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1 Intr oduction

4 Loops 4
Rascalis basedon an extremdy moduar apprach; de-
5 Signals 4 Pendirg on the users needs,various powerfu modues
can be compiledinto the system. Thus Rascalcanbe
a light-weight tool aswell asa very powerful compua-
6 Generic Complex Arithmetics 4 tional system.This userdocunentationis createcduring
compilationanddescribesheincludedfeatures.

7 Generic Polynomial Arithmetics 5
8 Generic Taylor Arithmetics 5 2 Basic Usage
. . Invoking the proglam leadsto a pronpt whereyou can
9 C-XSClnterval Arithmetics 6 enterexpressions.The expressionor definitionsare be-
ing evaluat@ assoonyoupresgeturn A semicoloratthe
10 Plotting functions 7 endsuppessesry outpu. As anexamge:



3 BASIC DATA TYPES

>5+2
7
>5+2;
>

Variablesare also suppoted, whete the names are case-
sensite alphaletic lettersandmay be followed by num-
bers.An assignmenis doneusingthe equal sign:

>MyVariab le2=7;
>MyVariab le2*MyVari
49

>

able2

Undefiredvariablesarealwaysassumedo beintegerze-
ros.

The usercanalsodefinefunctionsof onevariable(n-ary
functions canbe implemente using vectos or matrices
asamguments). The namesfollow the samerulesasthe
namef variables:

>MyNiceFu nction17(x )=x*x+5*x;
>MyNiceFu nctionl7(2 )

14

>EvalAtl2 (F)=F(12);

>EvalAtl2 (sqr)

144

The semicolonat the end of the definitionis mandatoy
and the calling-methodis “call by varialle”, similar to
paranetric “#define”s in C++ with the differencethat
chan@sin theoperaul-vaiablesarenotforwardedto the
original variable Of coursefunctions canbe nestedand
invokedwith ary data-type. If thedata-typedoesnotsup-
portacertainoperation,anerroroccus. Thelastexampe
shavs how functiors can be usedas variables,herethe
function valueof “squaré at 12 wascomputed.

Conditioral expressios canberealizedusingthe C-style
“?."-operator:

>5==372.3 :17
17
>abs(X)=x >07?x:-X;

>abs(-18)
18
>abs(12)
12

>

If the condtion before the questionrark is true, the first
expressionis returred, elsethe second.In contrastto C
theresult-tymsof thetwo alterndivesherecanbediffer-
ent, alsoboth alternatves are compued before the deci-
siontakesplace thusrecusionsarenot possible.

You canexit Rascalby entering“quit” followedby are-
turn.

If Rascalwascompiledusingthe “libreadine”, thenyou
may usethe cursorkeys to flip backto commandsand
resultsfrom before, aswell asberefit of commain com-
pletition usingthe“tab™key.

Furthernore the different modules preddine functions,
which aredocunentedin thefollowing sections.

3 BasicData Types

Rascahasa genericsubsystemywhich suppots integers,
doubes, stringsandmatrices.

3.1 Integersand Doubles
Simplenunbersarebeinginterpetedasintegers, which
in this versionof Rascalare representedas integers on
theundetying computerarchitectue. No roundingerrois
will occur but undeectedoverflovs mayoccur

Usingdoube precisiorfloatingpointnumtersovercomes
this problem, but roundingerrorsmayoccur A nunberis
beinginterpretedas a floatingpoint numker whenthere
is a decimépoint within or at the end of the numter
and/oran exporent. As an exampge 1.234e+1 2 rep-
resentsl.234 - 1012, Be warnedthat thereis no exact
representatio for 0.1 and mary mary othernumtersin
binaryfloating-pint represetations.

All operads like +,-*/ % are defined for
integers and doubles, togetler with standardfunctions



3 BASIC DATA TYPES

3.3 GenericMatricesandVectos

sin, cos, tan, cot, asin, acos, atan,
acot, sinh, cosh, tanh, coth, asinh,
acosh, atanh, acoth, log, exp, sqrt,

sqgr . A postfix! conputesthe factorial of the opeand
(currently justin integer).

The values can be compmred using the operatos
==l=<,< =>>= | logicd expressioncan be con-
nectedusing&,| andthelogical negation”™.

3.2 Strings

Mostly stringsareusedinternally asanexamge all data-
typeshave a fundion calledoutput  which defineshow
valuesof thattype canbe printedonthescreen.

Besidesstrings can be used as "evaluation varialde":

As all the standardoperateos and functions are alsode-
finedfor strings,onecandetermire the expressiorRascal
would evaluateif theargumentonly hadbeenarealvalue.

Stringsareenclosedn quaes:

>f(X)=x*x  +2*X;

>f(f"y) )

YYH2E( YPYRYH2E (0 Y2 (yry+2 K(y)”
>strlen(f  (f("y")))

49

But the operates ==,!= arestill usedto compae two
strings. The strlen  function returnsthe length of the
string.

3.3 Generic Matrices and Vectors

In Rascalectasarejustmatriceswith eitherjustonerow
or onecolumn. You canentera matrix by usingbraclets,
wherevalueswithin aline areseparatedby spaceslines
areseparatethy semicolos. matricesof samesizecanbe
addedandsubtrated usingthe usualopeators:

>A=[1 2:3 45 6]
[1 23 45 6]
>B=[-3 -4;2 7.2 9
3 42 72 9]

>A+B

[2 -25 11;7 15]
>A-B

[4 61 -3;3 -3]
>rows(A)

3

>cols(A)

2

>size(A)

3

Scalarscanbe multiplied to the matricesandtwo matri-
cescanbemultipliedif thenumkber of colummsof thefirst
matcheghe numter of rows of the second.Dividing by
a matrix mears multiplying with the inverse,of course
this is only definedfor quadatic matrices. The func-
tionsrows, cols, size returnthenumberof rows,
columrs and maxirmum of the two valuesof a matrix or
vector

Typesusingthe matrix inversionmustbeableto be com-
paredo integers.If thereis noinverse,anemptymatrixis
beingreturred. You may compute the deterninantusing
thedet function.

>[1 2134 ]
[11]

>[1;2]*[3 4]
[3 46 8]
>A=[1 34 13];
>det(A)

1

>1/A

[13 -3;-4 1]
>[2 00 3J/A
[26 -6;-12 3]
>

Thecellsof matricescanbeof ary type; hereanexanple
for aninteger, dowble, matrix, stringmatrix:

SA=[1 2.34;[1
>A(L,2)
2.340000

2;3 4] "hu";



6 GENERICCOMPLEXARITHMETICS

Now A lookslik e thefollowing:

1 2.34
A = ]' 2 ” 7
( 3 4 > hu

And thevalueatcell 1,2is 2.34.

The summatio of matricesandscalarsis definedasthe
additionbetweerthe matrix andthe identity of samesize
timesthe scalar Vectorvaluedfunctions canbe defined
easily alsowith multiple aguments.

SfX)=[x*  x;x+2];
>f(8)
[64,10]
>f([1 2,3 4])
[ 10;2a5 2253 2,3 6]
>f[1 2,3 4]
[[7 10;15 2253 2;3 6]]
>g(x,y,z) =[x+y*z x*z];
>g(12,-5, 2)
[2 24]
>
4 Loops

Thesupprt for loopsis experimental-t is verylik ely that
thesyntaxwill chargein future releases.

Rascabuppots C(++)-styleloopsto acertainextend The
syntaxis

for(
<expressi

<initiali zation> ; <condi tion> ;
on 1> ) <express ion 2>

First theinitialization expressionis beingevaluated-this
shouldbeusedto initialize the variableusedfor theloop.
If the given condtion is truethenexpression2 and1 are
evaluatel (in thatorde) until the condtion is falseafter
theevaluation of 1. Have alook atthis examge:

>sum=0;

>for(x=1;

>sum
4950

X<10;x++)  sum=sum-+kx;

Theabove examge compuesthe sumof thenunbersbe-
tween0 and10. If youwould like to seetheintermediate
results Jeave outthe semicolorattheendof thefor state-
ment:

>sum=0;for(
sum=sum-+x

1

3

6

10

15

21

28

36

45

x=1;x<10;x  ++)

In contrasto C(++) thereis no "comma-opeator"in ras-
calyet, thusyou cannotuseit in for-statemets. Sorry

5 Signals

You can interrypt running computationsin Rascal by
sendinga SIGINT signal-justpressCTRL-C. Rascawill
thentry to stopall compuations. If you pressCTRL-C
againbefae Rascalwasableto getbackto theinteractie
shell,RascaMwill terminde.

If youpressCTRL-Cwhile youarein theinteractveshell,
Rascalill beepyouandtermirateif yourepeat/oursig-
nal.

Thusif you "for"-statementioesnt seemto terminateor
youweretrying to compue thefactorialof "100000", just
press<CTRL-C andyouwon't loseyouwork donebefoie.

6 Generic Complex Arithmetics

This module introducescomplex arithnmetics to Rascal.
Comple« nunmberscanbecreatedy usingthe"complex'-
functionandit is oftenhand to definethe purelyimagi-
nary constant. As sooni hasbeendefinal, Rascaluses
¢ for output. Politically correctyou mayalsousej asthe
imaginaryunit.



8 GENERICTAYLOR ARITHMETICS

>complex( 1,2)+3
complex( 4,2)
>ji=comple x(0,1);
>(5+3*)*  (2+)
(7+4*)

>

Therealandimaginay partof acompgex numbe canbe
accessetlkethecellsof vectas: Thefirst cell is thereal,
the secondheimaginay value. Additionally like matri-
cescompex values canconsistof all different typesof
data. The"transp@e" of a comgex value is the compex
conjuyate.

SfX)=x*x  (1)+x(2);
>f(comple x("x",4))
complex( "x*x+4""4  *(x)")
>(2+3*com plex(0,1))
complex( 2,-3)

Thefollowing standad functiors aredefined for comgex:

exp, log, pow, sqgrt, sin, cos, tan,
cot, asin, acos, atan, acot, sinh,
cosh, tanh, coth, asinh, acoth, atanh,
acoth . The function arg compites the agument,

the fundion abs the absolutevalue. The standard
functions sqrt, pow for integers and doubes are
beingoverriddenby the correspadingcompgex versiors.

Thelog representshe main value of the naturalloga-
rithm,thepow(a, b) ora’b isevaluatedasa® = e®!n¢,
the sqrt(a) asa? andtherestis determired basedon
thesefunctiors andthe pendantson therealaxis.

Onecoud alsodefinea complex out of matrices put this

is not advisableasthis easily getsconfusing and Rascal
prefes comple valueswithin matrices.You shouldalso
be awarethat naively plugging interval-datatypesnto a
geneit comple datatye will not yield verified results:
As anexamplethearg function hasto betreateddiffer-

ently, andmostotherstandardunctiors depenl onthis.

7 Generic Polynomial Arithmetics

This module introducespolynamials in one variableto
Rascal. You may create polynanials by the "poly"-

function but it is very usefulto assignthevariableX the
monorne 1*X" 1. Thenyou caneasilyenterthe polynomi-
als.

>X=poly("X" );
>p=2*X+X*X+ 4
X2+2*X+4
>p*p
X4+4*X"3+ 12*X"2+16* X+16
You canevaluate the polynomialslik e functiors, aswell
ascompue thederivate polynomial.

>p(2)
12
>p’
25X +2
>p’(2)
6

With this arithmeticsyou may easily compute powers of
polynamial expressios or compue shiftedpolynomials:

>q=(3-X)"4
X*4-12*X"3  +54*X"2-10 8*X+81
>q(X+2)

X 4-4%X"3+  6*X°2-4%X+ 1

For polynomialsthe evaluatian, derivation,addtion, sub-
straction,equality, inequality andpowering by aninteger
aredefinel.

8 Generic Taylor Arithmetics

This concep offerstheoppatunity to accuratelycompute
derivativesof functions. Therelatiorshipbetweerthere-
sulting vectorandthe derivative atthe evaluaion poirt is
thefollowing:

ftaylor[z 100...]) = [f(z) fl(,””) f;f) ]
As anexamplef(z) = 22 with f'(z) = —



9 C-XSCINTERVAL ARITHMETICS

>f(X)=(x+  2)/(x-1);
>f(ttaylor [2 1))
taylor[4 -3]
>X(u)=tay lorfu 1J;
>f(X(0))

taylor[- 2 -3]

>

Togethe with the string arithmeticthis modulecanalso
beusedto determindormuasfor thederivatives:

>fx)=(x+  2)/(x-1);
>X(u)=tay lor[u 1];
>f(X("z" )

taylor["  (z+2)/(z-1 )"
"(1-(z+2) D)z  -1)7]
>f

"(1-(x+2  )I(x-1)I( x-1)"

As you canseethereis a short-ct to this functionality,
but you canonly compue the first derivatives,for higher
orderderivativesyou needto usetaylor by yourself.

Besidesthe basic operatios +,-,*,/
standardfunctions are definal: sqrt,
log, pow, sin, cos, tan, cot, asin,
acos, atan, acot, sinh, cosh, tanh,

coth, asinh, acosh, atanh, acoth . Of
coursethe datatyg you put into the taylor arithmetic
shouldhave definedthesefunctions aswell. The cells
canbeaccessethesameway lik e the cells of vectas.

the following
sgr, exp,

It is alsopossibleto definea function which computesthe
derivative of anarbitraryfundion atanarbitrarypoirt:
>D(X)=X(1 )(taylor[X 2) 1D©2);
>D[sqr;5]
10

As the derivative of "square"is two timesthe argument,
thisresultis corred.

9 C-XSC Interval Arithmetics

This modue includes the C-XSC Intewval Arithmetics
into Rascal.You canfind moreinformationabaut C-XSC
athttp://  www.xsc.de

Intenas canbe constreted out of integersanddoubes
usingtheconstretorInterva | orthebraclet-rotation:

>a=Interval (1,2)
[ 1.000000 , 2.000000 ]
>h=[3,4]
[ 3.000000 , 4.000000 ]
>c=Interval  (.1)
[ 0.099999 , 0.100001 ]
Notethat[12]  woulddenoteal x 1 matrix,notapoint

interval. It seemsto be confusing that ¢ is not a point
interval, but the actualvalue 0.1 canna be represeted
using the binary floating point representation thusit is
correctto representhis valueasan actualinterval. This
moduleoveridestheparsingof floatingpoint numkersto
achieve this. For compatilility reasonsyou canstill also
usethestringconstrtor:

>alternativ
[ 0.099999 |,

eC=Interva 1(".1,.1")
0.100001 ]

You can compute the intersectionof two intervals using
the &-operator the corvex hull usingthe |-operator The
relationalopertors<,<=,>,>=canbeusedio computethe
relationsC, C, D, D.

You canaccesghe upperandlower bourdary of anin-
terval usingthe functions sup, inf , the middle point
usingmid andthediametemwith the help of the function
diam .

>sup(a)
2.000000

>mid(a)
1.500000

The following standad functions are defined for in-

tervals: abs, exp, log, pow, sqrt, sqr,
sin, cos, tan, cot, asin, acos, atan,
acot, sinh, cosh, tanh, coth, asinh,

acoth, atanh, acoth .

Theoutpu forma canbe configuedusingthe
Precision(w idth,digit s) command:



11 C++TOOLBOX FORVERIFIED COMPUTING

>Precisio n(15);pi=a  tan([1,1])* 4

[3.14159 2653589787 ,3.14159265 3589801]

>diam(pi)
1.287858 708565182E -014

As you canseedoubesareformatedaccodingly.

10 Plotting functions

Usinggnugot rascalcanplot fundions:

>f(x)=(x"
>plot][f;-

3)/30-2*x+  2;
10;10;0.1] ;

This will plot the function f from -10to 10, compuing
valueswith stepsized.1.

Parametic plotsaredore asfollows:

>spiral(t  )=[t*sin(t *pi*t)
t*cos(t*p  i*t)];
>pplot[sp iral,0,2,0 A];

Lastbut notleastrascalcando surfaceplots:

*X'y*y;
-2;2;-3;3;

>g(X,y)=x

>splot[g; 2;.1];

Theoutpu of plotsmaybe savedin postscripffiles using
the plotOutput function:

>plotOutp ut("surfac
>splot[g;  -2;2;-3;3;

e.ps");
.2;.1];

This s very basicplotting suppot andit is likely thatthe
syntaxwill changen laterversiors.

11 C++ Toolbox for Verified Com-
puting

This modues includessereral algaithms of the Toolbox
into rascal.Pleaseaeferto thebook

R.HammerM. Hocks,U. Kulisch,D. Ratz: C++ Toolba
for Verified Compuing | - Basic Numeical Problems.
SpringefVerlag,Heidelbeg, New York, 19%.

or the webpag http:// www.xsc.de/ for morein-
formation.
In Rascalyoumayenterhelp toolbox to checkwhat

toolboxmodulesareincluded.

11.1 Evaluation of Polynomials

Thefunction RPolye val( p, t) evaluatestherealpoly-
nomial p at ¢ at maximun accurag, evenin the neigh
borhad of a roa wherecancellatiordoans an ordinay
floating-pint evaluatian.

The fundion returrs a vector with the entries
[ y; iy; it; err] wher y is the result of a Horrer
schemeevaluation, iy representsa maximum accurayg
enclosurejt the numker of iterationsneededanderr an
eventwal erra message. The function rpeval(  p, t)

justreturrs theresultingintend.

>X=poly("X" );
>p=(X-2)"4
X 4-8*X"3+
>p(2.0001)
-3.5527136
>RPolyEval(
[-3.552713
015;[1.0000
016,1.00000
>rpeval(p,2
[1.0000000
016,1.00000

24%X"2-32%  X+16
788E-015
p,2.0001)

6788E-

000000E-
00001E-016 1;2;"]
.0001)

000E-
00001E-016 ]

11.2 Zerosof Complex Polynomials

The function CPolyZ ero( p, t) computesveified en-
closuresof the rootsof a comgex polynomial p starting



12 QUESTIONS?

11.4 LinearOptimizatia

from ¢ by enclosingthe zerosin narow bourds. The co-
efficientsof thedeflatedpolynomialarealsoenclosed.

The function returnsa vector with entries|[ y; p; err]
wherey is a compgex enclosue of the roa closeto ¢,
p the complex enclosureof the redwced polynomial and
err represets anevertual erra messagesrThefunctiors
cpzero( p,t) andcpreduce (p,t) justretuntheen-
closureof theroat or of thereducel polynomial.

>X=poly("
(5+3*)*X
22%)*X+1  20+90%;

>CPolyZer o(p,1+i)

[([  1.4142135 623,

1.4142135 624]+] 2.8284271 247,
2.8284271 248]*);

X"3+(-3 .585786437 7,

-3.585786 4376]+[-0. 1715728753, -
0.1715728 752]%)*X~ 2

+( 1.4142135 623,

X");p=X"4-

“3H(B+TH)  *X*X-(54-

1.4142135 624]+[ -3.384776 3109,-
3.3847763 108]*i)*X

+([-42.4 264068712, -

42.426406 8711]+

21.213203 4355,21.21 32034356]* );"™
>cpzero(p ,4)

([4.9999 999999,5.0 000000001+ [-
2.2569491 536E-

036,2.256 9491536E-0 36]*)

11.3 Linear Systemsof Equations

Thefunction LinSolve( A, b) compuesa verified so-
lution to the squae linear systemA = xz = b for areal
squarematrix A andrealvectorb basedna Newton-like
methodfor anequvalentfixedpoint prodem.

Thefunctionreturrs avectorwith entrieq x; cond; err]
wherez represets theverifiedenclasureor exactsolution
to the system cond a condtion numbe estimateanderr
anevertual errormessageThefunction linsys( A, b)
justretunstheresultingvecta enclcsure.

>A=1.*Boo throydDeck er(6);

>b=[1;2;3;4 5;6];

>Precision(  -10);

>(1/A)*b

[0;1;-2;3. 0000000001 ;-
4.000000000 2;5.000000 0005]
>LinSolve(A ,b)

[0;1,-2,3 ;-

4:;5];112890 625.000855 57;™]
>A*linsys(A  ,b)-b

[0;0;0;0;,0 ;0]

11.4 Linear Optimization

The functions RevSimplex[ A; b; c] and
LinOpt[ A; b; ¢; BStart] deternine the optimal
solution of the linear optimizationprodem: Maximize
z = ¢’ xxwhered xz = bandz > 0. LinOpt
validatesthe solution and determine enclosues of the
true optimalsolutionset.

RevSimplex returns a vectad with entries
[ z; v; z; err] where z dendes the optimal solu-

tion vector v the optimal basicindex set, which canbe

usedas bstart for LinOpt , z the optimal value and

err might containan error messageLinOpt retumsa

vector[ z; V; X; no; err] wherez is theenclaseof the

optimalvalue,V is a matrix which no linesrepresenthe

differert index vectas, X a matrix which linesrepresent
thedifferentsolutionvectos anderr agan is theevertual

errormessage.

>Precision(  -10);A=[1
1010100 18 0 0 1j;

01000

>b=[50;200; 5000];c=[5 0;9;0;0;0];
>S=RevSimpl ex[A;b;c]

[[14;200;3  6;0;0];[1; 3;2];2500;" "]
>LinOpt[A;b  ;¢;S(2)]

[2500;[1 2 3;1 2 4;1 3 4];[14

200 36 0 0;50 0 0 200 0;50 0 O
200 0];3;" ]

12 Questions?

Sendqusstions, ideas, hints and congatulationsto ras-
cal @ritterbusch.de.



13 LICENCE

13 Licence

This program is free software; you can redistritute it
and/g modify it underthetermsof theGNU Geneal Pub-
lic Licenseaspublishedy the FreeSoftwareFoundhtion;
eitherversion2 of the License,or (at your option) ary
laterversion

This prog-amis distributedin the hope thatit will beuse-
ful, but WITHOUT ANY WARRANTY; without eventhe
implied warrantyof MERCHANTABILITY or FITNESS
FORA PARTICULAR PURPOSESeethe GNU Geneal
PublicLicensefor moredetails.

You should have recevved a copy of the GNU Geneal
PublicLicensealongwith this progam:;if not, write to the
FreeSoftware Fourdation,Inc., 59 TemplePlace- Suite
330,Boston,MA 02111-1307, USA.



