of-int z
apply (cases w, cases z)

apply (simp add: algebra-simps of-int mult of-nat-mult)
done

Collapse nested embeddings

lemma of-int-of-nat-eq [simpl: of-int (of-nat n) = of-nat n
by (induct n) auto

lemma of-int-power:
of-int (z “m) = of-int z " n
by (induct n) simp-all

end

Class for unital rings with characteristic zero. Includes non-ordered rings
like the complex numbers.

class ring-char-0 = ring-1 + semiring-char-0
begin

lemma of-int-eq-iff [simp]:

of-int w = of-int z —— w = z
apply (cases w, cases z, simp add: of-int)
apply (simp only: diff-eq-eq diff-add-eq eq-diff-eq)
apply (simp only: of-nat-add [symmetric] of-nat-eq-iff)
done

Special cases where either operand is zero

lemma of-int-eq-0-iff [simp]:
of-int z =0 +— z =10
using of-int-eq-iff [of z 0] by simp

lemma of-int-0-eq-iff [simp]:
0 = of-int z+— 2z =10
using of-int-eq-iff [of 0 z] by simp

end

context [inordered-idom
begin

Every linordered-idom has characteristic zero.

subclass ring-char-0 ..

lemma of-int-le-iff [simp]:
of-int w < of-int z +— w < z
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by (cases w, cases z, simp add: of-int le minus algebra-simps of-nat-add [symmetric]

del: of-nat-add)

lemma of-int-less-iff [simp]:
of-int w < of-int z «—— w < z
by (simp add: less-le order-less-le)

lemma of-int-0-le-iff [simp]:
0 < of-int z +— 0 < z
using of-int-le-iff [of 0 z] by simp

lemma of-int-le-0-iff [simp]:
of-int z < 0 +—— 2<0
using of-int-le-iff [of z 0] by simp

lemma of-int-0-less-iff [simp]:
0 < of-intz «— 0 < z
using of-int-less-iff [of 0 z] by simp

lemma of-int-less-0-iff [simp]:
of-int z < 0 «—— 2z < 0
using of-int-less-iff [of z 0] by simp

end

lemma of-int-eg-id [simp]: of-int = id
proof
fix z show of-int z = id z
by (cases z) (simp add: of-int add minus int-def diff-minus)
qed

30.6 Magnitude of an Integer, as a Natural Number: nat

definition
nat :: 1t = nat
where
[code del]: nat z = contents (J (z, y) € Rep-Integ z. {x—y})

lemma nat: nat (Abs-Integ (intrel*“{(z,y)})) = z—y
proof —
have (A(z,y). {z—y}) respects intrel
by (simp add: congruent-def) arith
thus ?thesis
by (simp add: nat-def UN-equiv-class [OF equiv-intrel])
qged

lemma nat-int [simp]: nat (of-nat n) = n
by (simp add: nat int-def)
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lemma nat-zero [simp]: nat 0 = 0
by (simp add: Zero-int-def nat)

lemma int-nat-eq [simp): of-nat (nat z) = (if 0 < z then z else 0)
by (cases z, simp add: nat le int-def Zero-int-def)

corollary nat-0-le: 0 < z ==> of-nat (nat z) = z
by simp

lemma nat-le-0 [simp]: z < 0 ==> nat z = 0
by (cases z, simp add: nat le Zero-int-def)

lemma nat-le-eg-zle: 0 < w | 0 < z ==> (nat w < nat z) = (W<z)
apply (cases w, cases z)

apply (simp add: nat le linorder-not-le [symmetric] Zero-int-def, arith)
done

An alternative condition is (0::a) < w

corollary nat-mono-iff: 0 < z ==> (nat w < nat z) = (v < 2)
by (simp add: nat-le-eg-zle linorder-not-le [symmetric))

corollary nat-less-eq-zless: 0 < w ==> (nat w < nat z) = (W<z)
by (simp add: nat-le-eg-zle linorder-not-le [symmetric))

lemma zless-nat-conj [simp]: (nat w < nat z) = (0 < z & w < z)
apply (cases w, cases z)

apply (simp add: nat le Zero-int-def linorder-not-le [symmetric], arith)
done

lemma nonneg-eq-int:
fixes z :: int
assumes 0 < z and /\m. z = of-nat m = P
shows P
using assms by (blast dest: nat-0-le sym)

lemma nat-eg-iff: (nat w = m) = (if 0 < w then w = of-nat m else m=0)
by (cases w, simp add: nat le int-def Zero-int-def, arith)

corollary nat-eg-iff2: (m = nat w) = (if 0 < w then w = of-nat m else m=0)
by (simp only: eg-commute [of m] nat-eq-iff)

lemma nat-less-iff: 0 < w ==> (nat w < m) = (w < of-nat m)

apply (cases w)

apply (simp add: nat le int-def Zero-int-def linorder-not-le[symmetric], arith)
done

lemma nat-0-iff [simp): nat(izint) = 0 «—— <0
by (simp add: nat-eq-iff) arith
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lemma int-eq-iff : (of-nat m = z) = (m = nat z & 0 < z2)
by (auto simp add: nat-eq-iff2)

lemma zero-less-nat-eq [simp]: (0 < nat z) = (0 < z)
by (insert zless-nat-conj [of 0], auto)

lemma nat-add-distrib:
[| (0:int) < z; 0 < 2'|] ==> nat (2+2') = nat z + nat z’
by (cases z, cases z', simp add: nat add le Zero-int-def)

lemma nat-diff-distrib:

[| (0zint) < 2z 2/ < z || ==> nat (z—2") = nat z — nat 2’
by (cases z, cases z’,

simp add: nat add minus diff-minus le Zero-int-def)

lemma nat-zminus-int [simp]: nat (— (of-nat n)) = 0
by (simp add: int-def minus nat Zero-int-def)

lemma zless-nat-eq-int-zless: (m < nat z) = (of-nat m < z)
by (cases z, simp add: nat less int-def , arith)

context ring-1
begin

lemma of-nat-nat: 0 < z = of-nat (nat z) = of-int z
by (cases z rule: eq-Abs-Integ)
(simp add: nat le of-int Zero-int-def of-nat-diff)

end

For termination proofs:

lemma measure-function-int[measure-function]: is-measure (nat o abs) ..

30.7 Lemmas about the Function of-nat and Orderings

lemma negative-zless-0: — (of-nat (Suc n)) < (0 :: int)
by (simp add: order-less-le del: of-nat-Suc)

lemma negative-zless [iff ]: — (of-nat (Suc n)) < (of-nat m :: int)
by (rule negative-zless-0 [THEN order-less-le-trans], simp)

lemma negative-zle-0: — of-nat n < (0 :: int)
by (simp add: minus-le-iff )

lemma negative-zle [iff]: — of-nat n < (of-nat m :: int)
by (rule order-trans [OF negative-zle-0 of-nat-0-le-iff])

lemma not-zle-0-negative [simpl: ~ (0 < — (of-nat (Suc n) :: int))

523
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by (subst le-minus-iff , simp del: of-nat-Suc)

lemma int-zle-neg: ((of-nat n :: int) < — of-nat m) = (n =0 & m = 0)
by (simp add: int-def le minus Zero-int-def)

lemma not-int-zless-negative [simpl: ~ ((of-nat n :: int) < — of-nat m)
by (simp add: linorder-not-less)

lemma negative-eq-positive [simp]: ((— of-nat n :: int) = of-nat m) = (n = 0 &
m = 0)
by (force simp add: order-eq-iff [of — of-nat n] int-zle-neg)

lemma zle-iff-zadd: (w::int) < z «— (In. z = w + of-nat n)
proof —
have (w < 2) = (0 < z — w)
by (simp only: le-diff-eq add-0-left)

also have ... = (In. 2 — w = of-nat n)
by (auto elim: zero-le-imp-eg-int)
also have ... = (In. z = w + of-nat n)

by (simp only: algebra-simps)
finally show ?%thesis .
qged

lemma zadd-int-left: of-nat m + (of-nat n + z) = of-nat (m + n) + (z::int)
by simp

lemma int-SucO-eq-1: of-nat (Suc 0) = (1::int)
by simp

This version is proved for all ordered rings, not just integers! It is proved
here because attribute arith-split is not available in theory Rings. But is it
really better than just rewriting with abs-if?
lemma abs-split [arith-split,no-atp]:

P(abs(a::'a:linordered-idom)) = (0 < a ——> P a) & (a < 0 ——> P(—a)))
by (force dest: order-less-le-trans simp add: abs-if linorder-not-less)

lemma negD: (z :: int) < 0 = In. z = — (of-nat (Suc n))
apply (cases x)

apply (auto simp add: le minus Zero-int-def int-def order-less-le)
apply (rule-tac x=y — Suc z in exl, arith)

done

30.8 Cases and induction

Now we replace the case analysis rule by a more conventional one: whether
an integer is negative or not.

theorem int-cases [cases type: int, case-names nonneg neg|:
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" n. (2 ::int) = of-nat n ==> P; 'n. 2z = — (of-nat (Suc n)) ==> P |]

apply (cases z < 0, blast dest!: negD)

apply (simp add: linorder-not-less del: of-nat-Suc)
apply auto

apply (blast dest: nat-0-le [THEN sym])

done

theorem int-of-nat-induct [induct type: int, case-names nonneg neg|:
[ n. P (of-nat n :: int); Un. P (— (of-nat (Suc n))) || ==> P z
by (cases z rule: int-cases) auto

Contributed by Brian Huffman

theorem int-diff-cases:
obtains (diff) m n where (z::int) = of-nat m — of-nat n
apply (cases z rule: eq-Abs-Integ)
apply (rule-tac m=z and n=y in diff)
apply (simp add: int-def diff-def minus add)
done

30.9 Binary representation

This formalization defines binary arithmetic in terms of the integers rather
than using a datatype. This avoids multiple representations (leading ze-
roes, etc.) See ZF'/Tools/twos—compl. ML, function int-of-binary, for the

numerical interpretation.

The representation expects that (m mod 2) is 0 or 1, even if m is negative;
For instance, —5 div 2 = —3 and —5 mod 2 = 1; thus —5 = (=3)*2 + 1.
This two’s complement binary representation derives from the paper ”An
Efficient Representation of Arithmetic for Term Rewriting” by Dave Cohen
and Phil Watson, Rewriting Techniques and Applications, Springer LNCS

488 (240-251), 1991.

30.9.1 The constructors Bit0, Bitl, Pls and Min

definition
Pls :: int where
[code del]: Pls = 0

definition
Min :: int where
[code del]: Min = — 1

definition
Bit0 :: int = int where
[code del]: Bit0 k =k + k
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definition
Bitl :: int = int where
[code del]: Bitl k =1 + k + k

class number = — for numeric types: nat, int, real, ...

fixes number-of :: int = 'a
use Tools/numeral. ML

syntax
-Numeral :: num-const = ‘a  (-)

use Tools/numeral-syntaz. ML
setup Numeral-Syntax.setup

abbreviation
Numeral0 = number-of Pls

abbreviation
Numerall = number-of (Bitl Pls)

lemma Let-number-of [simp]: Let (number-of v) f = f (number-of v)

— Unfold all lets involving constants
unfolding Let-def ..

definition
suce :: int = int where
[code del]: succ k =k + 1

definition
pred :: int = int where
[code del]: pred k = k — 1

lemmas
maz-number-of [simp] = maz-def
[of number-of u number-of v, standard)
and
min-number-of [simp] = min-def
[of number-of u number-of v, standard]
— unfolding minz and maz on numerals

lemmas numeral-simps =
succ-def pred-def Pls-def Min-def Bit0-def Bit1-def

Removal of leading zeroes

lemma Bit0-Pls [simp, code-post]:
Bit0 Pls = Pls
unfolding numeral-simps by simp
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lemma Bit1-Min [simp, code-post]:
Bit1 Min = Min
unfolding numeral-simps by simp

lemmas normalize-bin-simps =
Bit0-Pls Bitl-Min

30.9.2 Successor and predecessor functions

Successor

lemma succ-Pls:
succ Pls = Bitl Pls
unfolding numeral-simps by simp

lemma succ-Min:
succ Min = Pls
unfolding numeral-simps by simp

lemma succ-Bit0:
succ (Bit0 k) = Bitl k
unfolding numeral-simps by simp

lemma succ-Bitl:
succ (Bitl k) = Bit0 (succ k)
unfolding numeral-simps by simp

lemmas succ-bin-simps [simp] =
succ-Pls suce-Min succ-Bit0 succ-Bitl

Predecessor

lemma pred-Pls:
pred Pls = Min
unfolding numeral-simps by simp

lemma pred-Min:
pred Min = Bit0 Min
unfolding numeral-simps by simp

lemma pred-Bit0:
pred (Bit0 k) = Bitl (pred k)
unfolding numeral-simps by simp

lemma pred-Bit1:
pred (Bitl k) = Bit0 k
unfolding numeral-simps by simp

lemmas pred-bin-simps [simp] =
pred-Pls pred-Min pred-Bit0 pred-Bit1
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30.9.3 Binary arithmetic

Addition
lemma add-Pls:
Pls + k =k

unfolding numeral-simps by simp

lemma add-Min:
Min + k = pred k
unfolding numeral-simps by simp

lemma add-Bit0-Bit0:
(Bit0 k) + (Bit0 1) = Bit0 (k + 1)
unfolding numeral-simps by simp

lemma add-Bit0-Bitl:
(Bit0 k) + (Bit1 1) = Bitl (k + 1)
unfolding numeral-simps by simp

lemma add-Bit1-Bit0:
(Bitl k) + (Bit0 1) = Bitl (k + 1)
unfolding numeral-simps by simp

lemma add-Bit1-Bitl:
(Bit1 k) + (Bit1 ) = Bit0 (k + succ 1)
unfolding numeral-simps by simp

lemma add-Pls-right:
k + Pls =k
unfolding numeral-simps by simp

lemma add-Min-right:
k 4+ Min = pred k
unfolding numeral-simps by simp

lemmas add-bin-simps [simp| =
add-Pls add-Min add-Pls-right add-Min-right
add-Bit0-Bit0 add-Bit0-Bitl add-Bit1-Bit0 add-Bit1-Bit1

Negation

lemma minus-Pls:
— Pls = Pls
unfolding numeral-simps by simp

lemma minus-Min:
— Min = Bitl Pls

unfolding numeral-simps by simp

lemma minus-Bit0:

528
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— (Bit0 k) = Bit0 (— k)
unfolding numeral-simps by simp

lemma minus-Bitl:
— (Bitl k) = Bitl (pred (— k))
unfolding numeral-simps by simp

lemmas minus-bin-simps [simp] =
minus-Pls minus-Min minus-Bit0 minus-Bitl

Subtraction

lemma diff-bin-simps [simp]:
k— Pls =k
k — Min = succ k
Pls — (Bit0 1) = Bit0 (Pls — 1)
Pls — (Bit1 ) = Bit1 (Min — 1)
Min — (Bit0 1) = Bit1 (Min — )
Min — (Bit1 1) = Bit0 (Min — 1)

(Bit0 k) — (Bit0 1) = Bit0 (k — 1)
(Bit0 k) — (Bit1 1) = Bit1 (pred k — 1)
(Bit1 k) — (Bit0 1) = Bit1 (k — 1)
(Bit1 k) — (Bit1 1) = Bit0 (k — 1)

unfolding numeral-simps by simp-all

Multiplication

lemma mult-Pls:
Pls x w = Pls
unfolding numeral-simps by simp

lemma mult-Min:
Min x k= — k
unfolding numeral-simps by simp

lemma mult-Bit0:
(Bit0 k) = | = Bit0 (k = 1)

unfolding numeral-simps int-distrib by simp

lemma mult-Bit1:
(Bitl1 k) = L = (Bit0 (k = 1)) + 1

unfolding numeral-simps int-distrib by simp

lemmas mult-bin-simps [simp] =
mult-Pls mult-Min mult-Bit0 mult-Bit1

30.9.4 Binary comparisons

Preliminaries

lemma even-less-0-iff :

529
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a+ a< 0« a<(0:a:linordered-idom)
proof —
have a + a < 0 «— (1+1)xa < 0 by (simp add: left-distrib)
also have (I+1)xa < 0 «— a < 0
by (simp add: mult-less-0-iff zero-less-two
order-less-not-sym [OF zero-less-two))
finally show ?thesis .
qed

lemma le-imp-0-less:
assumes le: 0 < z
shows (0:int) < 1 + z
proof —
have 0 < z by fact
also have ... < z + 1 by (rule less-add-one)

also have ... = 1 + z by (simp add: add-ac)
finally show 0 < 1 + z .
qed

lemma odd-less-0-iff :

(I +2z+4+2<0)=(z<(0:1int))
proof (cases z rule: int-cases)

case (nonneg n)

thus ?thesis by (simp add: linorder-not-less add-assoc add-increasing

le-imp-0-less [THEN order-less-imp-le])

next

case (neg n)

thus ?thesis by (simp del: of-nat-Suc of-nat-add of-nat-1

add: algebra-simps of-nat-1 [where ‘a=int, symmetric| of-nat-add [symmetric])

qed

lemma bin-less-0-simps:
Pls < 0 «—— False
Min < 0 «— True
BitOw < 0 «— w < 0
Bitiw <0 «— w<0
unfolding numeral-simps
by (simp-all add: even-less-0-iff odd-less-0-iff)

lemma less-bin-lemma: k < | «—— k — | < (0::int)
by simp

lemma le-iff-pred-less: k < | «—— pred k < [
unfolding numeral-simps
proof
have k — 1 < k by simp
also assume £k < |
finally show k — 1 < [.
next
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assume k — 1 < |

hence (k — 1) + 1 <l by (rule zless-imp-add1-zle)

thus £ < [ by simp
qed

lemma succ-pred: succ (pred ) = x
unfolding numeral-simps by simp

Less-than

lemma less-bin-simps [simp]:
Pls < Pls «— False
Pls < Min «—— False
Pls < Bit0 k «—— Pls < k
Pls < Bitl k «—— Pls < k
Min < Pls «— True
Min < Min «—— Fulse
Min < Bit0 k «—— Min < k
Min < Bitl k «—— Min < k
Bit0 k < Pls «—— k < Pls
Bit0 k < Min «—— k < Min
Bit1 k < Pls «— k < Pls
Bitl k < Min «— k < Min
Bit0 k < Bit0 | «— k < /I
Bit0k < Bit1 |l «— k <1
Bitl k < Bit0l «+— k <l
Bitl k < Bitl |l «—— k < I
unfolding le-iff-pred-less
less-bin-lemma [of Pls]
less-bin-lemma [of Min]
less-bin-lemma [of k]
less-bin-lemma [of Bit0 k|
less-bin-lemma [of Bit1 k|
less-bin-lemma [of pred Pls]
less-bin-lemma [of pred k]
by (simp-all add: bin-less-0-simps succ-pred)

Less-than-or-equal

lemma le-bin-simps [simp]:
Pls < Pls «+—— True
Pls < Min «—— False
Pls < Bit0 k +—— Pls < k
Pls < Bitl k «+—— Pls < k
Min < Pls «—— True
Min < Min «—— True
Min < Bit0 k «—— Min < k
Min < Bitl k «+—— Min < k
Bit0 k < Pls «—— k < Pls
Bit0 k < Min «—— k < Min
Bitl k < Pls «—— k < Pls

<
<
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Bitl k < Min «—— k < Min
Bit0k < Bit0l «— k <1
BitOk < Bitl l «— k <1
Bitl k < Bit0l «— k <1
Bit1 k < Bit1 l «— k <1
unfolding not-less [symmetric]
by (simp-all add: not-le)

Equality

lemma eg-bin-simps [simp]:
Pls = Pls «—— True
Pls = Min «—— False
Pls = Bit0 ] «—— Pls = |
Pls = Bitl | «—— False
Min = Pls «—— False
Min = Min «—— True
Min = Bit0 | +—— False
Min = Bitl | «—— Min =1
Bit0 k = Pls «—— k = Pls
Bit0 k = Min «—— False
Bitl k = Pls «—— False
Bitl k = Min «—— k = Min
Bit0k = Bit0 | +—— k =1
Bit0 k = Bitl | «—— False
Bitl k = Bit0 | «—— False
Bitl1 k = Bitl | «—— k =1
unfolding order-eg-iff [where 'a=int|
by (simp-all add: not-less)

30.10 Converting Numerals to Rings:

class number-ring = number + comm-ring-1 +
assumes number-of-eq: number-of k = of-int k

self-embedding of the integers
instantiation int :: number-ring

begin

definition int-number-of-def [code del):
number-of w = (of-int w :: int)

instance proof
qed (simp only: int-number-of-def)

end
lemma number-of-is-id:

number-of (k:int) = k
unfolding int-number-of-def by simp

number-of
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lemma number-of-succ:
number-of (succ k) = (1 + number-of k ::'a::number-ring)
unfolding number-of-eq numeral-simps by simp

lemma number-of-pred:
number-of (pred w) = (— 1 + number-of w ::'a::number-ring)
unfolding number-of-eq numeral-simps by simp

lemma number-of-minus:
number-of (uminus w) = (— (number-of w)::'a::number-ring)
unfolding number-of-eq by (rule of-int-minus)

lemma number-of-add:
number-of (v + w) = (number-of v + number-of w::'a::number-ring)
unfolding number-of-eq by (rule of-int-add)

lemma number-of-diff:
number-of (v — w) = (number-of v — number-of w::'a::number-ring)
unfolding number-of-eq by (rule of-int-diff)

lemma number-of-mult:
number-of (v * w) = (number-of v * number-of w::'a::number-ring)
unfolding number-of-eq by (rule of-int-mult)

The correctness of shifting. But it doesn’t seem to give a measurable speed-
up.

lemma double-number-of-Bit0:
(1 + 1) * number-of w = (number-of (Bit0 w) ::'a:number-ring)
unfolding number-of-eq numeral-simps left-distrib by simp

Converting numerals 0 and 1 to their abstract versions.

lemma numeral-0-eq-0 [simp, code-post]:
Numeral0 = (0::'a::number-ring)
unfolding number-of-eq numeral-simps by simp

lemma numeral-1-eq-1 [simp, code-post]:
Numerall = (1::’a::number-ring)
unfolding number-of-eq numeral-simps by simp

Special-ca