Using ANOVA to Estimate Limits of Agreement for MRMC study

Here we demonstrate how to run the limits of agreement functions (1aWRBM and 1aBRBM), and we show the
output.

1. Definition

Let X;ji denote the score for case k (k =1, ..., K) from the reader j (j = 1,..,J) under modality i (i = 1,2)
in a Multi-reader Multi-case study, where ¢ = 1 and ¢ = 2 indicate test modality and reference modality
respectively. The difference score between the two modalities is given by D%, = X1jx — Xojik.

If j = 4/, the difference score Djl-ik, or simply Y, denotes the within-reader between-modality (WRBM)
difference. That is, the difference score from the same reader under different modalities. Given the mean
difference D}2,, = E[Y};] and the variance of the difference Vii?, = Var[Yj;], the WRBM limits of agreement
are defined as

D2, +2,/Vi2,.

If j # j/, the difference score D12, i denotes the between-reader between-modality (BRBM) difference. Similar

to above, we have a mean dlﬁerence D, =F [D 2] and a variance of the difference V1% = Var[D1 i)
Then, the BRBM limits of agreement are defined as

D2 +2,/Vi2.

To construct the WRBM and BRBM limits of agreement, we need to estimate DI2 , Vit?s, D12y, and V3%,
The two mean differences are easy to estimate:

D%R JKZZ ik = JlKZZ(Xuk*ijk):Kfﬁ,
7k

where sums are over all samples implied by the index unless otherwise described. Also, X;.. =
J%( > j > Xiji for i = 1,2 denotes the average score across all the readers and cases for a single modality.
Similarly,

L ) ) D) DY A S 5D 3D DEFEE FRES i o8

J J#i ok JoJ#i ok
Therefore, DiZp, = D¥p = Xi.. — X5... The WRBM and BRBM limits of agreement will be different only

by the variances Vji2, and VA%. In the following two sections, we will discuss how to use two-way random
effect ANOVA to estimate Vji?; and three-way mixed effect ANOVA to estimate V3%.

2. Using two-way random effect ANOVA to estimate Viyrgy

To estimate VW » = Var[Y;;], we build up a two-way random effect model for the WRBM difference Yjy:

Y =+ Rj + C + €j,



where R; ~ N(0,0%), Cy, ~ N(0,02), and £;, ~ N(0,02) are independent random variables. Then, the
variance of Yj; can be expressed as

VV1V2R =Var[Y;] =Var(R; + Cr +¢eji) = 0123 + a% + a?

Here is the two-way random effect ANOVA table:

Source DF Sum of Square (SS) Mean Square (MS) E(MS)
Reader J—1 SSR:KZj(YT-,—?”)Q MSR=SSR/(J—1) o2+ Ko?,
Case K—1 SSC =73, (Yr—-Y.)? MSR = SSC/(K —1) o2+ Jo}
Error (J-1)(K—-1) SSE=S8ST—-SSR—-SSC MSE=SSE/(J-1)(K-1) o?
Total JK —1 SST =35 (Vi = Y.)?

In the table above, f = % Zk Yir, Y, = %ZJ Yir, Y = D%,[%R are the marginals and overall mean of

difference score. Hence, the sum of squares (SS) and mean squares (MS) can be calculated from the data for
each effect. From the last column of the ANOVA table, we can find the relationship between the variance
components (0%, 02, 02) and the mean squares. The unbiased estimates of the the variance components are

62 = MSE,

.o MSR-MSE und
UR— —K s

., MSC—-MSE

Putting it all together, the estimate of the variance of Y}y,
. N 1
Vitr = Var[Yy) = 6% + 66 + 62 = Tz (Jx MSR+ K« MSC + (JK = J = K) « MSE)

The following is an example demonstrating the use of the function 1aWRBM to compute the WRBM limits of

agreement for simulated MRMC agreement data. The example starts by simulating MRMC agreement data

with the function sim.NormalIG.Hierarchical and finishes by printing the output.

# Simulate MRMC data

config <- sim.NormalIG.Hierarchical.config(modalityID = c("testA","testB"))
set.seed (1)

data.sim <- sim.NormalIG.Hierarchical(config)

# Using ANOVA to calculate WRBM limits of agreement

1laWRBM_result <- laWRBM(data.sim)
print (1aWRBM_result)

## $limits.of.agreement

## meanDiff var.MeanDiff var.lobs ci9bmeanDiff.bot ci9bmeanDiff.top
## WRBM -0.04556717  0.02126542 2.257737 -0.3313822 0.2402479
## la.bot la.top

## WRBM -2.990564 2.899429

##

## $two.way.ANOVA

## df SS var

## readerID 4 1.883751 0.002480355
## caselD 99 1028.082765 2.032354430
## Error 396  88.269290 0.222902248



The output is a list of two objects. The first object in the list is a data frame with key summary statistics. In
order, the key summary statstics are the mean difference, the variance of the mean difference, the variance
of WRBM differences Vii?; (1 observation), the confidence interval of the mean difference, and the limits of
agreement.

The second object in the list is a data frame containing the typical ANOVA table.

3. Using three-way mixed effect ANOVA to calculate Viygrgu

To estimate V32 R= Var[D]ljZ, ), we build up a three-way mixed effect model for the score X :
Xijk =p+m; + R; + Cr + RCjk +mR;; + mCip + Eijks

where m; denotes the fixed effect for modality, ) . m; = 0, and the other variables are independently normally
distributed: R; ~ N(0,0%), Cyx ~ N(0,0%), RCji ~ N(0,0%:), mR;; ~ N(0,02, ), mCiy, ~ N(0,02,5),
and Eijk ™~ N(O, O'g)

The mixed effect model we applied is the unrestricted mixed model. Unlike the restricted model, we do not
force the sum over modalities of the modality-reader terms to equal zero, and we do not force the sum over
modalities of the modality-case terms to equal zero. This makes the model easier to work with.

Under this model, the BRBM difference D 2,  can be expressed as
Djl‘j'k = lek - X2j’k =mi—mo+ Rj — Rj + RCjk — RCj/k + lej — ngjr +mCh —mCayy + E1jk — €24'k-
The variance of DJI.JQ», i is the following:

VBR =Var[D ]g/k] = 20’R + 20’RC —+ 2omR + 20’mc + 20

The three-way mixed effect ANOVA table is given by

Source DF Sum of Square (SS) E(MS)

Modality -1 SSM = JK'Y, (XZ ~ X2 02+ K2, + Job o + 25
Reader J—1 SSR=1K}; (X, —X.)? UE+IURc+KUmR+IKUR
Case K-1 SSC—IJZk(X ;C—Xi)2 o2+ Io%o + Jo2 o+ 1Jok
Reader:Case (J=1)(K—1) SSRO=1Y,3>,(X;s—X; —X +X )? o2+Iohe

Reader:Modality (J—1)(I—-1) SSMR=KY), Zj(X =X, +X.)? o2+ Ko,

Case:Modality (K-1)(I—-1) SSMC=JY,Y(Xix—Xi. — X, +X_)? o02+Jo2

Error dfg SSE = SST — otherSS o?

Total IJK -1 SST =33 > (X — X )?

where X; , X, X &, Xij, Xik, Tjk, and X are marginal means and overall means of the score Xjjy.
The df denotes the degrees of freedom for the error, dfg = IJK —IJ—JK —IK + 1+ J+ K — 1. Similar
to the two-way ANOVA table, the last column shows the relationship between the variance components and
the mean squares. Consequently, the unbiased estimates of the variance components are

— MSE,
., MSRC — MSE
e
52 _ MSMC - MSE
OmC = J )
s> _ MSMR - MSE
OmR = K )
.o MSR—-MSRC—-MSMR+ MSE
R = TK ’
,  MSC — MSRC — MSMC + MSE

1J



Putting it all together, the estimate of the variance BRBM differences is
ViZ = Var[D1 2] = 26% 4 26% 0 + 262 5 + 262 o + 267

2
= 777 (J* MSR + J(K — 1)« MSRC + J(I — 1) » MSMR
+IK « MSMC + (IJK — 1] — IK — JK + J) * MSE).

The following is an example demonstrating the use of the function 1aBRBM to compute the BRBM limits
of agreement for simulated MRMC agreement data. The example uses the previously simulated MRMC
agreement data. The output is a list of the same two objects as for 1aWRBM.

# Using ANOVA to calculate BRBM limits of agreement
1aBRBM_result <- laBRBM(data.sim)
print (1aBRBM_result)

## $limits.of.agreement

## meanDiff var.MeanDiff var.lobs ci9b6meanDiff.bot ci9bmeanDiff.top
## BRBM -0.04556717  0.02126542 2.468746 -0.3313822 0.2402479
## la.bot la.top

## BRBM -3.12511 3.033976

##

## $three.way.ANOVA

## df SS var

## readerID 4 1.2702957 -0.000651030

## caselD 99 1262.9636909 0.735256072

## modalityID 1 0.5190918 NA

## readerID:caseID 396 128.2098342 0.106155542

## readerID:modalityID 4 0.9418754 0.001240177

## caseID:modalityID 99 514.0413826 1.016177215

## Error 396  44.1346451 0.111451124

4. Relationship between the two-way random effect ANOVA and the three-way
mixed effect ANOVA

Since the WRBM difference score, Yji, = Xiji — Xojk, is a linear combination of individual scores, the
variance of Y}, can also be expressed by the mean squares in the three-way mixed effect ANOVA. First, we
put the three-way ANOVA model into the WRBM difference score definition:

Yir = Xijp — Xojr = m1 — ma + mRy; — mRay + mChip — mCop + €15k — €2jk-
Then, the variance of Y is

Now, if we insert the unbiased estimates of the variance components, we get the estimate of Viyrpayr

Vin = 262 5 + 262, + 2562 = Jx MSMR+ K« MSMC + (JK — J — K) * MSE)

J K Ti
When we compare this result to the one from the two-way random effect ANOVA, we notice that there
is a linear relationship between the sums of squares in the two ANOVA models. In the following we use
the subscripts “2w” and “3w” to denote the MS or SS for the two-way and three-way ANOVA models,



respectively.

= SSM Rz, + %SSng

Thus,
SSRoy = 25SM Rs,,

Similarly,
SS5Cy = 25SMCC'3y,

SSTQU,—2ZZZ ik = Xi. = X+ X.0)?

For the total sum of square in the three-way ANOVA7
SSTy, = Z Z Z(Xijk ~-X_)?
—ZZZ Xt = Xo ~ Xp+ X )+ (X X )+ Xgr - X))
=ZZZ ik — Xi. — Xjp+X_)? —l—SSMgw—i-IZZ gk —
ik
The last term on the right-hand-side of the formula above can be decomposed as
I Z Z gk

—IZZ K- X~ Xr+ X )+ Xy - X )+ (Xr-X)]

= SSRng + SSR3y + S5Cs,
Thus,

SSEsy, = S85Ts, — SSRay — SSCoy
= 2(55T3, — SSMsy,y, — SSR3y, — SSCsy — SSRC3y) — 2SSM Rsy, — 2SSMCsy,
= QSSng

Since I = 2, the degrees of freedom is (J—)(I — 1) = J — 1 for SSMR3,, and (K —1)(I —1) = K — 1 for
SSMCsy. dfp =1JK —1J—-JK —IK+I1+J+K—-1=JK —J— K +1 is the degree of freedom for
SSFEs,. We also have the same mean square relationship as that for the sum of squares:

M SRy, = 2MSM Rs.,
MSCyy = 2MSM Rs,,
MSEsy = 2MSEs,.



Pulling together the degrees of freedom and the mean squares, we see that the variance estimate is the same
from both models:

~ 2
VwrMm = ﬁ(J*MSMR{&w +K*MSMC3w+(JK—J—K) *MSE3w)

1

= (] % MSRyy + K % MSCyy + (JK — J — K) % MSEy,).
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